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LINEAR TRUNCATIONS OF THE HILBERT
TRANSFORM

Abstract

We study LP to L? mapping properties of nonconvolution singular
integral operators on R*, whose kernels are obtained by truncating the
Hilbert kernel 1/z in ways that depend linearly on the input variable.
Some of these operators arise as special cases of the bilinear Hilbert
transform and they are shown to map L? to L? for q < p.

1 Introduction

It is still unknown whether the bilinear operator with two different rates of

translation - "
Hg. @) =pv. [ gt —an)fle—0F
—00
maps L x LP into LP, for 1 < p < +oo. Taking g to be a characteristic
function, gives rise to a class of operators whose LP — L9 mapping properties
are studied below.

For a,b, d real numbers and f a function on R!, let

axr+d
(Hosaf)o) = [ 1-0F . (1)
az-+b

where the integral in (1.1) should be interpreted in the principal value sense
when (az + b)(ax + d) < 0. Note that for a # 0, Hyp 4 is not a convolu-
tion operator. When a = 1, Hypa = H(fX[—4,—4)) is the Hilbert transform
composed with multiplication by the characteristic function of the interval
[—d, —b]. When a =0, Hy 4 is a well understood operator. In the sequel, we
will concentrate our attention to a # 0, 1.
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An easy calculation shows that (Hypaf,9) = <f, H;7b)dg> for f, g test
functions, where

N 7H%1,%17%1 ifa>1 19
ab,d = —HL%’% ifa<1. ()

Therefore, the classes £1 = {+Hypq : 0 Fa <1} and Lo ={tHupq : a>
1} are preserved under the map 7" — T™*. As we shall see, the operators in
L1 and Lo map LP into L9 for 1 < g < p < oo. This is of course naturally
impossible for convolution operators, which must be identically equal to zero
if they have such a property. See [StW, page 33, 4.11].

Let us introduce some notation. LP will always be LP(R!). For a function
f(x) on R, 7 € R, and & > 0, f5(z) will denote the function f(dz), f(z) the
function f(—x), and . f(z) the function f(z+ 7). In this paper the upper and
lower limits of our integrals are allowed to be arbitrary real numbers and all
integrals are interpreted in the principle value sense when necessary. Through-
out, Ci.m Will be a generic positive constant depending on the parameters
k,l, and m.

Since for a # 1 H, 4 is not a convolution operator, it doesn’t commute
with translations. Nevertheless, it commutes with dilations in the following
sense:

Hap.a(fs) = (Hasv6af)s- (1.3)

The main result concerning H, p q is the following:

Theorem 1 Let a, p, q be real numbers satisfying a # 0, 1 < p < o0,
1<q<p, and g < oo. Then, the operator H,p 4 maps LP to L with norm

S CP;Q;a|b - d|é7%

Next, we consider slightly different truncations of the Hilbert kernel. Let
dt
(lonal)@) = [ 1a—0%, (14
where (1.4) should be interpreted in the principal value sense if (a|z|+b)(a|z|+

d) < 0. We have the following:

Theorem 2 Let a, p, and q be as before. Then I, q maps LP to LT with

norm < Cp 4 qlb — d|111 v,
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Finally, for a # 0, and ¢ # 0, we define the operators

cx+d
(Hoseal)0) = [ fle=% and

azx+b

clz|+d " (15)
(Lscale) = [ fa-0%,

alz|+b

where the integrals above are taken in the principal value sense when it is ap-
propriate. Surprisingly, these two classes of operators behave very differently
when a # c¢. An example in Section 6 shows that H, p 4 may not map L? to
any L9. However, we have the following Theorem regarding I, . c.q:

Theorem 3 When a, c are nonzero, the operator I, p c.q maps LP to LP, for
1 <p<+o0.

In general, the operators I, pcq do not map LP to L? for ¢ # p, nor
LP — LP for p =1 or co. Examples are given in Section 5. So Theorem 3 is
sharp in this sense.

The main tool in the proof of the Theorems above is the following Lemma,
which is a variation of a result of Hardy. Its proof is postponed until Section 6
(appendix).

Lemma For every 1 < p < oo and every non-zero real a there exists a positive
constant C, o such that for all f € LP(R) the operator

+oo
The) = [ 1t-2)F

satisfies:
(1) |Tafllzr0,00) < CpallfllLr if @ >0 and
(i1) |Tafllr(—000) < Cpalfllr if a<O0.

We break the proof of Theorem 1 in the following three cases which are
treated in Sections 2, 3, and 4 respectively:

A.l<p<oo, 1<qg<p, and O0<a<l.

B.p=0o0, 1<¢g<oo, and a>0, (a#1).

C.l<p<oo, 1<qg<p, and a>1.

Once these three cases have been established, duality, (1.2), and the fact

that the map a — ~“5 is a bijection between (0,1) and (—o0,0) can be used

to show that Theorem 1 also holds for a < 0, (and thus to complete its proof).
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2 TheCasel<p<oo,1<qg<p,and 0<a<1

Fix p, ¢ and a as indicated. We are going to show that there exists a constant
Cp.q,a such that

1_1
HHa,b,deLq < Cp,q>a|b —d|s7 > ||f||LP (2.1)

(2.1) will follow by interpolation from

1
[HapafllLr < Cpalb—dl || fllzr (2.2)

and
[Hap,afllr < CpallfllLe- (2.3)
Without loss of generality, we may assume that d > b. Also, a simple dilation

argument and (1.3) show that it suffices to prove (2.2) and (2.3) with d—b = 1.
We therefore assume that d — b = 1. Changing variables, we write

(1—a)z—0b

(Honah)a) = [ 1 © g (2.4)

r—1
(1—a)z—d

We consider the following three cases:
Casel : x> —3
Case2 : z < —%

. d b
Case 3 : —e<z<—¢
We start with case 1. Note that if x > fg, the quantity x — ¢ in (2.4) is

positive. Using (2.4) we obtain
400 (I1—a)z—b

/ " Hupa) @)l da < [ ] et

_b xr—t
¢ _g(l—a)x—d
b t+d t+d
Ta 1-a d +o00 T—a d
x m . .
= |f(t)|/m_tdt+/\f(t)|/ x—tdt by Fubini
_b_q _b _b t+b
a a a 1—a
0 “+oo
1 1
= [Iste = Dltfsz; S|+ [ 1se - 4[| 5E|ar
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We now estimate I and /1. For 1 < p < oo, set
By = [In|14 L]l 1r(—o0400) < +00.

By Hoélder’s inequality we have

IT< f||Lp{/0

1
7

p’ S L
dt =By a ¥ ||fllcr (2.5)

ln|1+i

and

1
7

0 / P
P { [ oz )11 0

0 ’
1l a#{ [ i+l 3 o)
—a

-

p

< Iflee a7 {a? ||| + By} (2.6)
(2.5) and (2.6) now imply
400

[ Hasaf))ldo < G 1 (2.7

sl

To obtain the LP estimate in this case, note that for x > —g

ax+d +oo
d d
(Hopah @< [ 1re-01F< [ 1fe-01F
ax+b a(x-‘ré)
o dt
= [ G- I = TN+ Y = (T 7)) @),
a(m-&-g)

which maps L? to LP(—2, c0) by the Lemma. We conclude that

+oo 1
( / Ha,b,dfwdx)p <Cpa
b

[fllze. (2.8)

a
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We proceed with case 2. Note that if x < —g, the quantity « — ¢ in (2.4) is
negative. Using (2.4) we have

—% (1—a)z—b
Ta dt
[(Hap,af)(2)]dz < |f (@)l t—xdm
- —00 (1—a)z—d
_g % —§+1 -
d d
= / [F()] t—xag dt + £ (#)] / % dt by Fubini
- 14b _ t+b
1-a 1—a

d
1
dt+/|f(t—g)|1n}ﬁt_f|dt
0

0
/ F(t— @) m|E

<2 fllzr a7 By + | fllzo || 25| | = Cpral Fll -

Also note that for z < —%

azx+d —ax—b
dt dt
(Hoap@l< [ 1ie=0iG= [ We+nlT
az+b —ax—d
o a T dt
< [ wero1F= [ Isdri-a-9
a(-e—9) a(-e—9)
= Ta(|—%f|)(_‘r - g) = 7% (Ta(|7%f|))($),
which maps L to LP(—oc0, —%). We therefore obtain
_d S e
( f |Ha,b,dfpdx> + / |Ha,b,df| dx < Cp’a ||fHLP- (2'9)

Case 3 is different. For —g <z< —3, we write

az+b +oo

(Hapaf)(x) = (Hf)(z) — flx—1) % — / flz— t)? ) (2.10)

—00 axr+d
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Since ) )
Vs oy <a PN H Sl sy <a ¥ Cyllfle, (21D)

it suffices to bound the L! and LP norms on [—% —t
n (2.10). We now estimate these terms.

/fx—t ] /|fx—t|— 70 U e

ax+d ax+d

] of the other two terms

az+9)
+00
= [ i+t @ 9T =Tl P+
ae+2)
= o (Tu(|2 f])) (2) (2.12)
Also
az+b +oo +o0
[ sa-0%|=| [ a0 s [ e
—o0 —az—b a(_x_g)
+oo
= [ et o= DI =Tl - D)
)
= (Tl /) @) (2.13)
An application of the Lemma gives the following LP estimate
la (Tala D) poma — 5y < N Talle fDl £r10,00) < C, (2.14)
and consequently the L! estimate
la (Tl a FD) a0y < 0™ # a (Tall 2 FD) oo,
< Cpal fllze- (2.15)

Similarly, we obtain

||77( (-2 |))HLP[ 2 vy < Tall_2 FDIlLei0,00)
< CpallfllLe, (2.16)
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and the corresponding L' estimate
— 1 —
s (Tl s D)ot — ) < @ I (Tal s FD) ot s
< Cpallfllee. (2.17)

Using (2.10)—(2.17) we conclude that for 0 < a < 1

[Hap.afllpi—a_s)+ [HapafllLr—2,_2) < Cpallfllze (2.18)
(2.7), (2.8), (2.9), and (2.18) now imply

| Hap,afllzr + [[HapafllLr < CpallfllLe,

which completes the proof of (2.2) and (2.3).

An application of the M. Riesz-Thorin interpolation Theorem ([Z, p. 95]),
gives the required estimate (2.1).

3 TheCasep=o00, 1<¢g<oo,anda>0 (a#1)

Fix a, p and q as indicated. As in the previous section, we can reduce matters
to the situation when d — b = 1. We must show that

[Hap.afllLa < Cagl

fllze. (3.1)

We consider the same three cases as in Section 2.
For x > —g we have

ax+d
dt ar +d z+ 241
Ha < —t 7< 001 = 001 a a
(Hanal) @I < [ 1015 <1l | 2] = 1l | 2
az+b

and since obviously

c+241

x—f—%

BY
dr < —L < 400,
a

/

a

+oo
‘ln
b
it follows that
_1
[Hap.afllpa—2 o0y < @” 1 Byl f]lLee- (3.2)
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Fox =z < —% we have

e dt +4_1
4 @1
(s < [ 1= 0] % < om0
_t ZL'+ @
axr+b a
and since
4 d_ 1 B4
/‘ln ——a __all gy < 4 < 400,
+ a
we obtain
[HapdfllLa(—0o,—2)y < a Byl f - (3.3)
Finally for 74 <z< 75 we argue as follows: Observe that for ax +b <t <
ax + d we have —axr — 71 <z—-1t< faxfbfa and thus bfdf% <
a:ft<dfb77 We have
ax+d ar+d
dt
(Hab,d) fl“—t (fX[_1_g71_g])($—t)? :
ax+b ax+b

It follows from (2.18) that
1Hap.afllpap—a, 27 < Coal FXi-1-a1-2llLe
1
< Coa(243) "Il = CqallfllL= (3-4)

We conclude from (3.2), (3.3), and (3.4) that (3.1) holds.

4 The Case l<p<oo,1<g<p,and a>1

Fix a, p and ¢ as indicated. As before we assume that d —b = 1 and consider
the same three cases as in Section 2. Observing that x —¢ > 0 in (2.4) when
x > —<, we have

(1—a)z—b

/I Hopaf)(@ |da:<+/ / 7012 o
b

(1—a)z—d
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400 (a—1)z+d

dt
-/ P2 b
b (a-TD)atb
S -
_ / 7o)l / )] %dt by Fubini
B b tod
a a a—1

=,

(4.1)

Il
O\H Qo

(Hg)un%\m/|f<t+§>|1n|tf%
1

The function ln|i| e L*". Controlling (4.1) using Hélder’s inequality, we
obtain: ‘

/ (Hapaf) (@) dz < (In] 22| + a7 By || fllor. (4.2)

When z < —g, the expression x — ¢ in (2.4) is negative. We then have

d d
~a —a (1—a)z—b
dt
|(Hap,af)(2)]dz < |f(t)|t—xdx
—00 -0 (l—a)z—d
d
a (a—lz+d p
t
- [ et
—o0 (a—1)z+b

g/lfl/ dt+/f|/:_d

i : dt by Fubini
t—d t—

a— a—

/|f t+ & “n|t+

/|ft+ )| In| -2+ | dt. (4.3)

As observed, the function ln|t+%’ is in LP". By Holder’s inequality, (4.3) is
bounded by ‘

(™% By +1In| =2 |) [ £l »- (4.4)
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Adding (4.2) and (4.4) we obtain

N
/ awf|m+/|aMMMM<@mmm (4.5)

b
a

The corresponding LP inequalities for cases 1 and 2,

||Ha7b,df||Lp(—g,oo) + ||Ha,b7deLP(—oo,—§ < Op,aHf”LPa (4.6)
as well as the estimates for case 3,
[Hapafllpi—a 2y + [ Hapaf 122y < Cpallfllze, (4.7)

are obtained as in Section 2. Combining (4.5), (4.6), and (4.7) we obtain the
required result.

5 Comments on Theorems 2 and 3

The proof of the L? — L4 boundedness of I, 4 is similar to that of H, 4.
The only point of deviation is that one needs to consider the cases x > 0 and
x < 0 separately. The details are omitted.

The following example shows that the first operator in (1.5) may not map
LP to L. Let fr = x|—rp,0 where L > 0. A simple calculation shows that
Hi 0,2,0fr is identically equal to In2 on the interval (—oo, L]. This makes it
impossible for H; 2,0 fr to belong to any Lebesgue space.

We now discuss the proof of Theorem 3. Since the line of ideas of its proof
is similar to that of Theorem 1, we are going to be sketchy.

We consider the cases z > 0 and x < 0 separately. We begin with the case
x > 0. We have the following three subcases:

(i) x >0 and z > max(—é’ —dy,

c

(i) z >0 and min(—2,-%) < 2 < max(-2,-2);

c

(iii) # > 0 and = < min(—2,—4).

c
In subcases (i) and (iii) Iopc.af can be estimated by the operator T, of
the Lemma applied to a translate of f or its reflection f, as in Section 2. In
subcase (ii) write

m

+oo
(Hopeal)@) = HI@) - [ fa-0F - [ta-0F 61
. ]
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where M = max(azx + b, cx + d) and m = min(az + b, cx + d). Note that in
this case t doesn’t change sign in the integrals above. Therefore, the second
and third terms in (5.1) can be estimated using the Lemma in Section 1. We
omit the details.

When z is negative, we have the following three subcases:

(i) 2 < 0and z > max(2, 4);

(i) z <0 and min(2, ¢) < z < max(2, 4);

(ili) z <0 and = < min(2, 4).
In subcases (i) and (iii) we apply the Lemma directly and in subcase (ii) we
use (5.1), the boundedness of the Hilbert transform on LP, and the Lemma.
Finally we show that I, .q may not map LP to L? when p # ¢. Let
JL = X(=o0,1] as before and consider the operator I 9 20. An easy calculation
shows that I; g 2,0 fr is equal to the constant In2 on the interval [f%, L] and
Lix| outside this interval. If 17 92, mapped LP to LY, the inequality

to 1n|

1T1,02,0fcllLe < CpgllfrllLe would imply Li < o4 LP for some C} , > 0.

This can hold for all L > 0 only when p = gq. Also considering I 92,0 and
I1,1,2,0 we conclude that boundedness from L' — L1 and L*° — L°° holds
sometimes, but not always in Theorem 3.

6 Appendix. Proof of the Lemma

For a = 1 this is a known Lemma due to Hardy. See for instance [HLP,
Theorem 319] or [S, appendix A3]. Its proof is based on the estimate:

(T f)(a |</|f (t2)| /|f Wﬁ (6.1)

Then Minkowski’s integral inequality gives

+oo
dt
1Ty fll e 0,00) < / T 1fllze0.00) < Cop [l Fllr- (6.2)
0

The case a > 1 is a consequence of the case a = 1, in view of the fact that

o0 +o0
‘/f(tfv)dtt’ﬁ [ire-a1%. (63)
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‘We now do the case 0 < a < 1.

+o0 +oo

d d
[0 _/|ft—x|— [ o
ax (a—1)z

(1-a)z

Il
—
q

/'f t+x

0
-«
= / |f(—tx) |7+ / |f(tz) \7—14—11
0
As before the LP(0, 00) norm of term IT is bounded by Cp, || f|| £ (0,00)- Now
-« d
1 t
I= [ |f(=tx)|tr — (6.4)

and another application of Minkowski’s integral inequality gives that the
L?(0, 00) norm of I is bounded by

«

dt

ﬁ < Cpallflre- (6.5)

||fHLp(foo,0)

o -
\ |
T

Part (i) of the Lemma is proved.
We now prove part (ii). For @« < 0 and x < 0 we have

+o0 +oo +o0
d d
‘/f(t—x)‘ﬂ</|f<t—x>|f= [ o

(a—l)x

+oo

- [ e /|fxt W'

(a—1)zx

Since 1 — @ > 1, the function f%(t — 1)7! is integrable on [1 — «,00) and
Minkowski’s integral inequality will give the desired conclusion.

The following nth dimensional analogue of the Lemma in discussion can
be obtained similarly. This was independently observed by [SoW, Lemma 2].
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Remark Let o > 0. For a function f on R™, let

<nﬁuw5/ﬂwwwdy (6.6)
R’!L

+arfzr
Then T, maps LP(R™) into itself for 1 < p < oo.

PROOF. Indeed, changing variables and using polar coordinates, we write

T)a) = [ Hlal) o

R
+oo nfld
- / / F(rlzlo)yrs do y ——— (6.7)
- . re (rm 4 a”)

Taking L? norms (in z) and using Minkowski’s integral inequality, we obtain

r—ldy

+oo
nwLmﬂs%A(/n,)wmwrxwmfmmm (6.8)
re (rm 4+ a”)

r=0

where w,,_; denotes the area of the unit sphere S~ C R™. This finishes the
proof. (I

Finally, we have two comments to make.

It would be interesting to know for which measurable sets A(z), the trun-
cated Hilbert kernel %Xte A(z) gives an operator bounded on LP. The results
in this paper answer this question for sets A(z) = {t: alz|+b <t < clz| +d}
and A(z) ={t:ax+b<t<cxr+d}.

The big question is whether the bilinear Hilbert transform

g, N =p. [ gtarf@—n T (6:9)

. t
maps L> x LP into LP, for 1 < p < 4o00. As of this writing, M. Lacey and

C. Thiele report significant progress on this problem.
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