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A NOTE ON THE DEFINITION OF AN
ORLICZ SPACE

Abstract

In the spaces L%[0,1], p > 1 (which are Orlicz spaces of a very
special kind), one has ||f|, = sup{fo1 fgdu : fol lg|?dp < 1} = inf{t >
0: fol [f/tPdu < 1} = (fol |f|P dp)'/P, and any one of the three could
serve as the definition for ||f||,. For an arbitrary N-function, M, the
analogues of the first two of these formulations yield equivalent norms
on the corresponding Orlicz space. On the other hand, the functional
pur, defined on L} [0,1] by par(f) = M_l(fo1 M(f)du), not only fails
to be a norm in most cases, but frequently it is not even a reasonable
approximation to the Orlicz norm.

In memoriam Wiladystaw Orlicz

1. Although many characteristics of the LP-spaces, p > 1, are shared by
all members of the family of Orlicz spaces, interesting differences between the
general and special classes begin to appear very early in the development of the
Orlicz theory. One of these differences involves the Orlicz norm on Ll]y [0, 1],
the definition of which,

£l a2 =Sup{/fgdu:/N(g)dM§ 1},

mimics the interplay between LP and L7 by employing the N-function comple-
mentary to M. Since the functions (-)? and (-)!/? are inverses of one another
on R, one’s first inclination might be to offer as a candidate for a norm on

Lﬁ/f[(), 1] the function pys given by pa(f) = M~! (/ M(f) du), in analogy
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with the definition of the LP-norm. As Zygmund [4, 170] has observed, how-
ever, such a proposal is doomed to early rejection because in the general case
par is not homogeneous. Indeed, Zaanen [3] has shown that pps will be homo-
geneous only if M = M (1)(-)P, for some p > 1. Nevertheless, one would think
that the Orlicz norm and pas would be comparable in the sense that there
should be positive constants, Ky, Ko, such that K1 < par/| - [lar < Ka. The
purpose of this note is to show that nothing could be further from the truth.

2. In the sequel, it seems most expedient to employ the terminology and, for
the most part, the notation of Krasnosel’skil and Rutickil [1].

A continuous, convex function, M : R — R*, is an N-function if it
is even and if it satisfies both lim,_.q @ = 0 and lim,_, Mi“) = 00.
Equivalently, M is an N-function if and only if there exists a nondecreasing,
right-continuous function p [0, +00) — R*, such that p(0) = 0, p(t) is positive
for all ¢ in (0, +00), lim;—, o0 p(t) = 400, and M (u) = Olu‘ p(t) dt,Yu € R.

If ¢ : [0,400) — R be the right-inverse of p; that is, if ¢(s) = sup{t :
p(t) < s}, Vs € [0,4+00), then N : R — R, given by N(v) = folvl q(s)ds,Yv €
R, is also an N-function, and M and N are termed mutually complementary.
If 1 be a totally-finite measure on L, the o-algebra of Lebesgue-measurable
subsets of [0,1], and if M be the set of all extended-real-valued, measur-
able (£) functions on [0,1], then the Orlicz class engendered by p (and the

N-function M) is the set

1
0,0.1] = {f:feM,/ M(f)dp < +oo},
0
and the corresponding Orlicz space is
M ' N
L, 0,1] = {f  f GMv/O fgdp < o00,¥g €0, [071}}7

where N is the N-function complementary to M. The function || -||ar,,, defined
on L}[0,1] by the relation

1 1
||f||MM=sup{/O fgdu:/o N(g)dusl}, vf e LMo, 1],

proves to be a norm with respect to which Lﬁ/l [0,1] is a Banach space. From
the Young inequality for complementary N-functions, (uv < M(u) + N(v),
Yu € R, Vv € R) it follows that || f|lar, < 1+ f; M(f)duVf € LM[0,1]. If, in
addition, ||f||ar, < 1, then also [} M(f)du < ||| arp-
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A sequence {f,}52, of elements of L}/[0,1] is mean convergent to the
element f of L}'[0,1] iff

1
117?1/0 M(f— fn)du=0.

Thus, by virtue of the immediately-preceding inequality, every sequence that
converges in the Orlicz norm necessarily will be mean convergent. A mean-
convergent sequence need not converge in norm, however.

There are also other norms on L}/[0,1] with respect to which this set is
transformed into a Banach space. One of these, introduced by Luxemburg
(see, for example, [1, 78ff]; see also G. Weiss [2]), is particularly useful, since
its definition does not require the use of the function complementary to M.
This (Luxemburg) norm is given by the relation

o =int {6 >0: [ s (1 M
(M) = In >0: 0M . dpu <15p, Vfe L, [0,1].

One finds that the Orlicz and Luxemburg norms are equivalent; indeed, one
has || - e < V- llare < 201 [lany,-

A set of N-functions can be partially ordered in the following manner: if
My and M, are N-functions, and if there exist positive constants ug and k
such that My (u) < kMs(u),Vu > ug, then My < Ms. If both M; < My and
M, < My, the sets Lljyl [0,1] and Lﬁb [0,1] coincide, and the corresponding
Orlicz spaces are equivalent.

An N-function satisfies the condition (Az) if there exists a positive k& and
a nonnegative ug such that M(2u) < kM (u),Vu > ug. If M satisfies (As),
then the associated Orlicz class and Orlicz space coincide. In the absence of
this condition, however, one has O}/[0,1] & L1[0,1].

3. In all that follows, u is taken to be the ordinary Lebesgue measure.
Theorem 1 If M is any N-function that does not satisfy (Asg), then both

sup{par (f)/|| fllar = f € O0,1]} = +oc,
and
inf{par (f)/ 1 Fllas : £ € OF[0,1]} = 0.

PROOF. Suppose, first, that sup{...} < B. Then py(f) < B||flla, Vf €
O}'10,1]. Since M does not satisfy (Ay), there exists a nonnegative element g
of L0, 1]\O/}[0,1]. For each natural number, n, let g, (t) = inf{g(t), n},Vt €
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[0,1]. Then each g, belongs to O}/[0,1], g1 < g2 < --- < g, and lim,, g, (t) =
g(t), vt € [0,1]. Because the Orlicz norm is monotonic lim, ||g»||a < [|g]lar <
400, and, by virtue of the Lebesgue theorem of monotone convergence,

li7rln/0 M(gn) dt:/o M(g(t)) dt = +o0,

an impossibility, since

1
Bliglar > Bllgallar = M~ ( / M(gmdt), v
0

Now suppose that inf{...} = b > 0. Let {h,}>2; be a sequence of
elements of O}/[0,1] such that lim, fol M(hy(t))dt = 0, but ||h,|lar # 0.
(See, for example, [1, 75ff].) From pps(hy) > bl|hy|lar follows M (b||hy,|a) <
[ M(hy,(t)) dt,¥n, so that lim,, M(b||h,[a) = 0. But M~ is continuous on
[0, +00); thus, limy, ||k, [[a = lim, %(b”hnHM) =0! U

4. The partial ordering of N-functions gives rise to a notion of proximity of
the associated Orlicz spaces, in the context of which the following consequence
of the theorem is, perhaps, noteworthy.

Since it is possible to construct, for every p > 1, an N-function, M, such
that M does not satisfy (Az), and (-)? < M < (-)P*€,Ve > 0, one sees that an
Orlicz space can be “arbitrarily close” to an LP-space and yet fail to have its
pm even remotely comparable to the corresponding norm.

Finally, one is led to question whether this sort of pathology can be as-
sociated with N-functions that do satisfy the modest growth condition (As).
Well-known examples supply the answer.

Example 2 For each a > (3 + 1/5)/2, the corresponding function M, : R —
R, where

M) = o (Il [+1) - if w0
i 0 ifu=0

is an N-function that satisfies a growth condition even stronger than (As);
viz.,

My (wv) < My (u)My(v), Yu, Vo

(For 1 < a < (34 v/5)/2, M, is not convex on [0,1].) Let M be one of
these functions, and let ¢ : (0,4+00) — R be defined by the relation ¢(y) =
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(y/|In(y*/*)|)}/*, ¥y > 0. Let K be a real number, greater than e, such that
In(Inz + 1)/* > 1,Va > K. Then, for all such z,
z(lnz + 1)V
(In[z(Inz + 1)1/a])1/«
B z(lnz + 1)/
(Inz +In(lnx + 1)Y/e]]1/
<z < 2p(%(lnxz+1));

o(z*(lnz+1)) =

thus,
o(y) < M~ y) < 20(y), Yy >yo=K*(InK +1).

Let n be any natural number such that r = exp(a(16n)*) > yo; let E
be a measurable subset of [0,1] such that p(E) = 1/r; let t = ryp; let
f = txg; and let b = ||f|l(ar)/M " ([ M(f)dp). Since M satisfies (Ay),

M (nfu(M)) dp =1, and
w(B)M (t/bM‘l (/M(f) du)> =1.

t/b=M"H(MOWE)M ™ (1/u(E))

MpE) T e 0
<4[ln( M(t)n (E))l/“] [111(1/#(19))1/&}
A(M(t)) M
- In(M()u(E)V ) e In(1/u(E)) ]t/

4t(Int + 1)V
= In@u(B)te) /] (16n)
(21 ) t(Int)t/@
< In[n(2p(B)te/2) /e 4 In(i/2]1/a
(21/*)(Int)*/ ¢ t

4n(2=1e)(Int)l/« s

Thus,

so that
b= | llury/M ( [ du) >n.

Since n may be taken to be arbitrarily large, it follows that

sup {7/ ([ 3105y : £ € 00,11} = 4.
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Example 3 Let M be the N-function defined, for all real u, by the relation
M (u) = u?/In(e + |u]), and let ¥(y) = y'/?[In(y*/?)]*/2,Vy > 1. Then

S e+ ) = e o (Mﬂ/ <o, Vose

and

1/2

(@ Infe +2)) = T BIEE {m <[ln(ex—|1—/;)]l/2) HMW]

na/? 17
|l
{ln(e + :z:)]
>x/2, Va > e.
Thus, ¥(y) < M~1(y) < 21 (y), Yy > €2/In 2e.
Let n be a natural number, and let E be a measurable subset of [0,1]
for which p(F) = exp(—8 ) Choose t such that t > exp(8n?)In(e + t); let

f =txg; and let b = || f]l(m ([ M(f)dp). Since M satisfies (As), one
has

L= [ MO/ ) doe = M6/ T (),

so that

t/b =M~ (M(O)u(E) M~ (1/n(E
>[M()u(B)]Y? (M (O)u(E) 221/ ()2 (1) u(E) 22

1/271/2
—t/[ln(e+t>]1/2[ (a2 ] In(1/ () /2] 2

\
\/
~—

Thus,

1/6* >[1/1n(e + )] [In(tu(E) /(e + 1))/2 + It/ In(1/u(E)) /]
>[1/In(e + )] t'/2][In(1/u(E)) 2]
(170t e+ 1115
(1/8)In(1/pu(E)) =
so that b < 1/n.
It follows that inf{|| f[|ar/pa(f) = f € O}F[0,1]} = 0.

>

Ah, Horatio, there are stranger things in heaven and earth ...
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