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PRODUCTS OF EXTRA STRONG
SWIATKOWSKI FUNCTIONS

Abstract

In this paper we characterize products of four or more extra strong
Swiatkowski functions.

1 Preliminaries

We use mostly standard terminology and notation. The letters R and N
denote the real line and the set of positive integers, respectively. The symbols
I(a,b) and I[a,b] denote the open and the closed interval with endpoints a
and b, respectively. For each A C R we use the symbols int A, cl A, and bd A
to denote the interior, the closure, and the boundary of A, respectively. We
say that a set A C R is simply open [1], if it can be written as the union of an
open set and a nowhere dense set. The symbol Ent(x) denotes the greatest
integer not larger than =z € R.

Let f: I — R, where I is a nondegenerate interval. The symbol C(f)
stands for the set of all points of continuity of f. We say that f is a Darboux
function (f € D), if it maps connected sets onto connected sets. We say that
f is quasi-continuous in the sense of Kempisty [2], if for all z € I and open
sets U > x and V 3 f(x), the set int(U N f~1(V)) is nonempty. We say that
fis cliquish [7], if the set of points of continuity of f is dense in 1. We say
that f is a strong Swigtkowski function [3] (f € Ss), if whenever a,, 3 € I and
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y € I(f(a), f(B)), there is an zp € I(a, B) N C(f) such that f(zg) = y. We
say that f is an extra strong Swigtkowski function [6] (f € Ses), if whenever
a,f el a# B, andy € I[f(a), f(B)], there is an zy € I[a, B]NC(f) such that
f(xo) = y. One can easily see that each strong Swiatkowski function is both
Darboux and quasi-continuous and each extra strong Swi@tkowski function is
strong Swiatkowski. The symbol [f = a] stands for the set {z € I : f(z) = a}.
We say that a function f changes its sign in interval J, if there are points
x1, T2 € J such that sgn f(z1) # sgn f(x2). The symbol M denotes the class
of all functions f such that f has a zero in each interval in which it takes on
both positive and negative values.

2 Introduction

In 1996 A. Maliszewski proved the following theorem [4].

Theorem 2.1. For each function f: R — R the following conditions are
equivalent:

i) f is a finite product of Darbouzr quasi-continuous functions,
ii) there are Darboux quasi-continuous functions g and h such that f = gh,
iii) feM, f is cliquish, and the set [f = 0] is simply open.

He showed also that products of two and three strong Swi@tkowski func-
tions are different, and asked for characterization of products of such functions.
In 2006 I found the partial solution of this problem proving the following the-
orem [5].

Theorem 2.2. For each function f: R — R the following conditions are
equivalent:

i) f is a finite product of strong Swigtkowski functions,
ii) there are strong Swigtkowski functions g1, ...,94 such that f = g1...¢4,

iii) the function f is cliquish, the set [f = 0] is simply open, and there exist
a Gs-set A C [f = 0] such that IN A # 0 for every interval I in which
f takes on both positive and negative values.

Recently I found a bounded strong Swi@tkowski function which cannot be
written as the finite product of extra strong Swi@tkowski functions [6, Propo-
sition 4.2]. Moreover I presented a product of three extra strong Swiatkowski
functions that cannot be written as a product of two such functions and a



PRODUCTS OF EXTRA STRONG S,WIQTKOWSKI FUNCTIONS 3

product of four extra strong Swi@tkowski functions that cannot be expressed
as a product of three functions of that kind [6, Propositions 4.4 and 4.5].

In this paper I characterize products of four or more extra strong Swi@tkowski
functions. However, the following problem is still open.

Problem 2.3. Characterize the products of two extra strong Swi@tkowski
functions and the products of three extra strong Swiatkowski functions.

3 Auxiliary lemmas

The proof of Lemma 3.1 we can find in [6, Theorem 3.1].

Lemma 3.1. For each function f: R — R the following conditions are equiv-
alent:

) f €S,
i) feD and flI] = fIINC(f)] for each nondegenerate interval I C R,
iii) f €D and f(x) € f[l[x,t] NC(f)] for each x € R and each t € R\ {z}.
The next lemma is interesting in itself.

Lemma 3.2. Assume that I C R is an interval, g: I — R, and h: R — R. If
g,h € Ses, then h o g € Ses.

PROOF. Let x € T and t € T\ {«}. If g|I[z,t] € Const, then (h o g)[I[x,t] €
Const and
(hog)(z) € (hog)lz,t]nC(hog)]

In the other case, since g € S.s C D, then g[I[z, t]] is a nondegenerate interval.
Since h € S¢s, by Lemma 3.1 we have
(h o g)(x) € hglllz,A)]] = A[glllz, Q] NC(R)] = h[gllfz,f] N C(g)] NC(R)]
C hlglt[z,t)NC(ho g)]] = (ho g)l[z,t]NC(h o g)].

Clearly h o g € D. By Lemma 3.1 we obtain that ho g € Ses. O

Lemma 3.3 is due to A. Maliszewski [4, Lemma II1.1.1].

Lemma 3.3. Let A C R be nowhere dense and closed and T be the family of
all components of R\ A. There are pairwise disjoint families Iy,...,Zy CZT
such that for each j € {1,...,4} and x € A if x is not isolated in A from the
left (from the right), then there is a sequence (I;,) C Z; with inf I; , — x~
(with sup I, — xt, respectively).
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The proof of Lemma 3.4 is similar to the proof of [5, Lemma 3.4].

Lemma 3.4. Assume that F' C C are closed and J is a family of components
of R\ C such that C C cl|JJ. There is a family J' C J such that

i) for each J € J, if FNbdJ # 0, then J € J/,

il) for each ¢ € F, if ¢ is a right-hand (left-hand) limit point of C, then c
is a right-hand (respectively left-hand) limit point of the union |JJ’,

iil) ¢l U {infJ} C FU U {inf J} and cl U {supJ} C FU U {sup J}.

JeJ’ JeJ’ JeJ’ JeJ’

PROOF. Let P be the family of all components of R\ F' and P € P. One
can easily see that there is a family Jp C J such that |JJp C P and the
following conditions hold:

if PNC #0, then Jp # 0, (

for each J € J,if J C P and bd PNbdJ # @, then J € Jp, (
if inf P € cl(P N C), then inf P € cl{J Jp, (

if sup P € cl(P N C), then sup P € cl| JIp, (4

clU ez, {inf J} € bd PUU ¢z, {inf J}, (
clUJGJP{supJ} dePUUJEJP{supJ}. (

Define J' = Upep Jp. Clearly J' € J. We will show that J' satisfies
the conditions i)—iii) of the lemma.

Assume that FNbd J # () for some J € J. Since F C C, thereisa P € P
with J C P. Then by (2), J € Jp C J’. This proves condition i).

To prove condition ii) assume that ¢ € F is a right-hand limit point of C.
We consider two cases.

If there is a P € P with ¢ = inf P, then by (3),

)
)
)
)
)
)

cecdJTp Ccl(c,00)NUJT).

In the opposite case fix a d > ¢. Since C C cl|JJ, we obtain (c,d) N
UJ # 0. By our assumption, there is a J € J such that J C (c¢,d) and
(sup J,d) N F # (. Choose P € P with J C P. Clearly P C (c,d).

If PNC =0, then P=J € J, and by (2), P € Jp C J'. Consequently
(e,d)NnJT’ # 0.

If PNC # (), then by (1), Jp # 0. Since |JJp C P, we obtain that
(c,d)NJJ’ # 0. This completes the proof of ii).



PRODUCTS OF EXTRA STRONG S,WIQTKOWSKI FUNCTIONS 5

Finally we will show iii). Note that by (5),

o [ J{infs}=c |J |J{infJ}ca | ®dPuU [ {infJ}) C

JeJ’ PeP JeJp PeP JeJp
cdrFu | J (| {infJ}ubdP)=Fu | {infJ}.
PeP JeJp JeJ’

Similarly, using condition (6) we can prove that cl{J;c ,{supJ} C F U
Ujes{sup J}. This completes the proof of the lemma. O

Lemma 3.5. Let I = (a,b) be an open interval and assume that y1,ys € [0, 1].
There is an extra strong Swigtkowski function g: clI — [0,1] such that

i) g(a) =y1, g(b) =y,
i) g[I] = (0,1},
iit) bd I C C(g),
iv) if y1 #0, then g|[a,a+ 8)] = {y1} for some § >0,

v) if y2 # 0, then g[(b— 6,b]] = {y2} for some 6 > 0.

PROOF. Define the function g: R — (0, 1] by

_ min{1,sinz~! + 2|+ 1} ifz#0,
g(z) = 1 .
2 if x =0.

Then clearly g € Ses. Choose elements a < z1 < -+ < z7 < b and define
continuous functions ¢, ¥ : clI — [0, 1] as follows:

Y1 if x € [a,x1],
Yo if x € [x7,0],
ola) = foelml

1 if x € [x2, 6],

linear in intervals [z1, z2] and [zg, 7],
Y1 if x = a,
Y ifx =0,

Y@)=97

1 if x € [z2, x6],

linear in intervals [a, 3] and [zg, b].



6 P. Szczuka

Now define the function g: c¢lI — [0, 1] by the formula:

glx —xq) if x € [x3,25],
o(x) if x € [a, 23] and y; # 0 or x € [xg, ] and ya # 0,
P(x) if x € [a,z2] and y; = 0 or x € [zg,b] and y2 = 0,

linear  in intervals [zo, x3] and [z5, z6].

g(x) =

Clearly C(g) = cl T\ {z4}. So, condition iii) holds and g € S.,. Now assume
that y; # 0 and put § = 1 — a > 0. Then obviously g[[a,a + 5)] = {y1}.
Similarly we can show that condition v) is fulfilled. The other requirements
of the lemma are evident. O

Lemma 3.6. Let E C R be a compact interval and f: E — R. Assume
that I = (a,b) C E is an open interval such that I C [f = 0]. Moreover,
suppose that ¢,d € [—1,1] such that ¢ # 0 if f(a) # 0 and d # 0 if f(b) # 0.
There are extra strong Swigtkowski functions ¢1,92: clI — [—1,1] such that
sgn o (g1g2) =sgno flcll and fori € {1,2}, we have:

i) gi(a) = c(sgn f(a))™", gi(b) = d(sgn f(b))"*",
ill] = [=1,1],

) gill] =

iil) if f(a) # 0, then g;[(a,z) NC(g;)] = [-1,1] for each z € (a,b),

iv) if f(a) =0, then [a,a + d) C [g; = 0] for some § > 0,

v) if f(b) #0, then ¢;[(z,0) NC(g:)] = [-1,1] for each z € (a,b),

vi) if f(b) =0, then (b—§,b] C [g; = 0] for some § > 0.
PROOF. Choose t € (a,b) and a strictly decreasing sequence (xn) C (a,t)
such that x,, — a*. Put ¢ = ¢. Define the function h: (a,t] — [—1, 1] by the
formula:

0 ife=xz,_1,n€N,
h(z) (=)t ifx=(zy_1+z4)/2, nEN,
xTr) =
linear in each interval of the form [z, (Tn—1 + 2,)/2]

or [(Xn—1+2n)/2,xn—1], n € N.

Then & is continuous on (a,t] and h[(a,t]] = [-1,1]. Now fix an i € {1,2}
and define two functions ¢;,;: [a,t] — [—1, 1] as follows:
h(x) ifze U?:1[$4n—2i+2,$4n—2i]7
wi(x) = 0 if € Uy [Tan+t2i—1, Tant2i—6);

c(sgn f(x))*! ifz =a,
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0 if x € [in,xgi_g] U [a,x4].

wz(ir) — {h(l‘) ifxe [.1'6,214’1'4724,

Since h(x,) = 0 for each n € N U {0}, functions ¢, and 1); are well defined
and 1; is continuous. Moreover the function ; € Ses and t € C (i) NC(2;).
Proceeding similarly we construct functions @;,;: [t,b] — [—1, 1] having the
same properties as ; and ;, respectively. Define the function g¢;: clI —
[—1,1] by the formula:

wi(z) ifx € [a,t] and f(a) # 0,
oi(x) = Yi(z) ifz €la,t] and f(a) =0,
@i(x) if x € [t,b] and f(b) # 0,
Pi(z) ifz €[t,b] and f(b) = 0.

Since ;(t) = ¥i(t) = @i(t) = 1/_)1@) = 0, the function g; is well defined.
Moreover, t € C(g;), whence g; € Ses. Now assume that f(a) = 0 and put
6 =x4 —a>0. Then

gilla,a+9)] =i[[a,a +0)] = {0}.

So, [a,a+ &) C [g; = 0]. Similarly we can show that condition vi) holds.
Finally, sgn o (g192)[7 = 0 = sgn o f[1 and (sgn o (g192))(x) = (sgn o

f)(z) for each x € bd I. Consequently, sgn o (g1g2) = sgn o f[clI. The other

requirements of the lemma are evident. O

4 Main results

Theorem 4.1. Assume that E C R is a compact interval, the function
f: E — R is cliquish, the set [f = 0] is simply open, and there is a G-
set A C [f = 0] such that IN A # () for each interval I in which the func-
tion f changes its sign. Then there are functions gi,...,94 € Ses such that

f:gl-~-g4-

PRrROOF. First we will show that

there are functions g1, g2 € Ses with sgn o (g1gs) = sgn o f. (7)

Define ¢ £ bd[f = 0]. Observe that the set C is closed and since [f = 0] is
simply open, C' is nowhere dense. Let Z be the family of all components of
R\ C. By Lemma 3.3 there are pairwise disjoint families Z;,...,Z4 C Z such
that for each j € {1,...,4} and = € C if x is not isolated in C from the left
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(from the right), then there is a sequence (/;,,) C Z; with inf I, , — 2~ (with
sup I, — at, respectively). Observe that, since [f = 0] is simply open, we
have only IN[f =0] =0 or I C [f = 0] for each I € Z. Now define

PL{reC:2ebdInbdI for some I,I' € T such that I' £ I}.  (8)
Clearly, P is the set of all points which are bilaterally isolated in C. Let
A¥Aancyurp (9)

Since A is a Gs-set, A; is a Gs-set, too. Then C \ Ay is an Fj,-set, whence
there is an increasing sequence (F},) consisting of closed sets such that

C\ A = | Fa. (10)

neN

Let C deo \ P. Then obviously C is closed, nowhere dense, and C \ A; =
Ci1\ A1. So, F,, C C; for each n € N and C; C cl|JZ; for each j € {1,...,4}.

Define Fjj; = (). For each n € N, use four times Lemma 3.4 to construct a
sequence of sets (F),) and an increasing sequence of families of intervals (7))
such that

4
T = T}n: (11)
j=1

Fy=F,uJ(Fu [ (bdI\ A)), (12)

k<n IeJ),

and for j € {1,...,4},

Il C I, (13)
for each I € Z;, if F,, Nbd I # 0, then I € J} ,, (14)

for each ¢ € F, if ¢ is a right-hand (left-hand) limit point of C1,

then c is a right-hand (left-hand) limit point of the union J Jj ,,, (15)
cl U {infJ} C F} U U {inf J} and
JeT; , Jeg;,
(16)

cl U {supJ} C F/ U U {sup J}.

Jeg;, Jeg;,



PRODUCTS OF EXTRA STRONG S,WIQTKOWSKI FUNCTIONS 9

Observe that for each k£ < n, the set By, g F/uU Ulej,; (bd I\ A;) is closed.

Indeed, fix a k < n and let € cl Bx. Then there is a sequence (z,,) C By
such that z,, — z. If (2,,) C F], then € cl F], = F| C Bj. In the opposite
case, without loss of generality we can assume that (z,,,) C (J;¢ 7 {inf I} \ Ay,

whence z € clUIeJk,.{ian}. By (16), z € F] U Ulej)é{infl}. If we would
have z € Aj, then since (z,,) C Ulejé{infl} and z,, — x, there was a
sequence (yp,) C Ulej,; {sup I} such that y,, — x, which contradicts (16).

Consequently z € By, which proves that the set By, is closed. So, by (12), the
set F is also closed and F, C C; \ A4;.

Now let aj d:finfl7 br gsup[ for each I € Z, and
4
L E{1ez:1¢ |1},
j=1

Fix an I € Z and put

_Jmin{fneN:Te 7!} ifIeUJT,,
"7 Ent(1/11) + 1 ifIeZ\UJ.

Note that if a; € P, then there is Ir € 7 such that a; = by,. Similarly, if
br € P, then there is I, € Z such that by = ay,. Define

0 ifay € A,
)27 sgn f(ag)| if af = by, and ny > ny,,
far = 2n1="in~Ysen f(ar)| if ar = by, and ny < nry,
27 "|sgn f(ay)] ifar € F),\Up<,, Fi» n €N,
0 if by € A,
. 271|Sgnf(b])‘ if by = ar, and ny > nr,,
o = 2ni=niy=tgon f(br)| if by = a;, and ny < nyp,,
27 "|sgn f(br)| if by € F\ Uye,, F1, n €N

Observe that rq,, 7, € [0,1]. Moreover we can easily see that if components
J,J' €T and ay = by, then

27, =27y, (17)

By (8), if x € bdI N P, there is I’ € T such that I' # I and x € bdI Nbd I'.
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For each x € bd I define

[sgn f(x)] ifx¢ Porxe Pand I' C [f =0],
(—1)7*Ysgn f(x)| ifz € P, I' € Z; for j € {1,2,5},
s(x) = and I' N [f =0] =0,

(—1)*lsgn f(x) ifxe P, I' €I for j € {3,4},
and I' 0 [f = 0] = 0.

If IN[f = 0] = 0, assuming that y; = 7, and y2 = rp,, we construct
the function gy: clI — [0,1] which fulfills the requirements of Lemma 3.5.
And if I C [f = 0], assuming that ¢ = r,,s(ay) and d = ry, s(br), we construct
functions ¢1,1,92,1: clI — [—1,1] which fulfill the requirements of Lemma 3.6.

Fix an ¢ € {1,2}. Define the function g;: E — [—1,1] by the formula:

0 ifre ANC,
27" g, 1(x) ifeeclland I C[f=0],
(=1)7H127m1 (sgn f(2))Ttgr(z) ifzecl, IN[f=0]=0,
and I € Z; for j € {1, 2,5},
(=1)7+127"1 (sgn f(x)) g; () ifzecl, IN[f=0]=0,
and I € Z; for j € {3,4},
2 (sgn () ite e\ (Uper WA TU ).
n € N.

First we will show that the function g; is well defined. If € bd IN A for some
I €Z, then g;(z) =0. Now let z ¢ A and x € bdI Nbd I for some I,I' € T
such that I’ # I. Then obviously € P. Note that if z € [f = 0] N P, then
gi(z) = 0. So, let (sgnof)(x) # 0. Without loss of generality we can assume
that © = ay = byy. We consider the following cases.

Case 1. I C[f=0]and I' C [f =0].
Then, by (17) and since s(ay) =1 = s(by/), we have

gilar) =27 g r(ar) = 271, s(ar)(sgn f(ar)) T =
=27 py,5(brr) (sgn f (b)) T =27 i 1 (brr) = gi(br).

Case 2. IN[f=01=0,I' C [f=0], and I € Z; for j € {1,2,5}.
Since gr(ar) = rq, and s(by) = (—1)7*1, then by (17)

gilar) = (=1)7*127" (sgn f(as)) gr(ar) =
=271y, 5(bye) (sgn f (b)) =270 g; 1 (brr) = gi(brr).
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Case 3. IN[f=01=0,I' C[f=0], and I € Z; for j € {3,4}.

Since gr(ar) = rq,, (sgn f(ar))® = (sgn f(by))**2, and
s(br) = (1) sgn f(br),
then by (17)

giar) = (=1)" 127" (sgn f(ar)) gr(ar) =
= 27"y, 5(bp ) (sgn f(br)™ = 27" g 1 (brr) = gi(br).

So, the function g; is well defined. Moreover, we can easily see that sgn o
(9192) =sgno f.
Now we will show that

AL anccelg). (18)

Take an z¢ € A}. Observe that A} C [f = 0]NC. If there is an I € 7 such that
2o = by, then by condition iii) of Lemma 3.5 or condition vi) of Lemma 3.6,
respectively, the function g; is continuous from the left at xg.

In the opposite case take an xg € A} \ {br : I € T} and let € > 0. Choose
ng € N such that 27 < ¢ and define the set F' as follows:

d (AU T},) \ (1 U{xo}) if there is an I € T such that zy € cl [,
U, otherwise.

Observe that, by (16), the set F' is closed. Put § = min{27"°, dist(F,zg)}.
(If C\ A1 = 0, then 6 = 27™.) Since xy ¢ F, we have dist(F,zy) > 0.
Consequently 6 > 0. Choose a §' € (0,0) such that zg — 6" ¢ (JZ. (Recall
that xg is not isolated in C' from the left.) Observe that if I € Z5 and I C
(ko — &', x0), then |I| < 27™ and n;y > ng. For every z € (xg — §',20),
we have x ¢ F, which shows that = ¢ UIEJAO clI. Condition (15) yields

F) CclUJ,,, whence F), C FU{xo} and in particular x ¢ F] . Thus
|9i () = gi(wo)| = |gi(x)] <277 <e.

So, in this case the function g; is continuous from the left at xg, too. Similarly
we can prove that the function g; is continuous from the right at each point
xo € A}. Consequently A} C C(g;).

Now we will prove that

v (x e FI\{b;: T €T} = gl(x —8,2)NClg:)] O [-27", 2—"]). (19)
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Let n € N, § >0and ¢ € F,\{b; : I € Z}. Then x ¢ P, whence for
J€{1,...,4}, by (15), there is an I; € J;,, with I; C (z — §,z). Notice that
max{n;, : j € {1,...,4}} < n. So,

4

gl = 8,2)NClg)] > | gilly nClg)] o [=27", 27"\ {0}
j=1

If there is an I € 7 such that I C [f = 0] and (z — &, ) NI # 0, then since
gi.1 € Ses and conditions v) and vi) of Lemma 3.6 hold, we have

gil(z = 6,2) N C(g:)] > [-27",27"].

In the opposite case, since = ¢ P, the function f changes its sign in each
left-hand neighborhood of x. Hence, by assumption

0+ (x—3d6,z)NA, C(x—562)NC(g)N[g =0
and finally
gil(x — 6,2) N C(g:)] D [-27",27"].

Similarly we can prove that

YV (se B\ far 1 €T} = gf(@,a+6)NCla)] > [-27",27)).

Further we will show that

for each I € Z, if x € bd I, then g;(x) € g; [I[z,t] N C(g;)] for each

t # x such that I[z,t] C E. (20)

Let I € Z, z € bd I, and t # z. Without loss of generality we can assume

that = ¢ C(g;). Hence by (18), = ¢ Aj. Let t < x. (If ¢ > = we proceed
analogously.)

First assume that x = b;. We consider two cases.
Case 1. I C [f=0].

Then g; = 2 ™ g, 1 on clI. If g;;(b;) # 0, then by condition v) of
Lemma 3.6 we obtain that

gi,I[(tO? bl) N C(gl,f)] = [_la 1]7
where ¢ty = sup{as,t}. Hence and by the definition of g; we have

gillt; x] N C(g:)] > gil(to, br) NC(gs)] = [=27"1,27™] 3 gi(br) = gi()-
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If g; 1 (by) = 0, then by condition vi) of Lemma 3.6 there is a § > 0 such that
(br = 6,b1] C [gi,1 = 0] C [9: = 0],

whence condition (20) holds.

Case 2. IN[f =0] = 0.

Then g; =2 ™ gy or g; = =2 ™ gr. If g;(by) =0, then by € ANC = A} C
C(g;), which is impossible, or by € P. But if by € P, then by condition iii) of
Lemma 3.5 and by condition iv) of Lemma 3.6, we would also have z = b; €
C(g:), a contradiction. So, g;(br) # 0. By condition v) of Lemma 3.5 there is
a z € (t,br) NC(g;) such that ¢;(2) = g;(br) = g:(z), whence condition (20)
holds.

Now let © = ay. We can assume that x ¢ P. Since x ¢ A, then © ¢ A;.
Consequently z € C'\ A1 = |,y Fn, whence z € F) \ U,., F}, for some
n € N. Since g;(ar) = 0, gi(ar) = 27" "™ or g;(ar) = —27"""1, we have
lgi(ar)| < 27™. Therefore, by (19),

gi[[tvx] n C(gl)] ) [_2—71’ 2_n] > gi(al) = gi(x),

which completes the proof of (20).

To complete the proof of (7) we must show that g; € S.s. Let o, 8 € E,
a < B, and y € I[g;(a), g;(B)]. Assume that g;(a) < g;(8). (The other case is
similar.) If o, 8 € cl I for some I € Z, then by (20) and since g1 1, g2.1, 91 € Ses,
there is an g € [a, B] N C(g;) with g;(xg) = y. So, assume that the opposite
case holds.

Assume that y > 0. (The case y < 0 is analogous.) If 8 € A, then
y=g;(8) =0 and by (18), 8 € C(g;). So, let g ¢ A|. We consider two cases.

Case 1. B ¢ J,en F)y or B € {br: I € T}.

Then there is an I € Z such that § € clI, a ¢ cll and 8 # a;. If
y € I[gi(ar),9:(B8)], then by (20) and since ¢1,1,92.1,91 € Ses, there is an
o € [ar, Bl NC(gi) C [, BN C(gi) with g;(20) = y.

Now let y € [0,¢9;(as)). Then g;(ar) > 0, whence a; ¢ A.

If af € C\ Ay = U, ey Fn, then ar € F) \ U, Fy, for some n € N and
gilar) = 277" < 27 By (19),

y €[0,9i(ar)) € [0,27"] C gil(a, ar) NC(g:)]-

So, there is an zg € (a,ar) NC(g:) C [a, f] N C(g;) with gi(zo) = y.

If a; € P, then there is an I’ € T such that a; = bp/. Since g;(ar) > 0, we
have I C [f = 0] or I’ C [f = 0]. Assume that the first inclusion holds. (If
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I' C [f = 0], then we proceed similarly.) By condition iii) of Lemma 3.6 and
since g; = 27" g; 1 on clI we obtain that

y €0, gi(ar)] € [0,27"] C gil(ar, B) N C(g4)]-

Hence there is an xg € (a7, 5) NC(g;) C o, B] N C(g;) with gi(zo) = v.

Case 2. B € J,en Fp \{br: I € T}.
Then 8 € F \ F}_, for some n € N. By (19),

y €10,9:(8)] C[0,27"] C gil(v, B) N C(gs)]-

Consequently, there is an g € (a, ) NC(g;) C [a, B] N C(g;) with g;(xo) = y.
This completes the proof of condition (7).

Now define the function f: E — R by

f .
]E(x) _ G192 (QC) 1f f(.’,C) # 07
1 otherwise.

Notice that f is cliquish. Indeed, it is obvious that

C(f)yo>C(f)nClg)NC(g2) NT,

where
U Lint[f = 0] Uint[f # 0].

Observe that E\ U = bd[f = 0] = C is nowhere dense, whence U is residual.

Since the sets C(f), C(g1), and C(g2) are also residual, the set C(f) is dense.

Hence the function f is cliquish. )
Clearly f > 0 on E. So, the function In o f: E' — R is cliquish. By [6,
Corollary 3.4], there are functions hi, ho € Ses such that ln o f = hy + hs.

Define g3 4 exp o hy and g4 4 exp o he. By Lemma 3.2, g3,94 € Ses.
Clearly

f = 9192 = g19a(exp o h1)(exp 0 ha) = g1 ... g,
which completes the proof. O

Theorem 4.2. Let f: R — R. The following conditions are equivalent:
i) there are functions gi,...,94 € S.s such that f=91-..94,

ii) there is a k € N and functions g1,...,gr € Ses such that f=a91-. 9,
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iii) the function f is cliquish, the set [f = 0] is simply open, and there is
a Gs-set A C [f = 0] such that INA # 0 for every interval I in which
f changes its sign.
PrOOF. The implication i) = ii) is evident, while the implication ii) = iii) fol-
lows by [6, Theorem 4.1].
iii) =1). Put E = [-7/2,7/2]. Define the function f: E — R by

(o) = {(fotan)(a:) if v € (—m/2,7/2),
0 if v € {—n/2,7/2}.

Then clearly A & arctan[A] U {—n/2,7/2} C [f = 0] is a Gs-set, the func-
tion f is cliquish, and by [1], the set [f = 0] = arctan|[[f = 0]] U {-n/2,7/2}
is simply open. Moreover for each interval I C F, if the function f changes its
sign in I, then TN A # . So, by Theorem 4.1, there are functions gi,...,qs €
Ses such that f=2041...94. Forie {1,...,4} define g; = §; o arctan and
notice that by Lemma 3.2, g; € Ses. Clearly

f = f oarctan = (§; o arctan)...(js o arctan) = g ... g4,

which completes the proof. O
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