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SUFFICIENT CONDITIONS FOR THREE
WEIGHT SUM INEQUALITIES IN
LEBESGUE SPACES

Abstract
Conditions (in terms of integrals of the weights) are derived, under
which the weighted L?-norm of the j-th order derivative of the function
u can be estimated by the sum of the weighted L"-norm of u and of
the weighted LP-norm of its m-th order derivative, j < m. All mutual
positions of the parameters, p, g, r are admissible.

1 Introduction

The aim of this paper is to describe conditions under which a three weight-
inequality of the form

WD g < C(1fallrawe + 1 ) 1)

holds for a certain class of (sufficiently smooth) functions v with a constant
C > 0 independent of u, i.e., to characterize the weights W, W,,,, Wy (= mea-
surable positive a.e. functions) for which (1.1) is true for various choices of the
parameters p, ¢, € (1,00).
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We will consider the one-dimensional case, i.e., u = u(t) is a function
defined on an interval I = (a,b) with —oco < a < b < oo and we use the
notation

s

b
ulls,v = (/ u(t)[*V(t) dt) , s>1,

to signify the norm of u in the weighted Lebesgue space L*(I; V). Further we
suppose that the integers j, m satisfy 0 < j < m.

There are many results concerning inequalities of the type (1.1) even in
the higher dimensional case. Let us mention, e.g. the papers of P. I. Lizorkin
and M. Otelbaev [9], [10], Brown and Hinton [1], [2], [3], [4], [5] as well as
the book of V. Maz’ja [11] where for the special case j = 0, m = 1 necessary
and sufficient conditions are given under which an analogue of (1.1) holds
for functions which are defined in a domain @ C RY, N > 1, or the recent
papers of R. Oinarov [12] and B. Curgus and T. Read [6] dealing with the
one-dimensional case, again for the special case of (1.1) for which p = r. In
the last two papers, necessary and sufficient conditions are given, for p < ¢
in [6] and for p < ¢ as well as for p > ¢ in [13]. Unfortunately the conditions
described in all the papers we have mentioned are complicated and not easy to
verify. Moreover the problem of finding conditions for (1.1) when j > 0 which
are both necessary and sufficient is unsolved for general weights W, W,,, Wy.

The approach described in this paper gives for the most part only sufficient
conditions, but for every choice of the parameters p,q,r and also for higher
values of j < m. Moreover the conditions given here can be easily verified
and examples are given showing that the conditions are “not far” from the
necessary ones.

The method used here is rather elementary. We start with a certain type
of unweighted interpolation inequality and then use both Hdélder’s inequality
and various Hardy inequalities; the conditions that allow us to apply Hardy’s
inequality are then in fact the conditions guaranteeing the validity of (1.1). In
the following two sections we will describe two approaches depending on two
choices of the basic interpolation inequality.

2 The First Approach

J C R be a compact interval of length |.J| and let

ACk(J) = {u - u® is absolutely continuous on J} .
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Then if u = u(t) € AC™ 1(J) the following inequality holds (see, e.g.,
[1, Lemma 2.1]):

[u@ ()] §C|J|*<J‘+1>/|u(s)\ds+|J|W<j+1>/ [ul™ (s)| ds (2.1)
J J

with a positive constant C' depending only on the integers j and m, 0 < j < m
and for every t € J.

First we will consider functions u = u(t) defined on an interval I = [0,b)
which is bounded from below: 0 < b < co. Here we require that v € AC’{SJI(I)
where

ACE (I) = {u: u € AC*(J) for every compact subinterval J € I} .

Using (2.1) for the finite interval J = [0, t] we obtain the inequality
¢ ¢
) ()] < C=G+D / lu(s)| ds + ™=+ / ™ (5)| ds . (2.2)
0 0

Now let ro > 1, r,,, > 1 be two auxiliary parameters and wo, w,, two auxiliary
weight functions. Then Holder’s inequality yields

/0 fu(s)|ds = / () [wg® (s)wg ™ (5) ds

<(/ Ju(s)lwo(s) is) B (f k) is) T ey

/ " (s) ds < (/ s
x (/Ot w}n_ri"(s) ds) o (2.4)

where as usual r} = r;(r;—1)"! fori = 0,m, so that —r}/r; = 1/(1—r;) = 1—7..
Next we proceed in the following way: First we use the estimates (2.3) and
(2.4) in the right hand side of (2.2), and in the resulting inequality we take
the g-th power of both sides with ¢ > 1 and use in the right hand side the
elementary inequality (A + B)? < 2971(AY9 4+ BY). Secondly we multiply both
sides of the resulting inequality by the weight function W (t) and integrate the
resulting inequality with respect to ¢ from 0 to b. This finally yields that

and

/b @ ()W (t) dt < C1(T1 + Jo) (2.5)
0
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where C7 = 297 max{C, 1} and

b ¢ , Y
T = / t~ Dy (1) (/ wy "0 (s) ds) "0
0 0

x (/Ot lu(s)[ 0w (5) ds) g dt (2.6)

b t , q
To = / tm=i=Dayy () (/ wa "™ (5) dg)r’m
0 0
t
x ( / ™ ()] Wy, (5) ds) Tt . (2.7)
0

Now we estimate [J; and [J> using the Hardy inequality

/ObH(t) (/Ot U(s) ds)q dt < Cp (/ObK(t)Uﬁ(t) dt>g (2.8)

which holds for non-negative functions U if and only if the weight functions
H and K satisfy — for 1 < p < ¢ < co — the condition

1

B(z) = </:H(t) dt)é </0 K7 (1) dt) 7 <B<o. (2.9)

(For details, see e.g. B. Opic and A. Kufner [13, Theorem 1.14].)
Suppose now p, ¢, r satisfy

g > max{p,r}>1, (2.10)
that the auxiliary parameters rq, 7, satisfy
l<ro<r, 1<r,<p, (2.11)

and let Wy, W,,, be (given) weight functions on I.
(a) The structure of (2.6) suggests that we should use Hardy’s inequality
(2.8) for the special choice
q r

(’j:f’ ﬁzi
To To

K(t) = Wo(t)wy P (¢) (2.12)
U(t) = |u(t)|™wo(t) ,
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ie.,

K (B)UP(t) = Wo(t)wg ? (#)|u(t) Prowh () = Wo(t)|u(t)]”
We obtain that

r

b
J1 <0y (/O [u(t)|"Wo(t) dt) (2.13)

if and only if the function

By (x) = ( / ") (/0 wy "(s) ds) : dt> T

r—rg
0 T

y ( /O W (sl () ds) ' (2.14)

is bounded on I. Notice that By(x) is the function B(z) from (2.9) for our
special choice (2.12) of H and K. Because of (2.10) and (2.11) 1 < p < § and
we have that

~/ D r

~ o ~ ~ ~
—_— 1— /:— 1— / :—/.
p—1 r—rg’ P r—rg’ p(1=p) P

(b) The structure of (2.7) suggests that we use Hardy’s inequality (2.8) for
the choice

- q 4
q= a p= a
H(t) = tm=I=Dapy (1) ( /0 wer "™ (s) ds) o
K(t) = Wi (t)w,, P (t) (2.15)

U(t) = [u™ ()] win(t) -

This yields in the same way that

q

P

b
Ty < Co ( / ™) ()P Wi (8) dt) (2.16)

if and only if the function

Bo(z) = (/:t(mjl)qW(t) (/Ot why "™ (s) ds>rg" dt) q

x ( / WP (s)wiy ™ (s)ds) ’ (2.17)
0
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is bounded on I.
Using the notation from (1.2), it follows from (2.5), (2.13) and (2.16) that

1117 v < CLCo([[ullfw, + "™ 15 1w, -

and from this inequality, the inequality (1.1) follows immediately since for
q > 1 we have (A7 + B)Y/1 < A+ B.
The following Theorem summarizes our results:

Theorem 2.1 Suppose that the numbers p,q,r > 1 satisfy
q > max{p,r}. (2.18)

Let m,j be integers 0 < j < m and let W, Wy and W, be weight functions on
I=10,b). Suppose that for parameters ro, v, with

I<rg<r, 1<r,<p, (2.19)

and for auziliary weight functions wg, W, the functions By (x) and Bs(x) from
the formulas (2.14) and (2.17), respectively are bounded on [0,b). Then the
inequality (1.1) holds for every function u € W™P"(I; Wy, W,,,) where

WP (L Wo, Wia) = {u € ACH ()« [lullrwy, [[u®™][pw,, < 00}

loc
with a constant C independent of u.
Remark 2.1 (A slight weakening the conditions (2.19)). We can also suppose

that
1<ro=r andfor 1<r,=p. (2.20)

In this case, the number p in the Hardy inequality (2.8) chosen according to
(2.12) and/or (2.15), is equal to one, and for p = 1, the necessary and sufficient
condition (2.9) has to be modified to the form

B*(t) = (/tb H(s) ds) d ess supK (s)™' < B* < 0.

s€f0,t)

Consequently, if we choose rg = r, the condition (2.14) that B;(x) should
be bounded has to be replaced by the condition that

b t s a7
Bi(z) = t=UtDapy (¢ </ wi " (s ds) dt | esssu wo(s)
(@) (/ ([ v s supd

be bounded on I, since, due to (2.12), K (t) = Wo(t)wy ' (t).
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We proceed in a similar way for the case r,, = p.

Remark 2.2 (A special choice of the auxiliary weight functions wg, w,,). If
we choose
wo =Wy and/or  w,, =Wy,

then the functions Bi(x) and/or Ba(z) become simpler in structure since (for
ro < r and/or r,, < p) we have that

__"0 T

Wo 770 (thwg " (1) = Wo(t),

_ _T™m D

Wi P () why ™™ (1) = Win(2) .

Consequently,

Bi(z) = </ t~UtDapy (1) (/ W, T“(s)ds)
([ i)
Bg(x):</ tm=i=Dayy (¢ </ W ()ds>rz”dt> q

([ o)

If we choose additionally ro = r and/or r,,, = p, we have that

3
=)

St

Q.

~
N——
2|

W?(t) =1 and/or -
wh (1) wh(t)

and, e.g., for v, = p and w,, = Wy, the function By(z) from (2.17) should be
replaced by

with a similar change in (2.14).

Remark 2.3 (A different Hardy Inequality). If p = ¢ = r > 1 we can use the
same basic idea as in (2.1)—(2.8) but substitute the Hardy Maximal Function
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inequality (cf. Hewitt and Stromberg [7]) for the Hardy inequality in (2.1)—
(2.8) which will allow us to substitute a general interval I = [a, 00), —00 < a <
oo for [0,00). One form of the Maximal Function inequality is the following.
Let f be a nonnegative function in LP(I), 1 < p < oo, and J := [x,],
a < x < ¢ < oo, a finite subinterval of I. For z € I, define

M[f](z) := sup M

r<c<oo ‘J|

/sm )P dz < (pfl>p/1f(a:)pdx.

To implement the method using this inequality, we start by letting J = J, =
1

Then

[z,z+ f(2)] in (2.1) where f is a positive measurable function. Set wo = Wy,

Wy, = Wy Then Holder’s inequality gives as in (2.3) and (2.4)

/|u |d5<</ lu(s |”’VV0 > (/ WO" s) s> ,
/ |u(m) )ds| < (/ |u(m) )W, :1” )rm (/ Wm ) " .

Now raise both sides of (2.1) to the g-th power and multiply by W. We get
Wi @) < 83(2) ()1 [ Jutrow o) d )

+ So(x) (cqf /|u<m> W W () d >m (2.21)

where

o%\""

Sy (z) = W) f(z) Ut (/ W0 g (s) s)

o

= f(2)77W (x) (f(ff)_1 Wy (s) d8> "

Ja

So(x) = W (x) f(a)m—i— Dtz ( / Wi o (s
Iz
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Suppose now that Sj(x), Sz(z) are bounded above on I = [a,00) and assume
that u € WP (I; Wy, W,,,). Next integrate both sides of (2.22) over I. Since

(f(w)l |u(s)|rowo?(s)ds>

< sw (-0 [ as)

a<lc<b

<f<x)‘1 /J ™ (3)] " Wi (5) ds>

< s (oot [ @ oas)

a<c<b

inequality (1.1) follows by a double application of the Hardy Maximal Inequal-
ity (with p replaced by ¢ = q/r¢ or p = q/rm)-

By this argument we have proven:

Theorem 2.2 Suppose p = g = r then inequality (1.1) is true on an interval
I = [a,00) for all w € WP (I; Wy, Wy,) if the functions Si(z),S2(x) are
bounded on 1.

Remark 2.4 (A change in the assumption (2.18)). The Hardy inequality
(2.8) also holds for 1 < ¢ < p < oo, but in this case the necessary and
sufficient condition (2.9) has to be replaced by

A= /Ob ([H@)@)%/(f}(lﬁ’(s)ds)q K'7P'(t) dt i<oo.

where

=< =

ST
el =

(see, e.g. [13, Theorem 1.15]).
Moreover we can suppose that ¢ satisfies

0<g<oo.

If we choose p, ¢ according to (2.12), then from its definition the number
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A has the form

r

A = /Ob </:t(j+1)qw(t) (/Ot wé—ré (S)ds) g dt) - (2.22)

ro(r—q)
r(a—rg) q
ro r

x __"0 ro(r—q)
X < Wy " (s)wg " (s) ds> o Wy " (z)wy " (x) dx
0

since ~ ~
rolr—q) T _r—g T _ rlg=ro)
i 7 ro(r—a)g
In a similar way the choice of p, § according to (2.15) leads to the expression

rq q r q
Ay = / ( / Hm=i=Vayy (1) ( / w,ln_r""(s)ds) dt) (2.23)
0 T 0

rm(P—4)
p(a—rm) rq

& __T™m p rm (P—q) __Tm P
X </ Wi "~ (s)wg ™™™ (s) ds) o WP~ (z)wyy, ™ (z) do
0

Using this version of Hardy’s inequality we need not assume that ¢ >
max{p,r} and can reformulate Theorem 2.1 as follows:

Theorem 2.3 The conclusion of Theorem 2.1 holds for p,q,r in any of the
following cases:

(i) The condition
l<r<g<p (2.25)
holds and we suppose that the function By(x) from (2.14) is bounded on
[0,b) and that A2 < oo where Ay is given by the formula (2.24) and 7y,
is chosen so that v, # q.

(i) The condition
l<p<g<r (2.26)
holds and we suppose that the function By (x) from (2.17) is bounded on

[0,b) and that A; < oo where Ay is given by formula (2.23) and rq is
chosen so that ro # q.

(iii) The condition
0 < ¢ < min{p,r} (2.27)

holds and we suppose that A; < oo, Ay < oo and that the auziliary
parameters are chosen so that ro # q, rm % q.



302 R. BRowN, D. B. HINTON AND A. KUFNER

(Notice that in case (iii) we can even allow q to satisfy 0 < g < 1. Of course,
in all cases, we assume that the conditions (2.19) are satisfied.)

Remark 2.5 (The case of an interval unbounded from below). Up to now
we have assumed that the interval [0,b) is bounded from below. Now let us
consider an interval (a,b) bounded from above; without loss of generality we
can consider functions u = u(t) defined on the interval (a,0], —oo < a < 0. In

this case we use (2.1) for the finite interval I = [¢,0], a < ¢ < 0, where now
|| = |t|, and start from the basic interpolation inequality

0 0
|u(j)(t)| §C|t|f(j+1)/t |u(5)|d8—|—|t\(m7j71)/t |u(m)(s)|ds.

Proceeding analogously as in the case of the interval [0,b), we finally obtain
the following analogue of formula (2.5):

/0 |u(j)(t)‘qw(t) dt < Cy(J1 + J2)

where now

gi= [ ([ as)
< ([ Wt ds)rq‘) &,

= [ e ([ i i)™
<( ) (s)

In this case we have to use the “dual” form of Hardy’s inequality (2.8), i.e.,

oi‘“

"W (8) ds) "t

[0 ([ vwas) sz ([ koo dt)g

which holds — provided 1 < p < ¢ < oo — if and only if the function

B(t) = (/at H(s) dsf (/to K77 (s) ds> ’

is bounded on (a,0].
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Since all considerations are completely analogous to that of the case of the
interval [0, b], the formulation of the corresponding results is left to the reader.
Roughly speaking, we have to replace in the formulas for By (x), By(x), Bi(x),

Bj(x), A1, As, etc. the integral ftb by fat and the integral f(f by fto.

Remark 2.6 If I in (1.1) is a compact interval, then (1.1) holds with weak
conditions on the weights. If in (2.3) and (2.4) we take wy = Wy, Wy, = Wiy,
ro =r, and ry, = p, then assuming Wolf’“/, Wﬁj”l are Lebesgue integrable on
I and substituting into (2.1) yields that

WD O] < C{llullrwe + 1™ lpw,. }, tel. (2.28)

m

If also W is Lebesgue integrable on I, then (1.1) follows from (2.28).

In Theorems 2.1 and 2.2 the inequality (1.1) is derived on either the interval
(0,b) or the interval (a,0). For integrals such as (2.14) to exist W must
be sufficiently small at 0 (see Example 2.1 below). We wish now to derive
sufficient conditions for intervals of the form (a,b), 0 < a < b < oo where the
weight functions do not have such constraints at the left endpoint. First we
require a definition:

Definition 2.1 For I = [a,b) we say that a is a regular point for (1.1) if for
some c < b, W, WOFT , and W#f”/ are Lebesgue integrable on [a, c].

We next show how to prove a version of Theorem 2.1 where 0 is a regular
point. Define for ¢ > 0 and x > ¢:

By o(x) = </: p=GDayy (1) ([t W) ds)% dt) o

([ e ) (2.20)

o

and

b t , -
Bs o(z) = </ tm=i=hayy (1) (/ wﬂnrm(s)ds> dt)
x c

P—Tm

X(Lﬂwf%@m%%@mﬁ ' (2.30)

We define in a similar way BY .(v), B3 ., A1, and Ag ..
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Theorem 2.4 Suppose p,q,r,j,m,rg, and v, are as in Theorem 2.1 or The-
orem 2.3 and let W, Wy, and W, be weight functions on I =[0,b), 0 < b < oo,
which are reqular at 0 and that for auxiliary weight functions wgy, w,, on
[c,b) the functions B .(x) and Ba.(z), Bf.(r) and Bj ., and Ai., As.
are bounded on [c,b). Then the inequality (1.1) holds for every function u €
WP (I, W, Way) with a constant C' independent of u.

PRrROOF. Define functions wg, Wy, W on [0,b) by

’r‘o’!‘/

7‘/T

’lﬂo(l‘) = Wo 0 ((ﬂ), on [0,0]
wo(z), on [c,b),

W (x) = Wo% (), on |0,
wm(x)7 on [C, b) s

T () — zU+Da - on [0, (]

Wi = {W(m)’ on [c,b) .

Then a calculation gives that on [0, ¢]

0 0

~A—ry _ rr; verg ~ r=rg _ prsl—r’
wy, ° =W, W, =Wy,
’ Tm Tm.

Ty ™ = Wi O = WA (2.31)

We consider explicitly only Bj.(z) and Bg.(z). The remaining cases are
essentially the same. Let By (z) be as in (2.14) where W and wyq are replaced
by W and @y. Then from (2.31) and the definition of W a computation shows
that the boundedness of B;(x) on [0,b) follows from that of By .(z) on [¢, b).
Similarly let By(z) be as in (2.17) where W and w,, are replaced by W and
Wy,. As in the By (z), El(x) case, the boundedness of Ez(a:) on [0,b) follows.

By Theorem 2.1, (1.1) holds on [0, b) with W replaced by W. Thus

b q
( / W<t>|u<f)|%zt> <, 5 < Clulloar, + 1™,
where the norms are on [0,b). Since 0 is a regular endpoint, combining the
last inequality with (1.1) on [0, ¢) yields (1.1) on [0, b). O

We return now to the problem of proving (1.1) on an interval I = [a,b),
a> 0.
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Theorem 2.5 Suppose that p,q,r > 1 and the parameters ro, ry, satisfy (2.18)
and (2.19) respectively. Let m,j be integers 0 < j < m and let W, Wy, W,
wo, W, be weight functions on I = [a,b), a > 0. Then the conclusions of
Theorem 2.1 hold on I in the following cases:

(i) b=o0, W, Wy, W, wo, Wy, are reqular at a and the functions

b t , =
By 1(z) = (/ t=UHDaW (¢ + a) </ wéfro(s +a) ds) ’ dt)

T—rQ

€z __"T0 T I3
X (/ Wy " (s+a)wy (s +a) ds) ) (2.32)
a
b

t , - a
B o(z) = (/ tm=I=DaW (¢ + q) (/ wey "™ (s + a) ds) dt)
T 0

P—Tm

X (/ W,;p_";" (s+a)wh ™ (s+a) ds> ’ (2.33)

ro
4q

are bounded on I.

(i) W, Wy, W,,, are regular at a and together with wg,w,, have extensions
W, Wo, Wi, @o, W, to I = [0,b) such that the functions By(z) and Bs(x)
are bounded on I and

/ W)t —a)™ 19 gt < o0 (2.34)
I

PROOF. The proof of (i) is a direct application of Theorem 2.4. The weights
W (), Wo(t), Win(t), @Wo(t), @m(t) defined by W (t + a), Wo(t + a), Wi (t + a),
etc. are regular at 0. (2.32) and (2.33) correspond to (2.29) and (2.30). It
follows that (1.1) holds with respect to W(t), Wo(t), W (t) on [0,00). But the
change of variable t + a — s shows that this inequality is equivalent to (1.1)
with weights W, Wy, W,,, on [a, 00).

Next the assumptions of (ii) imply that (1.1) is valid for the extended
weights on [0,b). It follows that (1.1) is true for functions in

WP (I Wo, Wi )={u € W™PT(I; Wo, W) ul (a+)=0,i = 0,...,m — 1}

since functions in this class can be trivially extended to [0,b) by defining them
as 0 on [0,a). Set

6= ( | W<t>|g;f><t>|wt)l/q <o
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where

,_.

m—

-3

=0
By (2.34) Gj(u) is finite. Now let w € W7 (I; Wy, W,,). By the triangle
inequality

( / W(t>|u<j><t)|q) Y < ( [ Wi - oo dt)l/q Gy

By definition Gj(u) is a linear combination of the u((a+), i = j,...,m — 1.
A Holder inequality argument applied to the interpolation inequality (2.1) will
give a family of inequalities each of the form

[u®(a+)| < K; { (/ Wo(t)|u(t)r)} dt + (/ W (8) (™ (t)|”); dt} .

By addition and extension of the integration on the right hand side to I, it
follows that

G(u) <K { </1 Wo<t)|u(t>|’“>i dt + (/I Wm(t)|u(m)(t)|p>; dt}

Since u— gy (t) € WP (I; Wy, Wiy,) and (1.1) is true for these functions (1.1)
follows at once for u on I by addition. O

(Z) a+)

Remark 2.7 If we define “E;l(x),ézg(x) 7 and “A;’; 1,A272 7 as in (2.32)
and (2.33), we can obtain versions of Theorem 2.5(i) for these cases. Also
Bi(z), B5(x) or Ay, As can be substituted for By (z), Ba(z) in Theorem 2.5(ii).
Hence in particular, we can prove Theorem 2.3 when p,q,r satisfy (2.25),
(2.26) or (2.27) on I = [a,b) for a > 0. Theorems 2.3 and 2.4 may also be
easily modified to handle the case where I is bounded above, i.e. I = (a,]
where —o0o < a < b < oo and b # 0. The justifications of these various claims
are left to the reader. However we will work out some of the consequences in

the examples below.
Example 2.1 We take b < oo in Theorem 2.1 and set
W(t) =t>, Wo(t)=t°, W, =t", (2.35)

a,f,7 € R. Suppose that (1.1) holds on [0,b). We now derive a necessary
condition. Let u be a nontrivial C'"*° function with compact support contained
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n [0,b). We extend u to [0,00) by setting u(x) = 0 on (b,00). Then (1.1)
holds for u and also for ug, R > 1, defined by ug(t) = u( t), 0 <t <b. (Note
that the support of up is contained in [0,b).) Then %c)( t) = R*u® (Rt) and
applying (1.1) to ug gives

. atl .
RIS [u? g0 < O

™[par) (2.36)

Since (2.36) holds for all R > 1 we obtain the necessary condition for (1.1) to

hold that
1 1 1
j+0‘+zmin{5+,m+7+}. (2.37)
q r p

If we had chosen b = oo with R > 0, then we would have obtained the two
necessary conditions

1 1 1
min{ﬁ"’7_m+’y+}<_]’+a+
r p q
1 1
<max{ + ,—m—&—w} . (2.38)
r p

Finally, if (1.1) is true on the interval [a,00) as in Theorem 2.5(i) and w is
a function of compact support in [a,00), we extend u to [0,00) by setting
u(z) = 0 on [0,a). Then (1.1) holds for both v and ug if 0 < R < 1 since
the support of ug is contained in [a,00). (2.36) then leads to the necessary

condition
1 1 1
j+0é+§max{ﬁjL ,erfH}. (2.39)
q r b

Next we check the sufficient conditions given by Theorem 2.1 with b < co. If
we choose 1, r,;, according to (2.19) and take

wo(t) =17,  wy(t) =t™,

then the functions Bj(z) and Ba(x) from (2.14), (2.17) have the form

b t o
Bi(z) = (/ =+t (/ sﬁ0<”6>ds> ’ dt>
T 0

)

T _Brg+8gr ™
X s T ds ,
0

-Q‘S
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™m

b t % q
By(z) = (/ fm—i-lata (/0 svo<1—7"in>ds> dt)
xT

[
x —¥rm+y0P P
X s p—rm ds
0

For By(z) to be bounded on [0,b) the following conditions are necessary:

— 1 1
Q) 57"0+ﬁo7“+1>0@5+ <ﬂ0+7
r—7To T To

1
(ii) 50(1—r6)+1>0@ﬂ(’%<1,
0

(i) [—(j+1)q+a+1+(/30(1—r())+1)Ti+1]r—°+ (M T 1) "o

0 r—1T0 r
a+1 _ B+1

0 -5+ >

r
Similarly Bz(x) is bounded on [0, b) if:

)

P Tm
1
Giy 202 o
T'm
1 1
(i) —j+ 2P > g 2L
p

Thus Theorem 2.1 gives that (1.1) holds on [0,b), b < oo, if

1 1
bl o+l g (2.40)
r p
1 1 1
it Zmax{m,—m—kw}. (2.41)
q r P

In a similar way, Theorem 2.1 gives that (1.1) holds on (0, 00) if

1 1
1y o+l

r p
a+l B+1 v+1
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We can conclude therefore from (2.37) and (2.41) that if 6 < r—1land v < p—1

and

1 1
pr1_ 2 t!t : (2.43)

then ) .
a+ > B+
q r
is a necessary and sufficient condition for inequality (1.1) with weights given
by (2.35) on [0, b); likewise under these assumptions it follows from (2.38) that

(2.42) is a necessary and sufficient condition for (1.1) on [0, c0).

Example 2.2 Consider the above example on I = [a,00) with a > 0. The
weights are regular at a. Further W (t), Wy(t), W, (t) are regular at 0. If we
take rg =1, 1 = p, Wy = WO, and w,, = Wm. Using (2.21) and replacing
B\, Ba,o by the upper bounds “Bf ,, B3 ,” of Bf(z), B3(z) on I, we find
that

oo e e\
B;ia<sup</ U9 4 0 (¢ 4 a) ”1)"’) 7
zel x

B <sw ([ e arer o CFHIR)
zel x

Since t + a ~ t for large t, these are finite provided

1 1 1
—j—|—0é+<min{ﬂJr ,—m—|—w}. (2.44)
q r p

Thus the inequality follows from (i) of Theorem 2.5 (cf. Remark 2.6). Here
however we need not require that § <r —1, v <p—1.

In (ii) of Theorem 2.5 «, 8,7 must satisfy (2.40). Additionally from (2.34)
Gj(u) <00 if —j+ (a+1)/qg < —m+ 1 which is satisfied since (y+1)/p < 1.
Since the inequality on [a,00) will continue to hold if « is diminished, the
condition

B+1

1 1
—j+a+§min{,—m+7+} (2.45)
q r P

follows. So this part of Theorem 2.5 allows equality in (2.45) if (v +1)/p < 1.
Again from (2.39) the condition

a+1l pg+1

—j+ <

r

is necessary and sufficient if (2.43) is true.
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Example 2.3 We take the same weights as in the above two examples on
I =la,00) and I = [0,00) with ¢ < min{p,r}. Let wy = WJO/T, Wy = ;{”/p,
and rog = rmy be arbitrarily close to q. (Since we are going to end up with
strict inequality constraints connecting o, 5,7, p, q,r, this will mean that as a
computational device, we can actually let ro, r,, take on the forbidden value q
without changing the final results.) We compute “A1 ,” and “As o7 in this way
(c¢f. Remark 2.7), apply Theorem 2.5(i), and obtain finally that o, 8,7 should
satisfy (2.44). Since Theorem 2.3 does not apply to these weights on [0, 00) we

cannot get cases of equality via Theorem 2.5(ii) as in the previous example.

Example 2.4 Theorems 2.1-2.3 will apply to the exponential weights W (t) =
et Wo(t) = ePt, W (t) = et on [0,00) if and only if both o < 0 and

Oé<min{ﬂ,’y}.
q rp

However when p = q =1, f(t) =1, W(t) = Wo(t) = W, (t) = €%, simple
calculations which we leave to the reader show that Si(x),Se(x) are bounded
on [0,00) so that by Theorem 2.2 (1.1) is valid in this case.

Remark 2.8 The results of the above examples are consistent with the con-
clusions reached for power-type or exponential-type weights in [4, Fxamples 1
and 2] where Besicovitch covering arguments were used to derive sum inequal-
ities in R™. For q > max{p,r} our results are as a whole less general. When
however ¢ < min{p,r}, Example 2.3 agrees precisely with [4, Example 1] but
is more general since we can allow 0 < g < 1.

3 The Second Approach

In this section we will deal only with the special case j = 0, m = 1 of (2.1). We
will use the following interpolation inequality which holds for every function
u € AC(J) with J a compact interval in R:

o) = ( [ wnte) ds)_% ([ st ds):” [l e

where t € J is arbitrary, wy is a certain (auxiliary) weight function and ro > 1
is an (auxiliary) parameter.

First we derive (3.1): For u € AC(J) let ¢ € J be the point where |u(s)]
attains its minimum: |u(c)| = r511€1§1 |u(s)]. Then

[u(e)|"wo(s) < |u(s)["wo(s)
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for any s € J. Integration with respect to s over J yields that

|U(C)|S(/on as) " (/|u o s ) (32)

)] = fute) + [ /() ds| < fule)] + [ o' (s)] s
)

with ¢ € J arbitrary, (3.1) follows at once because of (3.2).

Now we again consider functions u = u(t) € ACjo(I) defined on an interval
I = [a,b) which is bounded from below, —oo < a < b < co. (Note that in this
approach we need not initially require that a = 0.) Using (3.1) for the finite
interval [a,t] C I, we obtain the inequality

wio < ([ wnts)as) (/|u Jrowo(s ) o [ Welas. 63

We then proceed as in Section 2: We choose an auxiliary parameter r; > 1
and an auxiliary weight function w; and estimate the second term on the right
hand side of (3.3) by the Hélder inequality (2.4) (where we take m = 1), take
the g-th power of the resulting inequality, multiply both sides by W (t) and
integrate with respect to ¢ from a to b. Finally, we obtain that

Since

b
/ (W () dt < 2971 (F1 + o) (3.4)

where

s [0 ([osors) * ([ moreio) .

q

7~ [ "W ( /:wir%s)ds) g ( / |u’<s>|“w1<s>ds)”dt.

Now we again use the Hardy inequality (2.8):

(a) The choice
r

725:77
To

o =wo ([ " wo(s) ds)_% |

K(t) = Wo(t)w,” (t)a
U(t) = |u(t)[wo(?),

L=}
3=
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leads to the estimate

q

r

b
7 < Co ( / ()] Wo(t) dt) (3.5)

which holds — provided 1 < p < ¢ < o0, i.e. 7 < ¢ — if and only if the

function
Bi(z) = (/; W (t) (/: wo(s) ds)qu dt)

-a‘g

x ) T T
X </ Wy "7 (s)wg ™™ (s) ds) (3.6)
a
is bounded on I = [a, ).
(b) The choice
- q9 - P
q=—,P= —)
r1 1

leads to the estimate

aq
p

b
T2 < Cy ( / (&) [P (1) dt) (3.7)

which holds — provided 1 < p < ¢ < o0, i.e. p < ¢ — if and only if the

function
By(z) = (/:W(t) (/t W (s) ds> g dt> ’

p—rq

([ el e as) (3.5)

is bounded on I.

The desired inequality (1.1) (for j = 0 and m = 1) now follows from (3.4),
(3.5) and (3.7).

Summarizing we have the result:
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Theorem 3.1 Suppose that the numbers p,q,r > 1 satisfy
q > max{p,r}. (3.9)

Let Wy, W1 and W be weight functions on I = [a,b), —c0o < a < b < 0.
Suppose that for parameters rg,r1 with

1<rg<r, 1<r <p,

and for auziliary weight functions wo, w1, the functions B1(x) and Ba(z) from
(3.6) and (3.8), respectively are bounded on [a,b). Then the inequality

llellgw < C(lullrwo + [[w'[lp,w:)

holds for every function in WYP (I; Wo, Wy) with a constant C independent
of u.

Remark 3.1 In the same way as in Section 2 we can weaken the the condi-
tions on the auziliary parameters (allowing ro = r and/or r1 = p) and the
auziliary weights (choosing wg = Wy and/or wy = W1 ). We also can consider
triples p,q,r which do not satisfy (3.9) and derive a corresponding inequal-
ity also for the function u defined on an interval bounded only from above.
The results are analogous to those mentioned in Remarks 2.1 to 2.5 and in
Theorem 2.3. The precise formulation is left to the reader.

Example 3.1 In the same way as in Example 2.1 we consider the interval
[0, 00) and the weight functions W (t) = t*, Wy(t) = t?, Wy (t) = t7. Choosing
wo(t) = 170, wy(t) = t7° as before, we obtain from (3.6) and (3.8) that

-7

[e’e] t *% T _g, ” u =
Bi(z) = (/ t (/ sPo ds> dt) </ 5 T ds) )
x 0 0

o0 t 2 T . B—r)
By (z) = (/ t (/ §70(1=r1) ds> ' dt) (/ s T ds)
x 0 0

For B;(z) to be bounded on [0, 00) the following conditions are necessary:

(i) 7_Br°+ﬁor+1>o,
r—7To

(i) fo+1>0,

-QB

(i) (a—(50+1)rg+1<0,
0



314 R. BRowN, D. B. HINTON AND A. KUFNER

. r —bro + Por r—=r
(IV) a+(ﬁ0+1)q+1:|0+<m+1)0207
To q r—7T T
ie.,
1 1 1 1
ﬂ0+ >ﬁL’ ﬁ0>_17 BO—’_ >ﬂ7
70 r 0 q
and (from (iv))
at+l  B+1
¢ r

The boundedness of By (z) leads analogously to the conditions

1 1
M>1+a+

1 1 1
Yo + >7+ ’ Yo + <1,
T1 p T1 1

and ) )
atl _ oo+l
q r
Thus this approach gives the same results as Example 2.1 (2.42) when j = 0,
m = 1. In a similar fashion we can rederive the other examples of Section 2.

The details, however, will be left to the reader.

4 Some Comments

Remark 4.1 (Compactness of certain embeddings). Recall that the domain
of our fundamental inequality (1.1)

Wm;p,T'(I; Wi, WO) = Wm;p’T(me WO)

consists of the set of all functions from ACfggl [a,b) for which the norm

lllmipr = 1™ lpw,, + el

is finite. This set is a weighted Sobolev space which is a Banach space if we
assume additionally that

Wi e L] [a,b), Wy " €Li.ab)

(see e.g., A. Kufner and B. Opic [8]).
Inequality (1.1) states that this weighted Sobolev space is continuously
embedded into a weighted Lebesgue space:

WP (W, Wo) < LI(W). (4.1)
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Under stronger assumptions on the weights and parameters of our problem we
can show that the embedding (4.1) is compact.

For example, suppose that ¢ > max{p,r} as in Theorem 2.1. Then (4.1)
is compact if we additionally assume that

Bi(z) -0 for z — 0+ and for x — b— (i =1,2) (4.2)

where By(z), Ba(x) are given by (2.14) and (2.17). Indeed, (4.2) guarantees
that the embeddings realized through the Hardy inequality (2.8) are compact
(see, e.g. [13, Theorem 7.3]). Let us note (cf. [13, Theorem 7.5]) that the
embedding realized by the Hardy inequality (2.8) is automatically compact if
1 <§<p< oo Itfollows that the embedding (4.1) (whose continuity is
guaranteed by Theorem 2.3(iii)) is compact without any additional conditions
if 1 < ¢ < min{p,r}. Further if ¢ > min{p,r} compactness results from the
single condition (4.2) ifi=1land 1l <r<g<porifi=2andl<p<g<r.

Example 4.1 In Ezample 2.2 the embedding is compact if the strict inequality
conditions (2.44) hold. In this case a computation shows that B;(x), i = 1,2
satisfy the conditions (4.2).

Remark 4.2 (A modification of the j = 0, m = 1 approach). The method
described in Section 3 was based on the interpolation inequality (3.1) which
was derived only in the special case j = 0, m = 1. Now we will introduce
a modification of this inequality which will allow us to consider more general
values of j,m, 0 < j < m. However this modification will force a restriction
on the type of weight functions under consideration.

We will say that a weight function w defined on an interval [a, b) is reqular
if there exist constants C' > 0 and ¢ € (0, 1) such that for every subinterval
IcCJcCla,b) with |I| > §|J|,

Jyo®dr (4.3)

Jyw)ydt —

For a compact interval I with length |I] in the case j = 1, m = 2, and for
a regular weight wg, our basic interpolation inequality is:

)< 0 ( funte) d) 1 [welas+ [Wolas @

where ¢ is arbitrary in I and C depends only on wq. To derive (4.4) we consider
an interval I of length L and denote by I; and I3 the first and last third of I



316 R. BRowN, D. B. HINTON AND A. KUFNER

respectively. Choosing x1 € I; and z3 € I3 we have

B t

M=) ) <) - [ sy as (45
Tr3 — X1 I3

for a certain £ € [z1, 23] and an arbitrary ¢ € I. Since |z3 — 21| > £ we have

immediately from (4.5) that

3
W01 < Fluten)] + fute)) + [ (o) ds.
Multiplying this inequality by wg(x3) and integration with respect to x3 over
I3 yields that

f13|u s)|wo(s)ds .
|<>|_< RO U(J:1)>+/I|u (5) ds|,

Multiplying this inequality by wg(x1) and integration with respect to 21 over
I, yields that

u w u w
i< § (L Clntas Ju HOREN 4 [ utonas.
L f13w0 fIle

wior< 3 (fu) () (Ifﬁi fw> e

Using the regularity condition (4.3) with e.g., § = 1/3, (4.4) follows immedi-
ately.

If we now use (4.4) for I = [a, t] for functions u = u(x) defined on [a, b) with
a < b<ooorfor I =I[tb) for functions defined on (a,b], —0o < a < b < 0o we
can proceed just as in Sections 2 and 3 to derive additional sufficient conditions
for inequality (1.1).
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