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EMBEDDINGS OF WEIGHTED SOBOLEV
SPACES IN THE BORDERLINE CASE

Abstract

We prove a version of Schur’s lemma for operators with positive ker-
nels on weighted L, spaces and apply the result to Riesz potentials of
first order to get weighted generalizations of Trudinger’s limiting em-
bedding.

1 Introduction

In this paper we shall pursue a study of the limiting behavior of linear integral
operators with a non-negative kernel K (z,y),

Tf(x) = | K(x,y)f(y)dy,
/

with the goal to establish limiting embedding of weighted Sobolev spaces into
weighted Orlicz spaces. The study of limiting embedding draws a lot of at-
traction now and new aspects and applications to various branches of analysis
appear; see e.g. [FLS], [EK], [ET], .... To our knowledge, the weighted case
has not been considered in the literature up to now.

Let 1 < p < ¢ < oo and let © be a measurable subset of n-dimensional
Euclidean space R™. Unless otherwise stated we shall assume that n > 3.
Let us agree for notational convenience that all functions in the sequel will be
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non-negative. If K is a non-negative kernel defined on R™ x R™ and « > 0,
then we let
T) = /K(I,y)o‘f(y) dy.
Q

To keep the notation unified we put T3 = T'. Let T f f K(z,y)*f(z) dx.
Then T} is the dual operator to T,; that is,

[ Tat@g@)de = [ 5139t ds
Q

Q

Let v and w be weights in §2, that is, locally integrable and a.e. positive
functions in €. By a duality argument, the inequality

(/ TF (@)l dx) (/ F@Pol da:) "y

holds for each non-negative f iff the same is true for

, o/ N 1/p’
( / T (@) vla) P d)

' =4'/q gy Uq/_
Sc<g/|f(x)lqw(x) /d)

If ¢ and ¢b denote the best possible constants in (1.1) and (1.2), respectively,
then ¢} = c3.

The limiting behavior of the operators we are going to study can suitably
be expressed in terms of weighted Orlicz spaces. For our purposes it will be
sufficient to use the concept of the Orlicz space in its very classical form (See,
e.g. [KR] for the non-weighted case, which, nevertheless, in the context of this
paper does not essentially differ from the unweighted case.), namely, a Young
function will be any convex, even, non-negative function on R!, increasing on
[0,00) and such that lim @(¢)/t = lim ¢/®(t) = 0. Given a Young function

t—=04 t—o0

(1.2)

@ and weights w1, wo on €2, we define the weighted modular by

o f,wn, ws) = / (w1 (2) () wn () da

Q

and the weighted Orlicz space L (€2, w1, ws) as the space of all locally inte-
grable f on Q for which the Luxemburg norm

= inf{\ > 0; ma(f/A wi,ws) < 1}
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is finite. For w; = wq = 1 we shall simply write Lg(€2).
If 1 < p < oo, and v is a weight on a domain 2, then Wol’p(Q,v) is
the standard weighted Sobolev space defined as a completion of C§°(£2) with

respect to the norm
1/p
i ( [Ivr@pe) dx) .
Q

Write W, P(€2) = Wy (Q,1).
Different positive constants will sometimes be denoted by the same symbol
¢ provided a misunderstanding cannot occur.

2 Bounds for Positive Integral Operators in Weighted
Spaces

We start with a sufficient condition for the validity of (1.1).
Lemma 2.1. Let 1 <p < g < oo and let r = r(p,q) be defined by

1 1 1
=4z 2.1
STty (2.1)
Assume that there exist a positive function ¢ and ¢ > 0 such that
T w(T )7 |(z) < cv(@)Pp(@)? ace. in Q. (2.2)

Then (1.1) holds with ¢ < c'/4.

ProOF. By Holder’s inequality we have

) S(/ K(z,y) o(y) dy)l/p/
Q
Q

whence

a/v p/a (2.3)
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By Minkowski’s inequality, the right hand side of (2.3) is not greater than

p/q

/ o) F ()P / Kz, y) w(@)(Too) @) de|  dy
Q

Q
and by our assumption (2.2) the last integral can be estimated from above by
@l [ow s dy

Q

It is also clear that cf < ¢*/4. The proof is complete. O

Remark 2.2. Forn =1, Q = (0,00) and T'f(x) = ff(t) dt, we get the result
0

in Gurka [G]. The case p = ¢ in Lemma 2.1 can be found in Kerman and
Sawyer [KS]. Observe that in both cases the existence of a positive function
¢ satisfying (2.2) is also necessary for (1.1).

Corollary 2.3. Let r be defined by (2.1) and suppose that there exist a positive
function @ and a constant ¢ > 0 such that

T. U—p’/p(Tr*@)p’/Q] () < cw(x)—p//qu(x)p,/q a.e. in Q. (2.4)

Then (1.1) holds with ¢; < /7",

PROOF. This is easy to see now as (2.4) implies (1.2), and this in turn gives
(L.1). O
Applying Corollary 2.3 to the Riesz potential operator of the first order,

If(x)=[lz—yl'" " fly)dy
/

where B is the unit ball in R™, n > 3, we get the following.

Corollary 2.4. Let 1/r = 1/q+ 1/n' and suppose that there is a positive
function ¢ and C > 0 such that

n'/q
[w(x } /lx_y‘r(lfn)v(y)fn /n
B

C = sup
zeB

)
p(z)

n//q (25)
X (/ ly — 2" p(2) dz) dy < 0.
B
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Then
( [ da:) Yo ( [is@rme dx) " e
B

B

3 Weighted Estimates for Riesz Potentials

The condition of Lemma 2.1, general as it may be, contains the assumption
about a suitable function ¢; a verification might be rather difficult in particular
cases. Here we are going to deal with Riesz potentials, we establish weighted
estimates and get information about the asymptotic behavior of the constants
estimating the norms of the Riesz potentials when ¢ tends to infinity.

We start with a technical lemma which is of crucial importance in the
sequel.

Lemma 3.1. Let B be the unit ball in R™,

e

Flz) = / o — y|yl (log )7 dy, z€B. (3.1)

|yl
B

Then the following statements hold.

(i) If vy =0, then there are ¢ > 0 and ¢1 > 0 such that

1 1 1
F < a+pB+n EB
() < ere a+n+ﬂ+n+a+5+n ot ’

provided —n < a<1l—n, 8>-n,a+pF+n>0.

(ii) If v =0, then there is ¢ > 0 such that

1 1 1
Fo) et gt )i, wen,
a+n  B+4+n  |Ja+B+n]

provided —n<a<l—mn,8>-n,a+B+n<0.

(i) Let =1 <9 < 1. Then there is ¢ > 0 such that

c e y+1
F(r) < —— (log— B
@i (os) o aen

provided —-n<a<l—-mn,B8>-n,a+B+n=0,v%<v<7.
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(iv) Let —n <y < —1 and 8 = —n. Then there is ¢ > 0 such that

|z|* ( log — , %€ B,
||

c
F(x) <
(ac) T a+n
provided —n < a <1 —n.

(v) Let vo < —1. Then there is ¢ > 0 such that

1 1
F(x)§c<+>, x € DB,
atn  |y+1]

provided —n < a<l—n,a+B+n=0,v<v<-1.
The constants ¢ and c¢1 may depend on n, vy and v1 but they are independent
of a, B and 7.
PROOF. The key is a suitable decomposition of B and establishing the respec-

tive bounds. Given z € B, let

Bl ={ye B; |y| < |z|/2},
B ={y € B; |z/2 < |y| <2|z|},
B3 ={y € B; |y| >2[z|},

and

Yy

(073 e .

@) = [ o=y’ (1ogy|) dy.  weB, j-123.
Bj

Let -n<a<1—n,B3>-nandyeR. Ify € Bl then |z —y| > |z|/2

and
z|/2
—a o B+n—1 e\
Fi(z) < ep,27%z] / r (log7> dr. (3.2)
T
0
Further,
.
Fa(e) < e 2Pal? (108 %) [ le = ol an
x A
and
3|z|

/ |z —y|“dy < / |z|*dz < ¢, / rotn=lqr,
BZ

|z—a|<2a| 0
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whence
e

1 Y
Fy(z) < e, 2/P139m —— |g|oTFFn (log — | . 3.3
(o) < 0,273 — a0 (log (33
Finally, if y € B2, then |z — y| > |y|/2, and using the trivial estimate 27 <
22129 we get
1
[e% a+B+n—1 e\
F5(z) < ¢,2 T (log 7> dr (3.4)
r
2|z|

for every |z| < 1/2.
Now the statement in (i) follows by putting together the estimates

1
Fy(x) < c2-lotftm Btn E{Ranian (3.5)
1
Fy(w) < 3 F1Plen P [P, (3.6)
and
F: <2 ———.
s(@) < a+pB+n

As to (ii) let us first observe that (3.5) and (3.6) hold, too. Further,

1
Fy(x) <2 —— [(2]z))* TPt — 1
() < 2 g () ]
c 1
< - - za+ﬁ+n, x| < =.
—|a+ﬂ+n||| ||—2

Since 8 < max(—a —n,n) <nand 0 < —(a+ S+ n) < n, we deduce (ii).
Prove (iii). The estimates (3.3) and (3.4) yield

Yy
C (&
< log — 3.7
a+n<0gu> 3.7)

e Y+1 e v+1
(log :v|> -1] <e¢ <log |x|> . (3.8)

||
Fi(z) < c|z|® /r_a_l (log ;)W dr. (3.9)
0

Fy(z)

and
c

Fi(z) < ——
(o) €~

According to (3.2) we have
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Put
t
—a—1 e\”
Gi(t)=[r (log f) dr0 <t <1,
T
0

e\7t+1
Hi(t)=t" <logg) , 0<t<l.
Then there is ¢; > 0 such that
Gl(t) < ClHl(t)7 0<t<l, (310)

for all @ and v with —n < @ < 1—n, 79 < v < 71. Indeed, let us consider the
function Jy(&,t) = EH 1 (t) — G1(t), 0 <t < 1. We have

% = ¢l <log %)7 {§|OA| log§ —E(y+1) - 1} )

For any fixed &, the function 9J; /0t is positive in some neighborhood of the
origin and there is at most one point ¢ € (0,1) such that 0J,/9t(¢,te) = 0.
Furthermore, }irr(l) J1(§,t) = 0. Hence it suffices to choose & large enough so
—
that %m% J1(&,t) > 0. This proves (3.10).
—

Consequently, by (3.9) and (3.10),

e v+1
Fi(z)<c (log x|) . (3.11)
Combining (3.7), (3.8), and (3.11) we get (iii).

Prove (iv). Fix y with —n < v < —=1. As 8 = —n we have a++n = a < 0.
By (3.2) and (3.3),

e \ 7t
Fi(x) < c|z|* <log |x|> (3.12)
and ] 5
cla|® e
F. < log — 1
o) < 25 (o) 19

respectively. The estimate (3.4) implies that

1
Fs(z) < c/ro‘_l (log ;)’Y dr. (3.14)

||
Similarly as in the proof of (iii) we shall show that there is ¢ > 0 such that

Gg(t) < CQHQ(t)7 0<t< 1, (315)
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where

Go(t) = /ro‘_l <log E>A{ dr, 0<t<l,
o e\ 7+l

Hy(t) =t (logg) , 0<t<l

The function Jy(§,t) = £Ha(t) — Go(t) is increasing in . Fix £ > 0 and

consider Jo(&, .). Clearly J2(€,1) > 0 and

0J2(&,t) 4 e\ e
EERE o1 (10g %) aglog  — 1)+1

3 (ogt aglog s —&(y+ 1)+
and we see that 0.J3/0t(&,t) < 0 for ¢ small. The function M (t) = alog(e/t)—
€(y+1)+1 is increasing and it vanishes at t = exp[l — (v + 1)/a+ 1/(af)].
Therefore it suffices to find {, > 0 such that t¢, > 1; then M will be negative
in (0,1) together with 0.J2/0t(&o,t). This gives

1

co =& >
la| — [y + 1

(observe that —a+~v+1>n—1+4+1—n=0). From (3.14) we arrive at

C (& vl
F < ——  |x|® | log — . 3.16
W) < G (Og |x|) (3.16)

The proof of (iv) is now complete by summing up the estimates (3.12), (3.13),
and (3.16).

It remains to prove (v). Let «, 8, v satisfy the assumptions. By (3.2) and
(3.4) we have

1
Fi(z) < 2~ (e+h+n) T |z TAT < ¢y, x € B, (3.17)
and
C3 e
Fi(z) < log — 1
)< 1547 ((oeg) )
(3.18)
cs
< r€B
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Further,
Fala) <270al? [ 1o =yl dy
B3
3|z|
<278 z)? / retr=L gy (3.19)
0
< e , T € B.
a+n
Putting together (3.17), (3.18), (3.19), we get (v). O

Theorem 3.2. Let I f(x f|x—y|1 ™ f(y) dy, f=0, f ELloc

(i) If -n < 6 <0, then

(/ |If<x>|Q|x|5d:v) < cqV (/ e "dx) (3.20)
B

for large q’s, with ¢ independent of f and q.
(ii) If0 < d <n(n—1), then

1/q
( /1 le‘”"lf(m)l"lxl‘”dx)
B

(3.21)

n

< cqt/ ( [ 15tz |x|5dx)
for large q’s, with ¢ independent of f and q.
(iii) If § <mn—1, then
e §/n—1/n’ q e -1 1/q
(/' <log > If(x)| |=|™™ <log > d:r)
J IV Tl E

(3.22)

([ (i) )

for q > n, with ¢ independent of f and q.
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(iv) Letn < 0. Then

| \nt 1 (3.23)
< gt/ ( Jis@r <log|$|) da:) ,
B

for g > n, with c independent of f and q.

PROOF. Let
Aly) = / ly — 270 (2) dz,
B

and

0(a) = [ o= o0 uty) A dy.
B
Then (2.5) becomes

w(z)
p(z)

Csup< )n/qy'/(x)<oo.

zEB

Step 1. We prove (3.20) for 6 = 0. It is w = v = 1 and putting ¢ = 1 we
have

Aw) = [ly =20z
B

which is of type (3.1) where § =+ =0 and

/

qn qan
If ¢ > n, then
< I . 1
—n o = — — = —n.
1+n'/q 1+n'/n
By (3.24),
/

g+n"  qg+n

An application of Lemma 3.1 (i) yields
! ’ 1 2 !
Aly) < e/ latn) ( + (q+,n)> <dq, yeB,
n nn
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thus
U(z) < cq”,/q / |lx — y\r(k") dy, x € B.
B
Since q"// 4 < ¢n'/¢ the same argument as above implies that
U(x)<cq, wEB, q>n,

therefore,

n'/q
sup (w(x)) ¥(x) < eq, re€B, g>n. (3.25)
reB go(x)

Step 2. We prove (3.20) for —n < § < 0. We have w(z) = |z|°, v = 1, and
we put ¢(z) = |z|°. The integral

Aly) = / ly — 2|72 dz
B

is of type (3.1) with v = 0, 8 = § > —n, and « given by (3.24). If ¢ is
sufficiently large, say, ¢ > qo, then a + 8 +n = nn’ oy 5 <), Furthermore,

q+n’
B+n=30+n and a+n= qﬁ”?;, > 0. Applying Lemma 3.1. (ii) we get
1 q + n/ 1 5 ’ ’
Aly) < +nn'/(g+n")
(y)c(5+n+ nn' +|5—|—nn’/(q—|—n’)|)|y|

< daly|H+m /@),

Hence
n/

U(x)<e / =y Oy Ty,
B

The last integral is of type (3.1) with « given by (3.24), v = 0, and

nn' n  on
e
Further,
/ / 5/
at+p+n=— qn/ nn/ LR
+n g+n q q
/
1)
_nntd)
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Hence Lemma 3.1 (i) can be applied and we get ¥(z) < cq, zeB, q>

qo. As a result, a

n'/q

sup (w(x)> V() <cq, g2 qo.
rEB QO(‘T)

Thus we have proved (3.20).
Step 3. We prove (3.21). This time

w(z) = 2|77 and  w(z) = |2]° with 0 < § < n(n — 1),

and we put p(z) = |z|°, © € B, where —n < ¢ < min(—1,0 — n). Then
= [y — 2["3=™|y|* dy is of type (3.1) with v =0, B = ¢, and a as in
B

(3.24). Wehave a+n= 22 >0, B+n=c+n>0, and if ¢ > n, then

q+n/

!/ /!

a+ﬁ+n:ﬂ+fs< n,+€=1+£<0.
qg+n n

/

According to Lemma 3.1 (i) we get A(y) < cqly|=t™™"/(@+1) which gives

en’

W(.T) g C/|1~_y|’f‘(1—n)|y|%%+ n'

" dy. (3.26)

We verify that the parameters in (3.26) satisfy the assumptions in (ii) of
Lemma 3.1. As before, we have o+ n = nn’/(q +n’). Further,
nn' n' en’  dn/

ﬁ—i—n:i,-——i—————i—n
qg+n q q n

which tends to the positive limit n — dn’/n for ¢ — oo. Finally,

nn’ nn' n'  en’ on’

OC+B+TLZT+

v Tt e T
nn'  en’ on'

g g n

which is negative iff ¢ > n(n +¢)/0. But € < J —n so that o+ 4+ n < 0 for
each ¢ > n. Consequently, ¥(z) < c¢g™ /aten/a=n'/n o> ¢4 and

o= (7 ) ¥ ()

< cq|x\7< —e)trp e o (3.27)
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The inequality (3.21) now follows.
Step 4. We prove (3.22). We have

> (6/n—1/n")q—1

w(z) = x| <loge and v(z) = (log |;)5

||

and this time we take

o) = ] " (lgm)

g
with —n < & < —1. Then A(y) = [|y — 2["0=™)|z|" (1og ﬁ) dz, and
B
because a+n =nn'/(¢+n’) and —n < e < —1 we can use Lemma 3.1 (iv) to

e+1
obtain A(y) < cqly|"—™) (log ﬁ) . This yields

¥(a) e [ fo gl
B

e n’(e+1)/q—6n'/n
X <log |y|> dy.

(3.28)

The right hand side of (3.28) permits use of Lemma 3.1 (iii). Indeed, we have

a+n= < 1 for g > n,

q+n
! 1_ /

Bin= W (Q=mn’ _ na g
q+n q q+n
nn’' n

a+pB+n= + 4 _p=o.

g+n  q+n

Further, let v = (e4+1)n'/q—dn’/n. Because § < n—1 we have —én'/n > —1.
Choosing ¢ sufficiently close to —1 so that 7g =+ 1 — ”T,‘S > —1, we get, for

’ y+1
q > n, that —9% > v > 4 > —1. Whence (3.28) yields ¥(z) < cq (log ﬁ)

n
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for ¢ > n, and

n'/q
sup (x) U(x)
TEB :C)
(5/n—1/n/)q—l n'/q
log (e+1)n' /q—én' /n+1
Irl e
< cq sup = log — 2]
zeB
(108 )
(8/n—1/n")n"—n'/q—en’ /q+en’ /q+n’ /qg—n' /n+1
< c¢q sup log )
zeB ‘ |
< .

Thus we have proved (iii).
Step 5. Now we prove the remaining estimate (3.23). Without loss of gener-
ality let us assume that 1 —n < n < 0. We have

v(z) = <log| )n_l, w(z) = |z|~ ”<log| |>n_1, z € B.

n
Put ¢ = w. Then A(y f ly — 2["@=) |z (log E |) dz is of type (3.1)

witha =r(1-n), 8 = —n, and v =n—1. Our choice of v gives —n < v < —1.
Therefore we can apply Lemma 3.1. (iv) to get

A(y) € —— @) (10 ‘3)" €B
y_r(l—n)+ny g|y| ) ) .

This yields

vor< (b))

e n'n/q—1
/|$ |r(1 n)|y|r(1 n)n’/q <10g| |> dy

for z € B, with the integral on the right hand side of type (3.1) where

qn
q+n'’
n nn'

B:r(l—n;):—q+n,

a=r(l—-n)=-—
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and a + 8+ n = 0. Making use of Lemma 3.1 (v) we arrive at

N\ "' /a l
(r) <o LH" a+n . q
nn/ nn/ [n|n’

< cq, x € B.

As w = ¢ we are done. O

Remark 3.3. The validity of (3.20)—(3.22) for large ¢’s is enough to establish
embedding into the appropriate weighted Orlicz spaces with a Young function
equivalent to @(t) = expt™ — 1. It is of independent interest. However, that

(i) if —n < 6 <0, then

1/n

1/q ) - |
(B/f($)|q|x|5dx> < cq/ <B/|Vf(x)| d) (3.29)

for all f € C§°(B) and all ¢ > 1, with ¢ independent of f and g;

(ii) if 0 < 0 < n(n — 1), then

,nzl/" ) . xl/n |
(B/Iasl‘” F(@)[" || d) < <B/|Vf( )" |5d) (3.30)

for all f € C§°(B), with ¢ independent of f;

(iii) If 6 <0, then

(!‘(1Og |Z>5/n—1/"l f(z) n|$|—n (10g |:;|)—1 dw)””
< C(B/Wf(x)n (10g|;|)5 dx)l/n

for all f € C§°(B), with ¢ independent of f.

(3.31)

The proof of (3.29) goes in a straightforward manner from (3.20). We know
that (3.20) holds for exponents greater or equal to go. Fix ¢ < go. Then, by



EMBEDDINGS OF WEIGHTED SOBOLEV SPACES 411

Hoélder’s inequality,

a/90 1—q/qo
B/ liat ae < B/ F@Ielel i) | ( B/ ol o)
<o B/ Vi@ )

The inequality (3.30) can be reduced to the one-dimensional Hardy’s in-
equality (see, e.g. [C])

1 1/n I 1/n
( / If(t)"t5‘1dt> < ( [ dt) 7
0 0

for all f € C*°(]0,1]) such that f(1) =
As to (3.31), it is also sufficient to consider the one-dimensional case

</|f % log ;)H dt>1/n < c</1|f’(t)|"t”1 <log ;)6 dt)
0

for f € C*([0,1]), f(1) = 0. According to [Mal], p. 72 or [Ma2], Subsection
1.3.1 this inequality holds iff

1/n

t

1 ’
5 n d 5 —n'/n 1/n
sup (/ log S) (/ [ 1og ] ds) < 00,
0<t<1 /

0

which is indeed the case.

Remark 3.4. The inequalities (3.29) and (3.31) do not hold if ¢ < n. Namely,
as to (3.29), we would have

1 1
1/q 1/n
(/ |lg(t)|at—1Ha/m dt) < c(/ g/ (t) |01 dt> (3.32)
0 0

for all g € C*°([0,1]), g(1) = 0 (put f(z) = g(|=|) in (3.29)). But (3.32) is false
(see, e.g. [Mal], p. 76 or [Ma2], Subsection 1.3.2). The argument for (3.31)
with ¢ < n is analogous.
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4 Weighted Estimates for Gradients

In this section we shall establish necessary conditions for the weighted in-
equalities between the function and its gradient, supported in the unit ball.
Combining results from this and previous section we shall arrive at necessary
and sufficient conditions.

Recall that n > 3. Fix gg > 1 and consider first the inequality

1/n

1/q
(]_ZH:C' f(@)] I:c|”dx> ch(Z|Vf(:E)| |x5dx) (4.1)

for f € C§°(B), ¢ > qo, where ¢, €, and 7 are real valued parameters.
Lemma 4.1. Suppose that (4.1) holds.

(i) Letn> —n. Thene >0 if 6 <0 ande > d6/n if 6 > 0.

(ii) Letnp=-n. Thene > 040 <0 ande>§/n if § > 0.

(i) Letn < —n. Thene >014fd <0 ande > /n if 6 > 0.

PROOF. Suppose that (4.1) holds for some §, €, n € RL. Putting f(x) = ¢(|z]),
p € C™, p(1) =0, we get

1 1 1
/4 1/n
(/|(p<t)|qteq+7l+n—1 dt) <¢q </|(p/(t)|nt6+n_1 dt) (4.2)
0 0

for all ¢ > qo. Let

t 1/q 1 /
= ( fswrncra) (o)
0 t

Then (4.2) implies (cf. [Mal], p. 72 or [Ma2], Subsection 1.3.1) that

1/n’

By, = sup By(t) < oo, q> qo, (4.3)
o<t<1

and it follows that, necessarily, € > 0. Indeed, if ¢ < 0, then
lim (eq+n+n—1)=—0
q—o0

which contradicts to (4.3).
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Proof of (i). We already know that € must be non-negative. Therefore it
suffices to show that € > é/n for § > 0. Fix § > 0. We have

B,(t) = Cta-&-(n-ﬁ-n)/Q—tS/n(l _ t&n'/n)l/n/’ (4.4)
whence by (4.3),
é
€_E+n:n20 for all ¢ > qo, (4.5)

and this gives € > d/n.
Proof of (ii). In this case we assume n = —n. If ¢ = 0, then

¢
/saq+”+”_1 ds = o0 (4.6)
0

and (4.3) does not hold. Therefore ¢ > 0. If § > 0, then ¢ > §/n because of
(4.5).

Finally to prove (iii). Let n < —n. Again, ¢ = 0 can be excluded because
(4.6) holds, too. Finally, if § > 0, then we have (4.4) and (4.5) as before.
Because n +n < 0 we get € > d/n. O

Theorem 3.2 (i), (ii) and Remark 3.3 yield the estimates

1/q , . A |
<B/|f(m)|q|x"dx) < cq"/ (B/Vf(x) d) . og>1, (4.7)

for all f € C§°(B) provided —n < n <0, and

1/q
( [ 1l @ dx)
B
1/n
gcql/n’(/ |Vf<x>|”|x|“dx) azn,
B

for all f € C§°(B) provided 0 < § < n(n —1). We observe that this is an
immediate consequence of the well-known inequality |f(z)| < c[I(V f)(z)]| (see,
for instance, [GT], Chapter 7).

Theorem 4.2. Let §, e, 1 € R and § < n(n —1). Then there is qo > 1 such
that (4.1) holds for every f € C§°(B) and every q > qo if and only if any of
(1), (ii), (iil) from Lemma 4.1 holds.
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Moreover, if c; denotes the best possible constant in (4.1), then
a<cg’™,  qg>q (4.9)

The constant ¢ in (4.9) may depend on 6, €, n, n and qo, but it is independent
of q.

PRrROOF. The “only if” part is a consequence of Lemma 4.1. We prove the “if”
part. Let n > —n, ¢ > 0, and § < 0. Then |x\5 > 1,z € B, and

eqtn < ‘x|77 if77<0’
1 —{1 if 7 > 0,

for all x € B and (4.7) yields the estimates (4.1) and (4.9). Let n > —n,
0 <6 <n(n—1),e>d/n Then |z[*9H" < |z~ € B, and (4.1)
and (4.9) follow from (4.8). Let n = —n, € > 0, § < ne. First, consider the
case € < n — 1. Putting 6. = ne, we have 0 < §; < n(n — 1) and § < J..
Consequently, (4.8) holds with 4. instead of . This also proves (4.1) and (4.9)
because |z|% < |z|°, z € B. Now, let ¢ > n — 1. Choose & with 0 < &< n — 1
and £ > §/n. By the above considerations, (4.1) holds with £ replacing e.
Further, |z|7~" < |2|9~", 2 € B. Thus we get (4.1) and (4.9).

The last case to investigate is (iii) from Lemma 4.1, that is, n < —n and
0<00rd>0 If6<0,let0<e<e. If 6 >0,let €=0d/n. In either case,

|z [9H7 < |27, x € B, qlarge. (4.10)

The triple §, £ (replacing ¢), and —n (replacing n) satisfies the conditions
in (ii) of Lemma 4.1. Thus (4.1) holds with these parameters. The desired
assertion follows now easily from (4.10). O

Remark 4.3. The assumption § < n(n—1) from Theorem 4.2 comes in when
establishing the sufficient condition — Corollary 2.4. Clearly, the function v is
supposed to satisfy v="/" € L;(B) and the choice v(z) = |z|° gives exactly
0 <n(n—1).

We now turn our attention to the inequality

<!‘ <1°g |;|> 7@ <10g |;|>H o dx) 1/a
<¢q (]!|Vf(x)|n (log |z|)6 d:c)l/n

for f € C§°(B), ¢ > qo, and real parameters 0, €, 7.

(4.11)
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Lemma 4.4. Suppose that (4.11) holds.
(i) Letn<0. Thene <0 ifé6 >n—1ande <d/n—1/n" if 6 <n—1.
(ii) Letn=0. Thene<0ifd>n—1ande <§/n—1/n" if§ <n—1.
(iii) Letn > 0. Thene <0 ifd>n—1ande <d/n—1/n" if 6 <n—1.

PROOF. Suppose that (4.11) holds for some d,e,n7 € R, go > 1. Take f(x) =
©(Jz|) with ¢ from the proof of Lemma 4.1. Then

eqtn—1 a
</|<p log ) dt)

(4.12)
) . enod 1/n
< nin— _
cq</|¢ e (10s5)” ar)
0
for all ¢ > qq. Let
t
eq+n 1 ds\ M9
CVICOMEY
s
o (4.13)
—n'/n 1/n’'
e\’ ds
: (/ e55) ] ;)
t
By (4.12) (cf. [Mal], p. 72 or [Ma2], Subsection 1.3.1),
B, = sup B,(t) < oo, ¢> qo. (4.14)
o<t<1
If € > 0 and ¢ is large, then
| log €)1 45 415
/ (og ) S = (4.15)

0

Hence (4.14) and, consequently, also (4.11) cannot hold and from now on we
can restrict our considerations to € < 0.

Prove (i). Given n < 0, all we have to show is € < d/n — 1/n’ whenever
0 <n—1. Let § < n— 1. Calculating the integrals in (4.13), we get

B = c (log )5+77/q+1/n —8/n [ (log )5n /n— 1} 1/n ’- (416
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By (4.14) this yields

n
+-4+5--<0, ¢>q, (4.17)
qg n n

and sending ¢ to oo gives € < d/n—1/n'.

Prove (ii). Let n = 0. If ¢ = 0, then we have (4.15) which cannot hold
simultaneously with (4.14) and (4.11). Going along the lines of the proof of
(i) we get € < §/n—1/n provided § < n — 1.

Finally prove (iii). Let n > 0 and ¢ > 0. Then (4.15) holds again and it
suffices to prove that ¢ < §/n—1/n’ for each § <n—1. If 6 <n — 1, then we
have (4.16) and (4.17). This time n > 0. Therefore (4.17) yields the claim. O

Before presenting the theorem on necessary and sufficient conditions, we
explicitly formulate two embedding inequalities related to Theorem 3.2 (iii)
and (iv). Namely, for all f € C§°(B) we have

§/n—1/n’ -1 1/
(/‘ (log e) flx) q|x|7” <10g 6) d:r) !
J IV T E

| 5 um (4.18)
<cg!/" (/Ivf( <log iz |> dw) . g=n,
B
where 6 < n — 1, and, similarly for all f € C5°(B),
n—1 1/q
(/ |f(z (log |) |z| =™ d;zc)
(4.19)

n—1 1/n
< eqgt/m </|Vf( <log| |> d:c) , q>n,
B

where 1 < 0.

Theorem 4.5. Let §,e,m € RY. Then there is qo such that (4.11) holds for
every f € C§°(B) and every q > qo if and only if any of (i), (ii), (iii) from
Lemma 4.4 holds.

If ¢; denotes the best constant in (4.11), then

ey < g™ (4.20)

The constant ¢ in (4.20) may depend on §, €, n, n and qo, but it is independent
of q.
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PROOF. The necessity is a consequence of Lemma 4.4. We prove the suffi-
ciency. First, let n <0, <0, and § > n — 1. Then

n—1 6
<log |;|> < (log |xe|> , x*€B, (4.21)

e eq+n—1 e n—1
<10g |x|> < <log > , x€B. (4.22)

|z
Combining (4.19), (4.21) and (4.22), we get (4.11) and (4.20).
Ifn<0,0 <n—1ande <d/n—1/n, the proof of (4.11) and (4.20) is
analogous, using now (4.18).

The second case corresponds to (ii) from Lemma 4.4. This time n = 0,
e <0and d > n(e+1/n). Put 6. = n(e + 1/n’). Then € = 6./n — 1/n/,

0. < n— 1. Further,
Oc )
e e
(log ) < (log ) , TEB. (4.23)
|z ||

According to Theorem 3.2 (iii) (cf. (4.18)) the inequalities (4.11) and (4.20)

hold for the parameter triple d., €, 0. Then (4.23) implies (4.11) for ¢, €, 0.
The last case is that of Lemma 4.4 (iii). We have n > 0. If 6 > n — 1,

choose e << 0,and if 6 <n—1, put €= 4§/n —1/n'. In either case,

e eq+n—1 e gq—1
<log |x> < <log > , x € DB, (4.24)

]

and

for large ¢’s. The triple d, £, 0, meets the assumptions of the previous case, that
is, it corresponds to (ii) from Lemma 4.4. Hence (4.11) and (4.20) hold with
the parameters 0, €, 0 and the desired assertion follows now from (4.24). O

Remark 4.6. The inequality (4.11) does not hold with any || ™" with > n
replacing |z|~" on the left hand side. This can be seen by an analysis of the
proof of Lemma 4.4 (the one-dimensional integrals become infinite regardless
of the choice of the remaining parameters). In this sense the inequality (4.11)
is sharp.

We now formulate consequences of Theorem 4.2 and 4.5 in terms of the
limiting embedding of the weighted Sobolev spaces in question into exponential
Orlicz spaces generated by Young functions

o0 tn’] .

j=k
where k is a non-negative integer. The proof is standard, using Taylor’s ex-
pansion of the exponential function.
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Theorem 4.7. Let §, ¢, 1 € R! and § < n(n —1). Then there is k € N such
that the embedding

Wo™(B, |2)°) = La, (B, |z|°, |2|") (4.26)

holds if and only if any of the conditions (i), (ii), (ii) from Lemma 4.1 is
satisfied.

PROOF. We prove the “if” part. Let f € C§°(B) be such that
[Vt de = 1.
B

According to Theorem 4.2 there is £ € N and ¢ > 0 such that

/ |2l £@) "] do < (en'5), = k.

This implies

ma, (f/A 2], |]") <Z (”J> < o0 (4.27)

if A > 0 is large enough. Oobserve that ¢, k and A in (4.27) are independent
of f. This proves (4.26). The “only if” part follows by reversing the above
arguments. O
Remark 4.8. In the case (i) of Lemma 4.1, that is, n > —n, the embedding
(4.26) is equivalent to Wy ™ (B, |z|°) < Lg, (B, ||, |z|"). Indeed, since |x|"
is integrable over B the Orlicz spaces Lg, (B, |z|¢,|z|") and Lg, (B, |z|¢, |z|")
coincide and have equivalent norms. This can be seen easily in view of equiv-
alence of @, and @ for any k, that is, taking into account that ®q(ct) <
& (t) < Pq(t) for large t’s and ¢ independent of ¢ and mimicking the argu-
ments of [KR|, Chapter II, Thm. 8.1. Note that, generally, Lg, (B,w1,w2)
and Lg,, (B, w1, w2) are equivalent if wy € Ly (B).

An analogous argument, invoking Lemma 4.4 and Theorem 4.5 leads to
the following assertion.

Theorem 4.9. Let §, £, 7 € RY. Then there is k € N such that the embedding

)
NN

holds if and only if any of the conditions (i), (ii), (ii) from Lemma 4.4 holds.

(4.28)
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Remark 4.10. If n < 0 (see Lemma 4.4. (i)), then the embedding in (4.28)
is equivalent to

Wém( (s |>5>%¢1< (s i) el (1%'))

This follows by an argument analogous to that in Remark 4.8.

Remark 4.11. It is also worth pointing out that the powers ¢ on the left
hand sides of (3.20), (3.21), and (3.22) are smaller than those gained from
a straightforward application of Young’s inequality to the convolution |z|'~" %
f in the non-weighted case. However, passing to the infinite series for the
exponential function is still possible without affecting the growth of @ in the
target spaces.

We conclude this section with considering the exclusive case n = 2. We
shall not pursue a detailed study of the corresponding logarithmic kernel
here. Instead we present a simple weighted embedding relying on the non-
weighted limiting embedding, and generalizing the classical non-weighted the-
orem. Again, the point of interest about the proof and the results is a dete-
rioration of the sublimiting embedding due to the use of Holder’s inequality
which, nevertheless, has no affect on the resulting target space.

Theorem 4.12. Letn =2, ¢ >0, w € L1, (B), ¢(t) = expt? — 1, t € RL.
Then Wy *(B) < Lg(B,1,w).

PROOF. Let ¢ > 1,7 > 1, 1/r+ 1/ =1, 7 > 1+1/¢, and f € Wy *(B).

Then
1/r
Z (@) () d < ( B/ 7)) dw) lwl,..

<c|lflf,, <ele)/rrig?

for some c and ¢’ independent of f and w. Now it is easy to finish the proof. [
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