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ON REPRESENTATIONS OF BAIRE ONE
FUNCTIONS AS THE SUM OF LOWER AND
UPPER SEMICONTINUOUS FUNCTIONS

Abstract

According to the Vitali-Carathéodory theorem, the integral of a finite
summable function f on a measurable set may be approximated by
the integral of a sum of lower and upper semicontinuous functions. In
the case, that f is a Baire one function, we give the answer to the
following question: is there a lower semicontinuous function [ and a
upper semicontinuous function u such that f = [4wu almost everywhere?
The answer is in general negative.

We deal with the classes of real functions defined on the interval [0,1].
The symbols C, By, D, lsc and usc stand for the class of continuous, Baire
1, Darboux, lower and upper semicontinuous functions, respectively. DBj
denotes D N By and f/F denotes the restriction of the function f on the
set F. We use a notation d(F,zg) for the density of the set F' at the point
xo. Let A C4 B denote A C B and d(B,z) = 1 for all x € A and A C,
B (A is billateraly ¢ — dense in B) means that for each x € A, the sets
(x,z 4 0) N B, (x —J,z) N B are nondenumerable for every ¢ > 0.

Let I =10,1], F;, i =1,2,... be perfect nowhere dense subsets of I,

Fy Cq F> Cyq F3 Cd -y

such that the set ' = |J F; has the Lebesgue measure A (F) = 1. Then we

i=1
define the function f* in the following way:
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Lemma 1. The function f* € By.

PRrOOF. It is sufficient to show by [2], that for each o € R the sets {f* > a} =
{zel;f*(x) >a} and {f* <a} = {z € I; f*(z) < a} are sets of type F, .
It is easy to see that every open set is of F, type and closed set of Gy type.
Then the following statement can be made: if A and B are closed subsets of
I, then the set A\ B= AN (I\ B) is of type F, and G5 as well as any finite
union of such sets.

We show that the sets {f* > a} and {f* < a} are of type F, for each
o € R.

If > 1, then the set {f* > a} =0 and {f* < a} =10,1].

If « = 1, then the set {f* > a} = 0 and {f* < a} =[0,1]\ F1. All of these
sets are of type F,.

If 0 < a < 1, then there exists an odd natural number k such that 1<

)
o < 7. From the definition of the function f* it follows that

{f* > a} = (Fk \kal) U (Fk72\Fk73) U---u (Fg\FQ) U Fy

and thus the set {f* > a} is of type F, and G5 too. Moreover, the same it
holds for the set {f* < a} and from there the set

<
re<ay=1 4. " 1
" <maps fora=13

IN

1 1
7f07’r+2<06<%.

is again the set of type F,. The analogous assertion is valid for a < 0. If
a = 0, then the sets

) NP . a1
{f >O}U{f >k} and {f* <0} = U{f <k}
k=1 k=1
are sets of type F, too thus the function f* € Bj. O

We will say that a function g € lsc + usc, iff there exist any functions
I € lsc and u € usc such that g = | + u. W. Sierpinski in [5] constructed
a bounded Baire one function which cannot be written as sum of lower and
upper semicontinuous functions and A. Maliszewski in [4] proved that there
is a bounded Darboux Baire one function which does not belong to lsc + usc.
Additionally we find the following:
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Proposition 2. There is a bounded function f € DB; such that for arbitrary
function g € lsc + usc, the Lebesgue measure of the set {x € I; f (x) # g (x)}
18 positive.

PRrROOF. Let f* be the real function defined above. According to Proposition 1
in [3] there exists a function f € DB; such that the set {x € I; f (x) # f* (x)}
is a first category subset of the set [0, 1]\ F. We prove that the function f satis-
fies the assertion of Proposition 2 by contradiction. Assume that there exist a
lower semicontinuous function [ and upper semicontinuous function u such that
the function g = {4 u and the Lebesgue measure A({z € I; f (z) # g (x)}) = 0.
Without loss of generality we may assume that [ > 0 and v < 0. Otherwise
there exists a positive real number K such that [ > —K and u < K, because
the functions [ and u are defined on the compact set [0, 1]. Then the function
l can be replaced by [ + K and u can by replaced by u — K. If we denote
d = —u, then the solution of the functional equation ¢ = [ + w on interval
I =10,1] is equivalent to a solution of the equation

l=g+d,

where the functions [ > 0, d > 0 are lower semicontinuous.
Let J C I be an arbitrary open interval and let

Zan, (a, >0 foreachn=0,1,2,...)

n=0

be any convergent series of positive real numbers and the set

A={zel;f(z)#g(z)}.

From the definition of the function f follows the existence of zg € (JNFy,)\ 4,
such that f(z¢) = _k% for some even natural number kq. Because f (zg) =
g (xo), by the assumption I (xo) > 0 we have d (zg) > kio Since the function
d € Ilsc then there exists an open neighborhood Uy C J of the point x( such
that

d (Vo) zkio—ao (0).

Again by the definition of the function f, because Fj, Cq Fk,+1, we choose
x1 € (Up N Fryt1) \ A such that

1

f(z1) =g (z1) = T
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Then from (0)

I( )>1 oo +
T — _
1_]€0 0 ko +1

and there exists an open neighborhood U; C Uy of the point x; such that

— 7 (1)

Repeating this cycle, we choose x5 € (Uy N Fj,y42) \ A such that

1

f($2)=9(1‘2)=—k0+2-

From (1) follows

U(s) = g (@) + d (22) > — — g +

ko k‘o-i—lial

and consequently

1
d(x2)2—7a0+

ko ]{3(3—"-170[1+

k0—|—2'

There exists an open neighborhood U, C U; of the point zo such that

1 1
d(Us)> — —ap+ ——— —an + ——— — 2).
R A R R
Next we choose x5 € (U2 N Fy,13) \ A such that

1
]{/‘0—|—3.

fxs) =g(x3) =
From (2) we have

1
l(z3) > — —ao+
ko

1 1
Rl TRz T RT3

and again we obtain the existence of an open neighborhood Us C Us of the
point z3 such that

1

1 1
- - o 3).
Z T Wil Mtz etz O

It is necessary to note that the selection of such points xg, 1, x2, 3 is possible
because the set F' is dense in [0,1] and f/F = f*/F.
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Continuing this process, we construct a sequence of open sets
0,1]>2JD2UyDU1 DU D ...

associated with a sequence of points xg, x1, T2, z3,..., T, € F, n=0,1,2,...,
such that for every even n the following hold:

wzy () w

=0

1(Upt1) > ni:l (kol—i—z - ai> (n+1).

=0
The functions d and [ are real functions defined on I = [0, 1], then

o0 oo

U {a<my= | {t<M}=10,1].
M=1 M=1
The series
> (55
= ko +1 !

diverges to +oo. From the foregoing it follows that, for an arbitrary open
interval J C [0,1] and each M > 0, there exists an open interval U C J such
that d (U) > M. That is, each of the sets {d < M}, M =1,2,..., is nowhere
dense in [0,1]. Therefore the closed interval [0,1] is a countable union of
nowhere dense sets, which contradicts the Category Theorem of Baire. It was
shown that the assumption A({z € I; f (z) # g ()}) = 0 is not true. O

Let the class By of Baire 1 functions defined on interval [0, 1] be furnished
with the sup norm. In the next theorem it will be shown that the class lsc+usc
is dense in the class B;.

The authors of the article [1] define the class of functions [C] and prove
the following Theorem 4.

Definition 3. f € [C] iff there exists a sequence of closed sets A,,n =1,2,...
such that UA,, = R and f/A,, is continuous for every n = 1,2,... .

Theorem 4. Let f € By. Then there are f, € [C],n = 1,2,... such that
fn — [ uniformly.

Lemma 5. [C] C lsc+ usc.
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PRrROOF. Let a function f € [C]. According to Definition 3 there exists a
sequence of closed sets A,,n = 1,2,... such that |JA, = [0,1] and f/A, is
continuous for every n = 1,2,... . The function f/A, is bounded. Therefore
there exists an increasing sequence of real numbers 3,,n = 1,2,... such that

| f(z) |< Bn, foreach x € UAi'

i=1
We define the functions u and I:
u(z) = f~(2) =B
@) = fr@+p o TrTEh

n—1

u@ = (@) -nB, |
(a) = 1% (@) +ng,  Foreean\ U

where as usually

f~=min {0, f} A f+ = max {0, f} .
We prove that | € lsc. Let g € [0,1] and let z,,n = 1,2,... to be any
sequence of points, x,, — xg. There exists ng such that

’I’L[)*l

vo € Ao \ |J Ai

i=1

and [ (xg) = f* (x0) + noBn,. Because |JA;,1 <i<ng—11is a closed set, it

is sufficient to consider
TL(]*I

z, € 0,1\ | 4.
i=1
If z,, € Ay, for every n=1,2,..., then from continuity of f*/A,, we have
L(wn) = [T (@n) +10Bne = [ (20) + 1080, = 1(20).-
If z, € Ay, , kn > ng for every n =1,2,... then
L(wn) = [T (2n)+hnBr, > Br+(kn = 1) Bry = Brg+108ne > [T (20)+n080, = 1 (20) -
Consequently

liminf! (x,) > 1 (z0),

Tn—>T0

which means [ € lsc and analogically u € usc. The function f € Isc + usc,
since f =1+ u. O
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The assertion of Theorem 6 is an immediate consequence of Theorem 4
and Lemma 5.

Theorem 6. Let f € By. Then there are f, € lsc+ usc,n = 1,2,... such
that fn, — f uniformly.
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