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RIEMANN-STIELTJES INTEGRAL

Abstract

We define a generalized Riemann-Stieltjes integral with respect to
charges (i.e., additive continuous functions on bounded BV sets), and
study the linear space of all functions that are integrable with respect
to every charge.

Generalized Riemann-Stieltjes integrals with respect to charges (i.e., ad-
ditive continuous functions on bounded BV sets) arise naturally in studying
multipliers for the generalized Riemann integral with respect to the Lebesgue
measure (Proposition 2.9). Once around, they tend to make life on their own
and generate interesting problems. The one of primary importance is to de-
scribe the linear space of all functions that are integrable with respect to every
charge, or every charge in a given class. While this problem remains open in
its full generality, some partial solutions can be found in the present paper.
Specifically, we show the following.

e A function integrable with respect to all charges is essentially bounded
and BV (Proposition 3.1).

e Essentially bounded BV functions which are pointwise Lipschitz are in-
tegrable with respect to all charges (Theorem 3.4).

e Simple BV functions are integrable with respect to a broad class of
charges (Proposition 3.6); in particular, they are multipliers for the ge-
neralized Riemann integral with respect to the Lebesgue measure.
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Our main technique is based on the geometric idea introduced in [10]. To
every charge G in R™ we associate a unique charge G in R™*! (Lemma 3.2).
Given a nonnegative essentially bounded BV function f on R™, we show that
G evaluated on the subgraphs of f over bounded BV sets defines a charge F
in R™. The charge F' is a natural candidate for the indefinite integral of f
with respect to G, and we prove that under suitable hypothesis, F' indeed is
such an indefinite integral.

The paper is organized as follows. After necessary preliminaries given in
Section 1, we define the generalized Riemann-Stieltjes integral in Section 2
and establish some of its basic properties. Section 3, devoted to the study
of integrable functions, contains the main results. In section 4, we present a
generalization Wi, (€2) of the Sobolev space WI})Cl (), and prove a divergence
theorem (Proposition 4.4) for continuous vector fields in Wi, (€2, R™).

I acknowledge with pleasure that during the preparation of this paper I
largely benefited from discussions with Josef Kral, Jan Maly, Ivan Netuka and
Thierry De Pauw.

1 Preliminaries

For an integer m > 1, we denote by R™ the m-fold Cartesian product of the
set R of all real numbers. In R™ we use exclusively the maximum norm | - |.
The usual inner product of x,y € R™ is denoted by z -y, and ||z| = Vz - z.
For an z € R™ and € > 0, we let Blz,e] = {y € R™ : |z —y| < ¢}. The
closure, interior, boundary, and diameter of a set £ C R™ are denoted by
clE, int E, OF, and d(F), respectively. A cell is a compact nondegenerate
subinterval of R™, and a figure is a finite (possibly empty) union of cells.

By A and H we denote, respectively, the Lebesgue and (m — 1)-dimensional
Hausdorff measures in R™. For a set E C R™, we often write |F| instead of
A(E). The terms “measurable” and “absolutely continuous” as well as the
expressions “almost all” and “almost everywhere” always refer to the measure
A. A set EC R™ is called, respectively, negligible or thin according to whether
its A measure is zero or its H measure is o-finite.

For ECR™and 0 <a<1,let

E(Q)Z{QIERmIEEI&FWZQ} .

The sets int"E = E(1), cI'"E = R™ — E(0), and 8"E = R™ — [E(0) U E(1)]
are called the essential interior, essential closure, and essential boundary of
E, respectively. We say E is nondispersed whenever cl E = clI*E.
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Unless specified otherwise, all functions we consider are real-valued. If f
is a function defined on a set & C R™, the sets

null f ={z € E: f(x) =0} and suppf=cl(E—nullf)

are called the null set of f and support of f, respectively.

A BV function is a function f € L'(R™;\) such that the distributional
derivative of f is a vector-valued measure Df in R™ whose variation || D f]|
is finite [6, Chapter 5]; we let || f|| = || Df||(R™). A BV set is a set A C R™
whose characteristic function x4 is BV. By BVS® and BV, we denote the
families of all essentially bounded BV functions with compact support and all
bounded BV sets, respectively. Using the obvious identification, we view BV,
as a subset of the linear space BVS". A set A C R™ is locally BV if AN B is
BV for each B € BV,.

For each compact set K C R™ and n =1,2,..., the family

BY(K,n) ={f € BV : supp f C K and ||f]lo + [[fIl < n}

is a compact subset of L1(R™;\) [6, Section 5.2.3]. We give BV the largest
locally convex topology 7 for which the embeddings BV(K,n) — BV:° are
continuous. It is easy to verify that 7 is a complete Hausdorff topology which
is sequential [5, Section 1.7] but not metrizable. A sequence {f,} in BV°
T-converges to zero if and only if lim || f,]|1 = 0 and there is a compact set
K Cc R™ and an « > 0 such that supp f,, € K and || fu]leo + [|fn]l < « for
n=1,2,.... The family BV,, viewed as a subset of BV, is closed in BV,

If Q@ C R™ is an open set and A C R™ is a locally BV set, the linear spaces

BYX(Q) ={f € BVX :supp f C Q}
BY>©(A)={fe BV :R"™ —null f C A}

and the families

BV. () ={AeBV.:clACQ}
BV(A)={BeBV,:BcC A}

are given the relative topology from BVS°. The linear space C!(€) is dense
in BY°(92) [6, Section 5.2], and the family of all figures contained in Q is
dense in BV,(Q) [3, Proposition 1.1]. In particular, BV () and BV,(f2) are
separable, and so are BYV*°(A) and BV (A).

Let A € BV,. The perimeter and exterior normal of A are denoted by
|A]| and v4, respectively. By definition [|A| = ||xall, and it follows from
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[6, Section 5.11, Theorem 1] that ||A]| = H(0*A). The regularity of A is the

number 4
o if d(A)||A]l > 0,
r(a) = | T A4
0 otherwise.

By the isoperimetric inequality, [2r(A4)]™ < |A|/[d(A)]™. The set of all x € R™

such that
[Dxall(B[z, €])
e—0+ (2e)m—1
is called the critical boundary of A, denoted by 0°A. According to [22, Sec-
tion 4], 9*A C 9°A C OA and H(9°A—0*A) = 0. The sets int°A = cI"A—9°A
and cl°A = cl"A U 0°A are called the critical interior and critical closure of
A, respectively.

A nonnegative function 6 on a set £ C R™ is called a gage on E whenever
its null set is thin. A partition is a collection (possibly empty) P = {(Al, z1),
o (A4, xp)} such that Ay,..., A, are disjoint sets from BV,, and z; € cl*4;
fori=1,...,p. Givene >0, E C R™, and a gage d on E, we say that P is

1. e-regular if r(A;) >efori=1,...,p;

2. in Eif J/_, A; C E;

3. anchored in E if {z1,...,2,} C E;

4. §-fine if it is anchored in E and d(4;) < §(x;) fori=1,...,p.

We note that our concept of partition coincide with that of tight partition
introduced in [11, Section 7].

A charge in an open set 2 C R™ or in a locally BV set A C R™ is an
additive 7-continuous function F' defined on the family BV.(2) or BV (A).
Explicitly, F' satisfies the following two conditions.

Additivity: F(AU B) = F(A) + F(B) for each pair of disjoint sets A, B in
BV,.(Q) or BV(A), respectively.

Continuity: Given € > 0 and a compact set K C ) or a bounded BV set
B C A, there is an n > 0 such that |F(C)| < e for each BV set C
contained in K or B, respectively, for which ||C|| < 1/e and |C| < 7.

If F is a charge in Q or in A, then F'(C') = 0 for each negligible set C'in BV, (2)
or in BV (A), respectively. Given a charge F' in a locally BV set A C R™, we
let (FLA)(B) = F(AN B) for each B € BV,. Clearly, F'L A is a charge in
R™, called the canonical extension of F.
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Example 1.1 Let Q@ C R™ be an open set and let v :  — R be a continuous
vector field. If G(A) = [,. , v-va dH for each A € BV,(Q), then G is a charge
in 2, called the fluz of v [11, Example 4.2].

The 7-closure of a family £ C BV, is denoted by £~. A kernel of a set
A € BV, is a family A C BV(A) such that A € A~. If A is a kernel of
A € BV, and B is a kernel of B € BV,, then

AVB={XUY:Xe€A Y eB}
and

ANB={XNY:Xe€eA Y €B}

are kernels of AU B and A N B, respectively [11, Lemma 8.3]. For further
properties of kernels we refer to [11, Section 8]. If F' is a charge in A € BV,
and A is a kernel of A, then F(A) is uniquely determined by F | A.

The next three lemmas have been established in [10, Proposition 1] and
[11, Lemmas 7.2 and 8.3].

Lemma 1.2 An additive function F in an open set & C R™ or in a locally
BV set A C R™ is a charge if and only if the following condition is satisfied:
giwen € > 0 and a compact set K C Q or a bounded BV set B C A, there is a
6 > 0 such that |F(C)| < 8|C| +e(|C|| + 1) for each BV set C contained in
K or B, respectively.

Lemma 1.3 Let F be a charge in A € BV, and let § be a gage on cl*A. For
each positive € < 1/(2m) there is an e-reqular d-fine partition P in A with
|[F(A-UP)| <e.

Lemma 1.4 For each kernel A of a set A € BV,, there is a countable kernel
A’ of A such that each B' € A’ is a nondispersed subset of a B € A.

2 The Integral

Definition 2.1 Let G be a charge in A € BV,. A function f defined on cl*A
is called integrable in A with respect to G if there is a kernel A of A and a
charge F' in A satisfying the following condition: given B € A and ¢ > 0, we
can find a gage § on cI*B so that >.¢_,|f(z;)G(B;) — F(B;)| < € for each
e-regular d-fine partition {(Bl, z1),...,(Bp, xp)} in B.
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The family of all integrable functions in A with respect to G is denoted
by R(A;G). When the trivial kernel A = {A} can be used in Definition 2.1,
we say [ is simply integrable (abbreviated as s-integrable), and we denote
by Rs(A;G) the family of all simply integrable functions in A with respect
to G. If f € R(A4;G), then there is only one charge F' in A that satisfies the
condition of Definition 2.1; it is called the indefinite integral of f in A with
respect to G.

Indeed, let Fy and F» be two such charges, and let B € BV(A). Since
B={BNC:C e A} is a kernel of B, it suffices to show that F;(B) = F»(B)
for each B € BV(A) contained in a C € A. To this end, choose a positive
e < 1/(2m) and for k = 1, 2, find gauges 0y, on cl*C that correspond to F} and e
according to Definition 2.1. Then § = min{d;, d>} is a gage on cl*C, and hence
on cl*B. By Lemma 1.3, there is an e-regular §-fine partition P = {(Bl, z1),

..., (Bp,xp)} in B, and hence in C, with |(F} — Fb) (B -U, Bi>‘ <e.We

obtain

P

|y (B) — Fay(B)| <‘(F1 - FQ)(B_QBZ.) ‘ +

|F1(Bi) — f(2:)G(By)|

+ Z|f(IZ)G(Bl) - FQ(Bi)| < 3¢

=1

and Fy(B) = Fy(B) by the arbitrariness of e.

If F is the indefinite integral of f in A with respect to G, we call the number
F(A) the integral of f over A with respect to G, denoted by fA fdG. In view
of Proposition 2.6 below, this notation will cause no confusion. Using the same
symbol for functions and their restrictions, we note that F(B) = [ f dG for
each B € BV (A); since f € R(B;G) and F is the indefinite integral of f in B
with respect to G. The map (f,G) — [, f dG is bilinear in the obvious way.

A completely Riemannian definition of the integral [ 4 fdG can be found
in [13, Section 2. If G = A, the integral [, f dG coincides with the continuous
integral of [11, Section 9] modified in accordance with [11, Remark 5.2,4(a)];
s-integrability with respect to G coincides with variational integrability of [11,
Definition 5.1], again modified in accordance with [11, Remark 5.2,4(a)].

By the definition of a gage, neither the integrability of f nor its indefinite
integral depend on values f takes on thin sets. However, the integral f 4 JdG
may depend on the values f takes on negligible sets, in particular, on cl*A— A.
The following example and proposition clarify this dependence.
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Example 2.2 Assume m = 1. In this case, each integrable function is s-
integrable [11, Corollary 9.12]. Let C be the Cantor ternary set in [0, 1], and
let G be the Cantor function on [0,1] viewed as a charge in [0,1] (see [11,
Example 5.3.11] and Example 1.1). The set A = [0, 1] — C belongs to BV, and
cI*A =1[0,1]. Let § be a gage on [0, 1] such that C N B[z, d(z)] = 0 for each
z €A If {(A,z1),...,(Ap,xp)} is a &-fine partition in [0, 1], then

p

> xal@:)G(A) =0

i=1

and so [, xadG = fol x4 dG = 0. On the other hand,

1
/AX[0,1] dG = / X[0,1] dG = G(A) =1
0

and yet x4 and x[o,1] differ only on a negligible set C' = cl*A — A.

Let Q C R™ be an open set, and let F' be a function defined on BV,(Q).
If £ECQ, welet

P
V.F(E)= sup irgf s%p ;’F(A,ﬂ

0<e< 5t

2m

where § runs through all gauges on F such that B [x, 0 (x)] C Q for each x €
E, and P runs through all e-regular partitions P = {(Al, T1)y.ens (Ap,xp)}
anchored in F that are d-fine. It is easy to verify that the extended real-valued
function V., F : E — V,F(FE) is a metric measure in 2 (cf. [21, Theorem 3.7]
and [14, Section 3.2]). By [3, Lemma 4.6], the measure V. F' is Borel regular
[6, Section 1.1.1].

Remark 2.3 Let F' be an additive continuous function in A € BV, and let
E C cl*A. Then it follows from [3, Lemma 4.10] that

P
V.(FLA)(E)= sup irgf sup ;‘F(Alﬂ

0<e< 5=

2m
where ¢ runs through all gauges on F, and P runs through all e-regular par-
titions P = {(Ay,21),...,(Ap, )} in A anchored in E that are d-fine.

Proposition 2.4 Let G be a charge in A € BV,, and let E C cI*A. The
following conditions are equivalent.
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1. There is a kernel A of A such that V.(GLB)(ENcl"B) = 0 for each
Be A

2. If f is a function on cI*A such that f(x) = 0 for each © € cI*A — E,
then f € R(A;G) and [, fdG =0 for each B € BV(A).

PROOF. Assume the first condition is met, and let f be a function on cl*A
such that f(z) =0 for each z € cI*A— E. It suffices to show that f € R(A4;G)
and fA fdG = 0. To this end, select a B € A, and let

E,={ze€eEncd'B:n—1<|f(x)] <n}

for n =1,2,.... Choose an ¢ > 0, and find a gage 9,, on E,, so that

P
€
i=1
for each e-regular partition {(Bl7 x1),...,(Bp, xp)} in B anchored in F,, that
is d,,-fine. Since FE is the disjoint union of the sets Fy, Es, ..., we can define a
gage d on cl*B by letting

on(z) fxekE, n=12...,
6(z) =
1 ifrecc*B—-E.

Now if {(Bl, z1), ..., (Bp, mp)} is an e-regular 0-fine partition in B, then

S fE)GB)| <Y n > |GB)| < nn% —c,
1=1 n=1

z;,€E, n=1

and the desired conclusion follows. Conversely, suppose xg € R(4;G) and
S5 X dG = 0 for each B € BV(A). Then there is a kernel A of A with the
following property: given B € A and a positive ¢ < 1/(2m), we can find a gage
6 on cl*B so that Y7 |xp(2:)G(B;)| < ¢ for each &'-regular é-fine partition
{(Bl7 z1),...,(Bp, xp)} in B, where ¢/ = ¢™*!. With no loss of generality, we
may assume (x) = 0 for each x € cI*B — int°B. Now on cl* B, there is a gage
0" < § such that if {(C’l, 21)y -5 (Cs, zg)} is an e-regular partition anchored
in ENcl*B that is ¢'-fine, then {(BNCy,21),...,(BNCs, 25)} is an £'-regular
0-fine partition in B [12, Lemma 1.2]. Thus we obtain

> HUGLBYC)| =D |xez)GBNG)| <e,
i=1

=1

and V.(GLB)(E Ncl*B) < e. The proposition follows from the arbitrariness
of e. g
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Definition 2.5 A charge G in A € BV, is called regular whenever it satisfies
the following condition: given a negligible set E C cl*A, we can find a kernel
A of A such that V,(GLB)(ENcl*B) =0 for each B € A.

Let G be a regular charge in A € BV, and let f be a function defined on
cl*A. According to Proposition 2.4, the integrability of f with respect to G
and the value of [ 4 JdG do not depend on the values f takes on negligible
subsets of cl*A.

Proposition 2.6 Let pu be a Borel measure in R™ whose restriction to BV, is
a charge G in R™. Then p is o-finite and absolutely continuous, and u(E) =
ViG(E) for every measurable set E C R™. If A € BV,, then each function f
from LY(cl* A; 1) belongs to Rs(A; i) and we have

/fdG /fdu,

where on the right is the Lebesgue integral with respect to the measure .

PROOF. Since p extends a charge in R™, it is o-finite and absolutely continu-
ous. By [3, Lemma 4.4], we have u(K) = V,.G(K) whenever K C R™ is a cell.
As V.G vanishes on thin sets, u(U) = V,(U) for each open set U C R™, and
the first claim follows from [16, Theorem 2.18].

Given f € L'(cl"A; ), the map F : C — [, fdp is a charge in A. Choose
an € > 0 and use the Vitali-Carathéodory theorem [16, Theorem 2.25] to
find extended real-valued functions g and h on cl*A such that g is upper
semicontinuous, h is lower semicontinuous, g < f < h, and fA(h —g)du < e.
There is a positive function § on B such that g(y) — e < f(z) < h(y) + ¢ for
cach z,y € cI"A with [z —y| < §(z). Thusif {(A1,z1),...,(Ap,xp)} is a 6-fine
partition in A, we have

/ gdp —eG(A;) < f(2:)G(A;) < / hdp 4 eG(A;)
A; A

i

and

[ gdn<ran< [ na
A; A,

1

fori=1,...,p. Consequently
S I @)G(A) = PA)] < [ (h=g)du-+<G(A) < <[1 +G(4)

and the proposition is proved. (|
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Remark 2.7 Let G be a nonnegative charge in R™, and let G* be the Stieltjes
measure in R™ induced by G according to [18, Chapter III, Section 5]. It
follows from [3, Lemma 4.4] that V.G(K) = G(K) = G*(K) for each cell
K c R™, and hence V,G(U) = G*(U) for every open set U C R™. As
both measures V,G and G* are Borel regular (see [3, Lemma 4.6] and [18,
Chapter III, Theorem 6.5]) and locally finite, they coincide [6, Section 1.1,
Theorem 4(i)]. On the other hand, there is no simple relationship between
the integral with respect to G and the Lebesgue integral with respect to G*.
For instance, in the context of Example 2.2, we have fc xc dG = 0 while

[ xc dG* =1.

Proposition 2.8 Let G be a charge in A € BV, and let f be a function on
cl*A. If A is the union of a pair of disjoint BV sets B,C and f € R(B;G)N
R(C;G), then f € R(A;G) and [, fdG = [, fdG + [, fdG.

PROOF. Let Fp and F¢ be, respectively, the indefinite integrals of f in B
and C' with respect to G. Then F = FgL B+ FoLC is a charge in R™, and
it suffices to show that F' | BV(A) is the indefinite integral of f in A with
respect to G.

To this end, let B and C be, respectively, the kernels of B and C' associated
with f according to Definition 2.1, and choose an X € B, Y € C, and € > 0.
There are gauges dx on cl*X and dy on cl*Y such that

S |fwi)G(Bi) — Fa(Bi)| <e and > |f(z)G(C) — Fo(Ci)| < e
=1 i=1

for each e-regular ép-fine partition {(Bl,yl), RN (Bmyr)} in X and each e-
regular dc-fine partition {(C’17z1)7 cee (C’mzs)} in Y. Making dx and Jy
smaller, we can achieve that B[z,dx(z)] is disjoint from Y for every z €
cI*X —clY, and Bly,dy (y)] is disjoint from X for every y € cI'Y —clX. In
view of Lemma 1.4, we may assume X and Y are nondispersed. As XNY = (),
we have

(€ dX)N (YY) = (cI"X)N(cI"Y) C (0" X) N (9*Y)
and the set (c1 X) N (clY) is thin. Thus letting
dx(z) ifzxecX —clY,

d(z) =4 dy(z) ifze€cdY —cX,
0 if x € (clX)N(clY)
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defines a gage 6 on cl*(X UY). Now if P = {(A1,z1),...,(Ap,zp)} is an
e-regular d-fine partition in X UY', then Px = {(Ai, x;)rx; € cl*X} is an e-
regular 0 x-fine partition in X and Py = {(Ai, x;) 1w € CI*Y} is an e-regular
dy-fine partition in Y. As P is the disjoint union of Px and Py, we obtain

Z|f($i)G(Ai) — F(A;)| = Z |f(2:)G(A;) — Fp(4A;)|
=1 zecl”x
+ Z |f(2:)G(As) — Fo(Ai)| < 2e.
IiECI*Y
Since BV C is a kernel of A, the proposition follows. O

Proposition 2.9 Let G be a charge in A € BV,, let h € R(A;G), and let
H be the indefinite integral of h in A with respect to G. A function f on
A belongs to R(A; H) or Rs(A; H) if and only if fh belongs to R(A4;G) or
Rs(A; G), respectively, in which case [, fdH = [, fhdG .

ProOF. Let f € R(A;H) and let F' be the indefinite integral of f in A
with respect to H. If A;, and A; are kernels of A associated with h and f,
respectively, according to Definition 2.1, then A = Aj A Ay is a kernel of A
associated simultaneously with both h and f. Choose a B € A and an £ > 0,
and for n =1,2,..., find a gage d, on cl*B so that

e

S [0 G(B:) — H(B)| < —
i=1

n2n
for each e-regular §,-fine partition {(Bl, z1),...,(Bp, :cp)} in B. If
E,={ze€d'B:n-1<|f(z)| <n},

then cl* B is the disjoint union of the sets F1, Es,.... Define a gage  on cl*B
by letting 6(x) = §,,(z) for € E,,. Making § smaller, we may assume

for each e-regular é-fine partition P = {(Bl, z1),...,(Bp, zp)} in B. If P is
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such a partition, we obtain

p

D | f@)h(z:)G(B;) — F(By)]

i=1

< Z’f(xz)h(xz)G(Bz) - f(ffz)H(Bz)| + Z‘f(xz)H(Bz) - F(Bz)|
i=1 i=1

= Z Z |f(z)| - |h(2:)G(B;) — H(B;)| + ¢ < Zn;? +e

n=1xz,€E,

=2¢.

Thus fh € R(A; G) and F is the indefinite integral of fh in A with respect to
G. The proof of the converse is similar, and the modification of the previous
argument for the case of s-integrability is obvious. (]

Let © C R™ be an open set, and let F' be a function defined on BV,(Q).

We say F' is derivable at x € ) if there is a finite limit lim F‘SBB’T) for each

sequence {B,} in BV.(Q) such that z € cI"B,,, n = 1,2,..., limd(B,) = 0,
and infr(B,) > 0. When all such limits exist, they have the same value,
denoted by F'(x) and called the derivate of F at x.

Remark 2.10 Let F' be a charge in A € BV,, and let x € int°A. According
to [3, Lemma 3.5], the canonical extension F'L A is derivable at x if and only

if there is a finite limit lim F‘g:i) for each sequence { By} in BV (A) such that

x € cl"By, n =12 ..., limd(B,) =0, and infr(B,) > 0. When all such
limits exist, they have the same value equal to (F'L A) ().

The relationship between the integral and derivate is described by the
following theorem proved in [3, Theorem 5.3 and Lemma 4.10].

Theorem 2.11 If F is a charge in A € BV,, then the following conditions
are equivalent.

1. The measure V.(F L A) restricted to the subsets of cl*A is absolutely
continuous and o-finite.

2. The derivate (F'L A)(x) is defined at almost all x € cl* A, the function
fix— (FLA)Y (x) extended arbitrarily to cI* A belongs to Rs(A;\), and
F' is the indefinite integral of f in A with respect to A.

Question 2.12 Let F be a charge in R™. Does the absolute continuity of
V. F imply its o-finiteness?
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Question 2.12 arises naturally from condition 1 of Theorem 2.11. If m =1,
an affirmative answer follows from a recent result of Bongiorno, Di Piazza,
and Skvortsov [2] (see [15] for more details). For m > 2, the question remains
an open problem, which appears quite difficult.

Definition 2.13 A charge G in A € BV, is called primitive if there is a
kernel A of A satisfying the following condition: for each B € A, the measure
V(G L B) restricted to the subsets of cl*B is absolutely continuous and o-
finite. If this condition is satisfied by the trivial kernel A = {A}, we say G is
a simple charge.

Theorem 2.11 justifies the names introduced in the previous definition: a
charge G in A € BV, is, respectively, primitive or simple if and only if it is
the indefinite integral of an integrable or simply integrable function in A with
respect to A. Each simple charge is primitive, however, the converse is false in
dimensions greater than one [11, Example 5.21].

Proposition 2.14 In dimension one, there is no difference between regqular,
primitive, and simple charges.

Proor. Each simple charge is primitive, and each primitive charge is regular.
We show that for m = 1, a regular charge G in A € BV, is simple. To this
end, select a negligible set £ C cl*A and, using Lemma 1.4, find a countable
kernel {B,,} of A so that V.(GLB,)(ENcl*B,) =0forn=1,2,.... With no
loss of generality, we may assume that the sets A and B,, are figures. Given
positive numbers € and 1 < 1/(2m), there are gauges d,, on E N B,, such that

> |G(B.NCy)| <e27"

i=1
for each n-regular §,,-fine partition {(C’l7 21)s -y (Cs,y zs)} anchored in ENDB,,.
Making §,, smaller, we may achieve that 6, = 0 on dB,,, and B [m, (5n(x)} C B,

whenever z € int B,,. In view of [11, Proposition 8.7], we can define a gage on
E N A by letting

6u(z) ifz e B, —Ul_, B,
o(x) =
0 if € A—J, B,

Now if P = {(Cl, z1)y -, (Ch, zs)} is an n-regular J-fine partition anchored
in EN A, then

P, = {(Ci,zi) €P:zeB,— | Bk}
k=1
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is an n-regular é,-fine partition in B,, anchored in ENB,,, and P =J,_, P,
Thus

Z|GAOC :i > \G(BnﬂCi)|<i52*”:5
i=1 n=1

n=1(C;,z;)EP,

end we conclude that V,(GLA)(ENA) =0. In view of the above mentioned
result in [2], the charge G is simple. O

Let A € BV.and let ® : A — R™ be a lipeomorphism. Then ® has a unique
extension to a lipeomorphism from cl*A onto cI*®(A) [11, Lemma 6.5], still
denoted by @, and we let B®* = ®(B) for each B € BV (A). By [11, Lemmas 6.5
and 6.6], the map B — B*, also denoted by ®, is a bijection from BV (A) onto
BV (A®). According to Kirszbraun’s theorem [7, Theorems 2.10.43], the map
® can be extended to a Lipschitz map ¥ : R™ — R™. If ¥ is differentiable at
x € A, let Jp(x) = |det DU (x)| where DU (z) is the derivative of ¥ at x. In
view of Rademacher’s theorem [6, Section 3.1.2, Theorem 2], Jg(x) is defined
for almost all x € cl* A, and by [14, Lemma 10.5.5], up to a negligible set, the
function Jg : & — Jp(x), called the Jacobian of ®, is determined uniquely by
® and does not depend on the extension V.

Proposition 2.15 Let A € BV, let ® : A — R™ be a lipeomorphism, and
let G be a charge in ®(A). Then G o ® is a charge in A, and if [ belongs to
R(®(A); G), then f o ® belongs to R(A;G o ®) and

/fo(bd(Go(I)): FdaG.

A B(A)

PrOOF. Ifz € cI*Aand B € BV (A), let z* = ®(z) and B* = ®(B). There are
positive constants a, b such that a|z—y| < |2°—y®| < blz—y| for all x,y € cl* A.
It follows that a™|B| < |B®| < v™|B| and a™ || B|| < ||B*|| < ™ || B| for
each B € BV(A), and we conclude that G o ® is a charge in A.

Let f € R(A®; G), and let F be the indefinite integral of f in A® with re-
spect to G. If A® is a kernel of A® associated with f according to Definition 2.1,
then A = {B : B* € A*} is a kernel of A. Choosc aBeAand an ¢ > 0,
and find a gage 0 on cl*B® so that Y0, | f(z?)G(B?) — F(BY)| < € for every
e-regular §°-fine partition { By, 2%),...,(By, p } in B®. Define a gage § on
cl*B by letting 0(x) = 6°(z*)/b for each x € cI*B, and let ¢/ = (a/b)™e. Now
if { By,x1), ..., (Bp, :I:p)} is an &’-regular d-fine partition in B, then {(Bf7 x?),

(B;7 p } is an e-regular §°-fine partition in B®. Thus

Z’foq)leo (B; y—Z|f —F(BY)| <e,

i=1
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and the proposition follows. (Il

Corollary 2.16 Let A € BV,, and let & : A — R™ be a lipeomorphism. If f
belongs to R(P(A); \), then (f o ®)Jo belongs to R(A;N) and

/(fod))J¢dA: Fd.
A

o(4)

PrROOF. By the area theorem [6, Section 3.1.2, Theorem 2| and Proposi-
tion 2.6, the Jacobian Jg of ® belongs to R(A; ) and A o ® is the indefinite
integral of Jp in A with respect to A. The corollary follows from Proposi-
tions 2.9 and 2.15. O

Let C C R™ and let n > 1 be an integer. We say a map v : C — R" is
almost differentiable at © € C whenever there are positive numbers ¢ and ¢
such that |v(y) — v(x)| < ¢|ly — z| for each y € C with |y — x| < 0.

Suppose C' is closed and v is continuous, and denote by E the set of all
x € C at which v is almost differentiable. A version of Whitney’s extension
theorem [20, Chapter 6, Section 2] shows that v has a continuous extension w :
R™ — R"™ such that w is almost differentiable at each z € FE. By Stepanoff’s
theorem [7, Theorem 3.1.9], the map w is differentiable almost everywhere
in E. If m =n we let divo(z) = divw(x) for every z € E at which w is
differentiable. According to [14, Lemma 10.5.5], up to a negligible set, the
divergence divwv is determined uniquely by v and does not depend on the
extension w. The following divergence theorem has been established in [11,
Theorems 5.19 and 9.13].

Theorem 2.17 Let A € BV,, and let v : cl A — R™ be a continuous vector
field. Suppose there is a kernel A of A with the following property: for each
B € A there is an thin set Tg such that v | cl B is almost differentiable at
every x € cI*B — Tg. Then divv belongs to R(A; \) and

/divvd)\:/ v-vadH.
A 2% A

Moreover, if the kernel A is trivial, then divv belongs to Rs(A;N).

3 Integrable Functions

Given a set A € BV, we shall study the space R(A) = [(R(4;G) where
the intersection is taken over all charges G in A. Our first result shows that
R(A) C BY>(cl*A).
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Proposition 3.1 Let A € BV,, and let f be a function on R™ that vanishes
outside c1*A. Then f € BV*°(cl* A) whenever either of the following conditions
holds:

1. f € R(A4;G) for each primitive charge G in A;
2. f € Rs(A; G) for each simple charge G in A.

PROOF. It suffices to prove the proposition for m > 2; the case m = 1 follows
from [19]. By our assumptions, f belongs to R(A4;\) or Rs(A4;\), and we
denote by F' the indefinite integral of f in A with respect to A. Again by
our assumptions, f € R(4;F), and hence f? € L'(A;\) by Proposition 2.9
and [11, Proposition 9.5,5]. As L2(A;\) C L'(A; ), the function f belongs to
LYR™; \).

Next assume f is not a BV function, and find real numbers a < b so that
A is contained in the cell K = [a,b]™. If a <t < b let

Koo = [a,t] x a6 and Koy = [1.6] x [a. "

There is a v; € CHR™,R™) with |[v1]s < 1 and Sy fdivoy dX > 23 . Find
at € (a,b) so that fAﬂKti fdiveydX\ = 1 [, fdive; dX\ > 2%, and denote by
K; that cell from the pair {K;_, Ky} for which the function fxa_g, is not
BV. There is a v € CH(R™,R™) with [[vz]loc < and [, . fdivegdA > 2°.
Repeating the previous argument with K replaced by cl (K — K3), find a cell
K3 C cl (K — K1) so that fAsz fdivua dX > 2% and fxa_(x,uK,) is not BV.
Proceeding inductively, construct sequences {K,} of cells and {v,} of vector
fields in O (R™,R™) such that v, [ <1 and [, fdive,d\ > 22" It is
clear from the construction that K,, = [t,,t,11] X [a,b]™ ! are nonoverlapping

cells, and that the sequence {t,} has at most two cluster points o and . For
n=12...andi=1,...,2" let

1—1

(b —a)a+ ;—n(b—a) x [a, b2,

Ln,i = [tn;tn+1] X |a+

Since Ly, 1, ..., Ly o~ are nonoverlapping cells whose union is K, there is an
i(n) with 1 <i(n) < 2" and [, fdivvy, dX > 2", Now select cells L,, C

n,i(n)

int Ly, j(n) so that fAan fdivu, dH™ > 2™, and observe that with no loss of
generality we may assume supp v, C Ly, j(,,). The vector field v = Zf;l 27",
is continuous in R™ and differentiable outside the thin set {(&1,...,&y) € R™:
&L =aor& = B} . According to the divergence theorem (Theorem 2.17), we

can define a simple charge G in R™ by letting G(C) = [, divvd for every
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C € BV,. Set B, = AN Uﬁ:l L,, and observe that the sequence {By} 7-
converges to B = AN~ Ly; indeed,

k 0o
1Bell < 1A+ D 1 Znll < A+ D 1 il
n=1

n=1

and an easy calculation reveals that Y7 | ||L,, ;|| < | K. Since f belongs
to R(A; G) by our assumptions, Proposition 2.9 implies

k
fdG:/ fdivodA = lim / fdived
/B B k=00 n; ANLa,

k
= lim 22_"/ fdivo, d\ = 400,

k—oco el Aan

a contradiction.

Finally, if f is a BV function with ||f|lcc = 400, we may assume by
symmetry that ||fT||lc = +o00. According to the coarea formula for BV
functions [6, Section 5.5, Theorem 1], for n = 1,2, ..., there are real numbers
sp > 2" such that C, = {x € A: f(z) > s, } are BV sets of positive measure
with [|C,]| < 1. Letting w(E) = >0, 2_"% for each E C R™ defines
a finite absolutely continuous measure p in R™. Thus H = u | BV(A) is a
simple charge in A, and f € R(A; H) by our assumptions. As lim|C| = 0
and ka fdH > s H(Cy) > 1 for k=1,2,..., we again have a contradiction.

If A€ BV, and C € BV(AXR), welet C' = {z € A: (z,t) € C}. Tt
follows from [8, Theorems 20 and 33] that C* € BV (A) for almost all ¢ € R.

Lemma 3.2 Let G be a charge in A € BV.. If C € BV(A x R), then the
function t — G(CY), defined for almost all t € R, belongs to L (R; A). Letting
G(C) = [ G(C")dX(t) for each C € BV(AxR) defines a charge G in AxR.

PROOF. Select a C € BV (A x R), € > 0, and real numbers a < b so that
C C A X [a,b]. By Lemma 1.2, there is a 6 > 0 such that

|G| <o1C| + <[ IIC*]] + Xqan (D) ] (3.1)

for almost all ¢t € R.

Let L be the linear space of all functions f on R for which there is a
g € LY(R;\) with |f| < g. By the Hahn-Banach theorem [17, Theorem 3.2],
there is a linear functional A : L — R such that A(f) < [, gdX for each
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f € L and each g € L'(R; \) with f < g; in particular, A is nonnegative and
A(g) = [, gdX whenever g € L*(R; \). For ¢t € R, let
G(CY) if Ct € BV(A),
olt) =

0 otherwise.

By Fubini’s theorem and [9, Section 2.2.1],

/ IC* dA(t) = |C] and / I dA) < (1]
R R

from which we conclude H(C) = A(fc) is a well defined real number. Thus we
have obtained an additive function H in A x R. Applying A to inequality (3.1)
yields

|H(O)| < 0|C+e(IC] +b—a),

so H is a charge. We claim that H(C) does not depend on the choice of A.
If K is a figure and K = K N (A x [a,b]), then

1K) = [ G axe),

as t — G (K’ t) is a simple measurable function with compact support. By
DeGiorgi’s approximation theorem [3, Proposition 1.1], there is a sequence
{K;} of figures such that lim|(K; — C) U (C — K;)| = 0 and sup || K;|| < +o0.
Clearly, the same conditions are satisfied by the sequence {KZ} From

H(K:) = H(C)| = [H(K; - )~ H(C - )

< |H(K - 0)|+|H(C-K)

it follows that H(C) = limH(I/(\i), and the claim is proved.
Using the claim, it is easy to deduce from the construction of A that the
function fo is measurable. Thus H = GG, which establishes the lemma. (]

Remark 3.3 The measurability of the function fo defined in the proof of
Lemma 3.2 can be established directly (i.e., without referring to the Hahn-
Banach theorem) by the following argument of J. Kral.

—t
Observe that g; : t — G (KZ ) is a simple measurable function on [a, b]; for

—t — — — —

Ki' = KN A for each t € [a,8]. Since lim ;| (K; — K;) U (K; — K2)| =0

and sup”I/(\iH < 400, from inequality (3.1) follows lim; ; f; lgi—gj|dA=0.
Thus {g;} converges in L'([a,b];\) to a function g € L*([a,b];\), and it
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suffices to show that fo(t) = g(¢) for almost all ¢ € [a,b]. According to
¢t —~t
Fubini’s theorem, the functions h; : t — ‘(KZ -CHu(Ch - K; )‘ converge

to zero in Ll([aJ)};)\). Passing to a subsequence, there is a negligible set
N C [a,b] such that lim g;(¢) = g(¢) and lim h;(t) = 0 for each ¢ € [a,b] — N.
By Fatou’s lemma,

b
/ limianf(\itH d\(t) < limianf(\iH < suprf\iH < +00.
a

—1
Enlarging N, we can achieve that liminf||K; || < +oo for every t € [a,b] —
N. Now fix at € [a,b] = N, and find a subsequence {K;;} of {K;} with

supHI/(ZtH < 4o00. It follows that {f(:t} T-converges to C'. We conclude
—t
fe(t) =G(C") =limG(K;, ) =limg,;, (t) = g(t),
which completes the argument.

Let f be a nonnegative function on A, and let £ C A. The subgraph of f
over F is the set

S(f,E)={(z,t) e ExR:0<t < f(x)}.
The following theorem is a mild generalization of the result obtained in [10].

Theorem 3.4 Let G be a charge in A € BV,, and let f be a bounded BV
function. If there is a thin set T such that f | cl*A is almost differentiable at
each x € cI"A =T, then f € Rs(A;G) and

/AfdG =G[2(fH, )] - G[2(f.4)].

PROOF. For z € clI*A — T let

Yoz ly — x|
yecl” A

)

and set h(z) = 0 for each z € TNcl*A. This defines a nonnegative measurable
function A on cl*A, which is finite by our assumption. Analyzing the proof
of Stepanoff’s theorem [14, Theorem 6.6.8], it is easy to deduce that almost
everywhere in cl*A — T, the function f is differentiable “relative” to cl*A.
More precisely, there is a negligible set N containing 7', and a vector field
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Vf:cl*A— N — R™ with the following property: given x € cI*A — N and
€ >0, we can find a § > 0 so that

|f(y) = f(x) =V f(z) (y—=)| <ely— 2

for each y € Bz, 8] Ncl* A. Tt follows f is approximately differentiable at each
x € int*A — N. According to [6, Section 6.1.3, Theorem 4 and the following
Remark], almost everywhere in cl* A, the vector field V f equals the density of
the absolutely continuous part of D f. The previous inequality yields

|f(y) — f(2)]
ly — x|

for all y € B[z,8] Ncl*A. As ¢ is arbitrary, h(z) < /m||Vf(z)| for each
x € cI*A — N; in particular,

[ hax< v [ 1vs1ax < v, (3:2)
A A

<e+Vm| Vi@l

The rest of the proof parallels that of the main theorem of [10]. With no loss
of generality, suppose 0 < f < 1, and for each B € BV (A), let X5 = X(f, B).
Observe that |Xg| < |B| and

1Z5 < 1Bl +2|B| + [|DfI(B) < || Bl + 2| A + || £]] -

Thus Xp € BV (A x [0,1]) for each B € BV (A) and, in view of Lemma 3.2,

the map F': B G(Xp) is a charge in A. Choose an € > 0 and find an 7 > 0
so that |G(C)| < € for every BV set C C A x [0,1] with

IC] < n(1+vm| fl|+|Al)
and
1
ICN < 2[A[ + [ fI| + g(l +Vm || f[| +14]) .

For each z € cI*A — T, there is a positive §, < 1 such that

[f(y) = f@)] < (h(z) + 1) |y — 2

for all y € Bz, ;] Ncl*A. Extending the map x — §, to cl*A by zero defines
a gage 0 on cl*A. In view of inequality (3.2) and Proposition 2.6, making §
smaller, we may assume

p

> h(wi)|Ail < Vm | f]| + 1 (3.3)

i=1
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for each e-regular d-fine partition {(Ay,z1),...,(Ap,zp)} in A. Choose such
a partition, and let J; = [0, f(x;)] for i = 1,...,p. After a suitable reordering,
we find a nonnegative integer k < p so that

S =Y |f(@:)G(A;) - F(A))]
k P
=) [G(Ai < J) = G(2a)] | +| D] [G(Ai x Ji) = G(2a )]‘
=1 1=k+1
k k
<G JMix i =2a) ||+ |G || (Ba, — 4i x ;) ‘
i=1 i=1
+|G O(AixJz—zA) +|G O(EAi—AixJZ)H
i=k+1 i=k+1

From inequality (3.3), we infer

S

U4 x Ji = %4,)

=7

- i]Az X Ji = Xa,
= Z/A [F(@) = f@ dA(@) < 3 (h:) +1)d(An)] Al

<030 (he) + V)AL < n(L+ Vi 1] +14)

and

S

U (Ai x Ji = 24,)

=7

<3 A - B |

1=r

< Z [2|Ai| + D fII(Ai) + /B*Ai|f(x) — flai)| dH(z)

< 2/A[+ (Il + Z(h(wi) +1)d( A A

<AL+ 171+ 2 3 () + 114

i=r

<2+ 171+ 2 (14 vl + 1))
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for all integers r, s with 1 < r < s < p. As the same estimates are true for the
sets JI_, (24, — 4; x J;), we conclude S < 4e and the theorem is proved. [

Corollary 3.5 Let G be a regular charge in A € BV,, and let f be an es-
sentially bounded BV function. Suppose there exists a kernel A of A with the
following property: for each B € A there is a thin set Ty such that f | clI*B,
modified on a negligible set, is almost differentiable at each © € cI*B — Tg.
Then f € R(A;G) and

/AfdG = [, 4)] - G[2(F. A)] -

In particular, the conclusion holds when f is a simple BV function.

PROOF. Since G is a regular charge, Theorem 3.4 implies f € R(B;G) and

/B fdG = G[S(f+,B)] - G[S(f~, B)]

for each B € A. Observing that both sides of the previous equality are charges
in A, and that the families {S(f*,B) : B € A} and {S(f~,B) : B € A} are
kernels of 2(fT, A) and X(f~, A), respectively, the first part of the corollary
is established.

Let f be a simple BV function. Then f | cI*A = Y7'_, cxxa, where
c1,-..,cp are distinct real numbers and Ay, ..., A, are disjoint BV sets whose
union equals cl*A. By Lemma 1.4, each Ay has a nondispersed kernel A;,, and
the family A = \/}_, Ay is the kernel of A. If By € Ay, for k =1,...,n and
B=U{_ Bk let g =>7_, kXcl g, and observe that g = f almost every-
where in cl*B. Moreover, g | cI”B is locally constant on cl*B — (J;_; 0* By;
indeed, each B; — 0* B; is disjoint from

n n

U c*By, = U clBy=cl(B-B).
k=1 k=1
ki ki
As |J;_, 0" By, is a thin set, the corollary is proved. O

Proposition 3.6 Let G be a simple charge in A € BV,, and let f be a simple
BV function. Then f € Rs(A; G) and

/AfdG =G[E2(fH,A)] - G[2(f.4)].
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PROOF. Since both sides of the desired equality are linear functionals on the
space of simple BV functions, we may assume that f is the characteristic
function of a BV set B. To simplify the notation, denote GLA by G. Let
F = GLB, and select a set £ C cl*A with V,G(E) < a < +00. Choose a
positive n < 1/(2m), and set n’ = n™T!. In view of Remark 2.3, there is a
gage 0 on E such that Zf:1|G(AZ-)’ < « for each n'-regular é-fine partition
{(A1,21),...,(Ap,xp)} in A anchored in E. We may assume that §(z) = 0
for all 2 € EN0°B. Now on E there is a gage 6’ < ¢ such that if {(B1,z1),
..y (Bygs xq)} is an n-regular ¢’-fine partition in A anchored in E, then

{(BinB,z;) :z; € I'B} and {(B; — B,x;):x; € cI"B}

are 1-regular d-fine partitions in A anchored in E [12, Lemma 1.2]. Thus

Z|F(Bz)|: Z |G(B; N B)| + Z |G(B; - [Bi — B])|

i=1 z;ecl”"B z;¢cl”B

q
<a+ Y |GB)|+ > |G(Bi-B)|<3a,
i=1 z;¢cl™B

and applying again Remark 2.3, we see that V. F(E) < a. It follows that F is
a simple charge in A. Using Theorem 2.11, we conclude F’ € Rs(A;\) and

G(AN B) = F(A) = / Fldx. (3.4)
A

Moreover, F’'(xz) = G'(z) for almost all © € B by Remark 2.10. Applying the
previous argument to H = GL(A — B), we obtain H'(z) = G'(z) for almost
all zx € A— B. Since G = F + H yields G'(z) = F'(z) + H'(x) whenever
the derivates exist, F' = fG’ almost everywhere in A. Now equation (3.4)
together with Theorem 2.11 and Proposition 2.9 imply f € R (4;G) and

GE(fH,A] =GANB)= | fG'd\= dG .
=) =6ans) = [ geran= [ 1
As G'[E(f*, A)] = 0, the proof is completed. |

Corollary 3.7 Let A € BV, be a union of BV sets B and C, and let f be a
function on cl*A with f € Rs(B;A\) NR(C;N). If f € Rs(A; \), then either
flc*B or f I cl*C has no s-integrable extension to cl*A.
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PROOF. We may assume that the sets B and C are disjoint. Suppose both
f lcl*B and f | cI"C have s-integrable extensions to cl* A denoted by fp and
fco, respectively. Then f = xpfB + Xcfc almost everywhere in cl* A, and a
contradiction follows from Propositions 3.6 and 2.4. O

Remark 3.8 A function f satisfying the assumption of Corollary 3.7 has been
constructed by Z. Buczolich [11, Example 5.21].

Question 3.9 Let G be a charge in A € BV,.
1. Is BY™(cl*A) a subfamily of Rs(A4;G) or R(A;G) ?

2. If G is a regular charge, does the equality
/AfdG =G[S(fHA)] - G[E(f,4)].

hold for each essentially bounded BV function in R(A; G) or Rs(4;G) ¢

The following comments about Question 3.9 are in place.

1. For m = 1 and a primitive charge G, the first question was answered
affirmatively in [1], and by a different method in [4, Section 5.

2. Example 2.2 shows that without the assumption of regularity the answer
to the second question is negative.

4 Linear Functionals on BV (Q)

Let Q C R™ be an open set, and let G be a charge in Q. For p € C1(Q), let

/gadG:/godG
Q A

where A € BV,(2) contains supp ¢. It follows from Proposition 2.8 that the
definition of fQ @ dG does not depend on the choice of A.

Theorem 4.1 Let G be a charge in an open set Q@ C R™. The map ¢ —
fQ<pdG on CH(Q) has a unique extension to a continuous linear functional
Ac on BV () given by Aa(f) = GIE(f*,Q)] = GE(f~, Q)] If [y dG =0
for each ¢ € CL(Q), then G(A) =0 for every A € BV.(Q).
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ProOOF. If a sequence {f,} in BV (Q) T-converges to an f € BV°(£2), then
the sequences {3(fF,Q)} in BV.(Q2xR) 7-converge to X(f*,Q) € BV.(QxR).
It follows from Lemma 3.2 that the map Ag : BV:°(Q) — R is continuous.
As Ag(p) = [, ¢ dG for each ¢ € C}(2) (Theorem 3.4), the functional Ag is
linear on C2°(£2). This completes the proof, since C2°(£2) is a dense subspace
of BV°(Q) and G(A) = Ag(xa) for every A € BV, (Q). O

Proposition 4.2 Let G and G1,Go, ... be charges in an open set Q C R™. If
the sequence {G,} converges to G monotonically or uniformly, then Ac(f) =
limAg, (f) for each f € BVX(Q). Moreover, if {G,} converges unifor-
mly, then {Ag,} converges uniformly on every family € C BV (Q) with
sup{|| flloc : f € E} < +o0.

ProoF. If C € BV.(Q2 x R), then C* = () whenever |¢| is sufficiently large.
Thus G(C) = lim G,,(C) by Lemma 3.2 and the monotone or dominated con-
vergence theorem. Moreover, if {G,} converges uniformly, then {G,} con-
verges uniformly on each family BV,(Q x (a,b)) where a < b are real numbers.
The proposition follows. O

For an open set Q C R™, we denote by BVio.(€2) the linear space of all
locally BV functions in Q [6, Section 5.1]. If f belongs to BVjec(2), or to
the Sobolev space Wlicl(Q) [6, Section 4.1], we give Df = (D1 f,..., Dy f) the
appropriate meaning.

Let © C R™ be an open set. By Wio.(Q2) we denote the linear space
of all functions f € L (€;)) whose distributional derivatives are charges

loc

in Q. More precisely, f € Wioc(Q2) if and only if f € Ll () and there
are charges D1 f,..., Dy, f in Q such that [, fdived\=—>" [, vid(D;f)
for each vector field v = (vy,...,vy) in CH(Q,R™). As usual, we let Df =
(Dif,..., Dy f), and denote Y 1", [, v;d(D;f) by [,v-d(Df). In view of
Theorem 4.1, the distributional gradient Df of f € Wj,.(2) is determined
uniquely, and it follows from Theorem 2.17 that

/Qv-d(Df):/szDfd)\

whenever v € C}(Q2,R™) and f is a function almost differentiable in Q. In
particular, for each function f almost differentiable in 2, the distributional
derivatives D; f are the indefinite integrals in {2 with respect to A of the classical
partial derivatives df/0x; defined almost everywhere in Q [14, Stepanoff’s
Theorem 6.6.8].
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Proposition 4.3 If Q C R™ is an open set, then
Wi (2) = BVioe(2) N Wioe(9)

Moreover, a function f € Wise(2) belongs to W= (Q) if and only if the mea-

loc

sure Vi (D, f) in Q is absolutely continuous and locally finite.

PROOF. As the other inclusion is obvious, assume f € BVoc(2) N Wiee(2).
For ¢ = 1,...,m, the locally finite signed measure D,f in ) is absolutely
continuous, since it is also a charge in 2. Thus the density of D;f belongs

to L (£ \) which means f € W'licl( ). The rest of the proposition is an
immediate consequence of [3, Proposition 5.9)]. (]
If Q@ C R™ is an open set and v = (vq, ..., v,) is a vector field in the space

Wioe (€, R™), we let dive = Y1, Djv; .

Proposition 4.4 Let Q@ € R™ be an open set, and let v : @ — R™ be a
continuous vector field. If v € Wioe(Q,R™), then divu(A) = [, ,v-vadH
for each A € BV, (Q).

PRrROOF. Let v = (v1,...,Un) and select an A € BV,(Q2). By [6, Section5.2.2],
there is a sequence {p, } in C}(2) converging to x4 in BV°(Q) and such that
{Dy,} converges weakly to Dx 4. Applying Proposition 2.4 and Theorem 4.1,
we obtain

m

divu(A) :zm:ADm(XA) = lim ZADm ¢pn) = lim Z/ ©n d(D;v;)
i=1

=— lim U-D(pnd)\:—/v'd(DXA)
Q Q

n—oo

z/ vV dH x O
*A
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