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RIGIDITY OF INFINITE
ONE-DIMENSIONAL ITERATED
FUNCTION SYSTEMS

Abstract

In [MU] the concept of infinite conformal iterated function systems
was introduced and developed. In this paper we consider 1-dimensional
systems. We provide necessary and sufficient conditions for such systems
to be bi-Lipschitz equivalent. We extend to such systems the concept
of scaling functions and we pay special attention to the real-analytic
systems.

1 Preliminaries.

In [MU] we provided the framework to study infinite conformal iterated func-
tion systems. Let us recall this notion assuming that X is a 1-dimensional
interval. Let I be a countable index set with at least two elements and let
S ={¢;: X = X :i € I} be a collection of injective contractions from X
into X for which there exists 0 < s < 1 such that p(¢;(z), ¢:(y)) < sp(z,y)
for every ¢ € I and for every pair of points x,y € X. Thus, the system S
is uniformly contractive. Any such collection S of contractions is called an
iterated function system. We are particularly interested in the properties of
the limit set defined by such a system. We can define this set as the image
of the coding space under a coding map as follows. Let I* = |J,,~, I"™, the
space of finite words, and for w € 1™, n > 1, let ¢, = Py, © Gy © -+ 0 Py, -
If we I*UI® and n > 1 does not exceed the length of w, we denote by w|,
the word wiws . ..w,. Since given w € I°°, the diameters of the compact sets
bu),, (X), n > 1, converge to zero and since they form a descending family, the

Mathematical Reviews subject classification: 26A18, 28D05, 58F03, 58F11 and 58F12
Received by the editors September 9, 1997
*Partially supported by TARP Grant 003594-017

275



276 PAwEL HANUS AND MARIUSZ URBANSKI

set ﬂiozo by, (X) is a singleton and therefore, denoting its only element by
m(w), defines the coding map 7 : I*® — X. The main object of our interest
will be the limit set

J=n(I*)= ] [ Gun(X).

wel>® n=1

Observe that J satisfies the natural invariance equality, J = (J;c; #:(J). No-
tice that if I is finite, then J is compact and this property fails for infinite
systems.

Definition. An iterated function system S = {¢; : X — X : ¢ € I} is said to
satisfy the Open Set Condition if there exists a nonempty open set U C X (in
the topology of X) such that ¢;(U) C U for every i € I and ¢;(U)N¢;(U) =0
for every pair i,j € I, i # j.

An iterated function system S satisfying the Open Set Condition is said
to be conformal (c.i.f.s.) if the following conditions are satisfied.

(a) U = int(X).

(b) There exists an open connected set X C V' C R such that all maps ¢;,
i € I, extend to C"' diffeomorphisms of V into V.

(¢) Bounded Distortion Property(BDP). There exists K > 1 such that

60, (W)| < K4, (2)|

for every w € I* and every pair of points x,y € V, where |¢/,(z)| means
the norm of the derivative.

For simplicity and clarity of our exposition we assumed the open set U ap-
pearing in the open set condition is int(X). As was demonstrated in [MU],
conformal iterated function systems naturally break into two main classes,
irregular and regular. This dichotomy can be determined from either the ex-
istence of a zero of a natural pressure function or, equivalently, the existence
of a conformal measure. The topological pressure function, P is defined as
follows. For every integer n > 1 let

Ynlt)= 32 N6 1" and P(1) = Tim ~log, (1)
welm™

For a conformal system S, we sometimes set s = 13 = 1. The finiteness
parameter, 0g, of the system S is defined by inf{t : (t) < co} = 5. In [MU],
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it was shown that the topological pressure function P(t) is non-increasing on
[0, 00), strictly decreasing, continuous and convex on [, 00) and P(1) < 0. Of
course, P(0) = oo if and only if T is infinite. In [MU] (see Theorem 3.15) we
have proved the following characterization of the Hausdorff dimension of the
limit set J, which will be denoted by HD(J) = hg.

Theorem 1.1. HD(J) = sup{HD(JF) : F C I is finite } = inf{t : P(¢) < 0}.
If P(t) =0, then t = HD(J).

We called the system S regular provided that there is some ¢ such that
P(t) = 0. It follows from [MU] that ¢ is unique. Also, the system is regular
if and only if there is a t-conformal measure. Recall that a Borel probability
measure m is said to be t-conformal provided m(J) = 1 and for every Borel
set A C X and every i € [

m(u(A)) = /A (641" dm and m(:(X) 1 6;(X)) =0,

for every pair i,57 € I, i # j. We recall also (see [MU, Theorem 3.8]) that
there exists an invariant measure p (in the sense that for every measurable
set A, u(U;en 9i(A)) = p(A) equivalent with m and du/dm is bounded away
from zero and infinity.

Finally, we call two iterated function systems {f; : X — X,i € N} and
{9: :' Y — Y,i € N} topologically conjugate if and only if there exists a
homeomorphism h : Jp — Jg such that ho f; = g; o h for all i € N. Then by
induction we easily get that ho f, = g, o h for every finite word w.

2  General Systems.

The main result of this section is the following assertion.

Theorem 2.1. Suppose that F = {f; : X - X,i € N) and G ={g; : Y —
Y,i € N} are two topologically conjugate one-dimensional conformal iterated
function systems. Then the following 4 conditions are equivalent.

(1) 38 > 1Vw € N*
g1 o diam(g,(Y))

= dam(7,(X)) =

(2) 9., (yw)| = |fL(xw)| for all w € N*, where z,, and y., are the only fized
points of f, : X — X and g, : Y — Y respectively.

(3) IE>1VweN B <&l <F
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(4) For every finite subset T of N, HD(Jg 1) = HD(Jg,r) and the conformal
measures mg,r and mg, © h~t are equivalent.

Suppose additionally that both systems F' and G are regular. Then the following
condition is also equivalent with the four conditions above.

(5) HD(Jg) = HD(Jg) and the conformal measures mg and mp o h™1 are
equivalent.

PROOF. Let us first demonstrate that conditions (2) and (3) are equivalent.
Indeed, suppose that (2) is satisfied and let K and K¢ denote the distortion
constants of the systems F and G respectively. Then for all w € N*, ||¢/ || <
Kolg, (o)l = Kolfy (o)l < Kallfol| and similarly [[£5]] < Kellg,l So
suppose that (3) holds and (2) fails, that is that there exists w € N* such
that |g,,(yw)| # |fL(zw)]. Without lose of generality we may assume that
19, ()| < |fL(zw)]- For every n > 1 let w™ be the concatenation of n words
w. Then g,n(Yw) = 97 (Yw) = Yw and similarly fun(zy,) = zy,. So, Tyn =
xy = p(w™) and yun = Y, = 7e(w). Moreover |gln (yw)| = |9, (yw)|™ and
[ (@)] = 1 (2)]". Hence

On the other hand, by (3) and the Bounded Distortion Property

! =1,/
|g(;1” (yw)| Z KG |/|gw"|‘ 2 E~
| fiom ()] [1fn ]

for all n > 1. This contradiction finishes the proof of equivalence of conditions
(2) and (3). Since the equivalence of (1) and (3) is immediate, the proof of
the equivalence of conditions (1)-(3) is finished.

We shall now prove that (3) = (5). Indeed, it follows from (3) that
E7Y%Wan(t) < Ypa(t) < Evgn(t) for all t > 0 and all n > 1. Hence
P (t) = Pp(t) and therefore by Theorem 1.1, HD(Jg) = HD(JF). Denote
this common value by h. Although we keep the same symbol for the homeo-
morphism establishing conjugacy between the systems F' and G, it will never
cause misunderstandings. Suppose now that both systems are regular (in fact
assuming (3) regularity of one of these systems implies regularity of the other).
Then for every w € N*

1K51

Cn o KR me((e) I

< < —t < (EKe)h.
gl 1" ma(9u(Ja)) = KG"||gl |

(KrE)
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So, the measures mg and mp o h~! are equivalent, and even more

dmp oh™!

KrE) ™" <
(F) - dmg

< (EKe)".
Let us show now that (5) = (3). Indeed, if (5) is satisfied, then the measure
pr o h=1 is equivalent with ug. Since additionally pp o A~ and pug are both

ergodic (see Theorem 3.8 of [MU]), they are equal. Hence, using the equality
HD(Jp) = HD(Jg) := h, we get

g lI" = / g1 dme = ma(ge(Je)) = nolge(Je))
— i o (g(U6)) = e (fulTr)) = e (fu(T))
- /\f;\hdmp = |I7I1

and raising the first and the last terms of this sequence of comparabilities to
the power 1/h, we finish the proof of the implication (5) = (3).

The equivalence of (4) and conditions (1) - (3) is now a relatively simple
corollary. Indeed, to prove that (3) implies (4) fix a finite subset T of N. By (3)
E=Y < ||fLI/1lgL]] € E for all w € T*, and as every finite system is regular,
the equivalence of measures mg v and mp o h~! follows from the equivalence
of conditions (3) and (5) applied to the systems {f; : 4 € T} and {g; : i € T}.
If in turn (4) holds and w € N*, then w € T*, where T is the (finite) set of
letters making up the word w and the measures mg,r and mp o A1 are
equivalent. Hence, by the equivalence of (2) and (5) applied to the systems
{fi:i €T} and {g; : i € T} we conclude that |g,(y.)| = |f,(z,)|. Thus (2)
follows and the proof of Theorem 2.1 is finished. O

We say that a conformal system {¢; : X — X : 4 € N} is of bounded
geometry if and only if there exists C' > 1 such that for all 7,j € N, i # j

max{diam(¢;(X)),diam(¢;(X))} < Cdist(¢;(X), ¢;(X)).

The next theorem provides a necessary and sufficient condition for two systems
of bounded geometry to be bi-Lipschitz equivalent.

Theorem 2.2. If both systems {f; : X - X :i €N} and{g;: Y - Y :i € N}
are of bounded geometry, then the topological conjugacy h : Jy — Jg is bi-
Lipschitz continuous if and only if the following two conditions are satisfied.

(a) Q71 < %‘:gg;; < Q for some Q@ > 1 and all w € N*.
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_1 _ dist(g:(0).9;1)) - .

b) D71 < — 2220 < D for some D >1 and alli,j €N, i # j.

(b) 7dist(f,',(X),fj(X)) <D Z J #J
ProOF. First notice that, due to the boundedness of geometry of F' and G,
(a) and (b) remain true, with modified constants @ and D if necessary, if X

is replaced by Jg and Y is replaced by Jg respectively. Suppose first that
x € fi(Jrp) and y € f](JF) with ¢ # j. Then

|h(y) — h(z)| < diam(g;(Jg)) + dist(gi(Jc), 9j(Jc)) + diam(g;(Jg))
< Qdiam(fi(Jr)) + Ddist(fi(Jr), f;(Jr)) + Q diam(f;(Jr))
<2QCdist(fi(Jr), f;(Jr)) + Ddist(fi(Jr), f;(JF))
< (2QC + D) dist(fi(Jr), fi(JF))
< (2QC + D)ly — =

Suppose in turn that « # y both belong to the same element fi(Jr). Then
there exist w € I* (Jw| > 1) and ¢ # j € N such that z,y € f,(Jr), z €
fwi(Jr) and y € fy,;(Jr). From what has been proved so far we know that
9.1 (h(y)) — 95" (A(2))] < (2QC + D)If; (y) — f5 ' (@)]. Since |y — 2| =
Fol1£> ) = £2 ()] and [h(y) — h(@)] = llgLlllgs ((y)) — g5 (B(z))], we
get

19|l

£

where the comparability sign we have written due to (a) and equivalence of
conditions (1) and (3) of Theorem 2.1. In the same way we show that h~! is
Lipschitz continuous which completes the proof of the first part of our theorem.

So suppose now that h is bi-Lipschitz continuous. We show that conditions
(a) and (b) are satisfied. Indeed, to prove (a) suppose that a and b in f,(JF)
are taken so that |h(a) — h(b)| > 5 diam(g,(Je)). Then

|h(y) — h(z)| < const

ly — x| < |y — x|,

diam(g,,(Jo)) < 2|h(a) — h(b)| < 2L|a — b < 2L diam(f,(Jr)),

where L is a Lipschitz constant of h and h~!. In the same way it can be
shown that diam(f,(Jr)) < 2L diam(g.,(Jg)) which completes the proof of
property (a). In order to prove the right-hand side of property (b) we proceed
as follows. Fix i,j € N, i # j and a # b € Jp. Then

dist(g:(Y'), g;(Y)) < dist(9:(Je), 9;(Ja)) < |gi(h(a)) — g;(R(D))]
= |h(fi(a)) = h(f; (b)) < L[fi(a) — f;(b)]
< L(diam(f;(X)) + dist(f;(X), f;(X)) + diam(f;(X)))
< L(2C + 1) dist(f;(X), f;(X)),
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where the last inequality we wrote due to boundedness of geometry of the
system {f; : i € N}. O

Remark 2.3. Notice that Theorem 2.1 and Theorem 2.2 remain true without
assuming that the phase space X is one-dimensional. We only need to know
that the maps f; and g; are conformal and the assumption (2.7) of [MU] is
satisfied.

Remark 2.4. Suppose now that the maps i — ¢;(X) are monotone; that is
suppose that for all ¢ and j, ¢ < j implies ¢;(X) < ¢;(X). We claim that, then
the bounded geometry of the system is equivalent with the following weaker
condition

max{diam(¢;(X), diam(¢;11(X)} < Cdist(¢;(X), pi+1(X)).

Indeed, if 7 < j, then

max{diam(¢;(X), diam(¢;(X)}

< max {max{diam(y(X)), diam(és1 (X))} }

< igrl?gajx—l{c dist(¢r(X), prt+1(X))}

< Cdist(¢;(X), ¢;(X)),

where writing the last inequality we used the monotonicity of the map i —
¢:(X). The opposite implication is obvious.

Remark 2.5. If both maps i — f;(X) and ¢ — g¢;(X) are monotone, then
condition (b) of Theorem 2.2 can be replaced by the following.

1 dist(g9x (Y),9k+1(Y))
(¢) 7' < Gar iy < C

for some constant C' > 1 and all k¥ € N. Indeed, assuming (c) this follows from
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the following computation.

dist(g:(Y), g;(Y)) = idiSt(gk(Y)vngrl(Y)) + i: diam (g (X))
k=i k=i+1
<Y Cdist(fi(X), finr (X)) +Q Y diam(fi(X))
k=1 k=i+1

J—1
<max{C,Q} <Z dist(fx(X), fe+1(X))

k=i

+ i diam(fk(X))>

k=i+1

=max{C, Q} dist(fi(X), f;(X))

3 Real-analytic Systems

We call a 1-dimensional system ® = {¢; : X — X,i € N} real analytic if and
only if there exists an open topological disk D such that all the maps ¢; extend
in a conformal (so 1-to-1) fashion to D into D. Suppose that ® is regular.
Let m be the conformal measure associated to the system ® and let 1 be the
only probability invariant measure equivalent with m (see [MU,Theorem 3.8],
where this measure was denoted by p*). We call the system ® non-linear
dp o ¢;
dp
constant. We shall prove the following theorem which is stronger than both
Theorem 2.1 and Theorem 2.2.

(comp. [S1]) if and only if at least one of the Jacobians J,, = is not

Theorem 3.1. If both systems {f; : X - X :i €N} and{g;: Y - Y :i € N}
are real-analytic, reqular, and non-linear, then the following conditions are
equivalent.

(a) The conjugacy between the systems {f;: X - X :i € N} and {g; : Y —
Y :i € N} extends in a real-analytic fashion to the convex hull of Jp.

(b) The conjugacy between the systems {f; : X - X :i € N} and {g; : Y —
Y :i € N} is bi-Lipschitz continuous.

(c) 19, (yu)| = |fL(xy)| for all w € N*, where x,, and y,, are the only fized
points of f, : X — X and g, : Y — Y respectively.
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_y _ diam(g.(Y))
Is>1 STl I 2§
(@) 38 2 1w eN° S < p e o <8
/
() IE>1vwe N g1 < Wl . p

Irl
(f) HD(Jg) = HD(JF) and the measures mg and mp o h™! are equivalent.

(9) The measures mg and mpg o h™1 are equivalent.

PROOF. The implication (a) = (b) is obvious. That (b) = (c) results from the
fact that (b) implies condition (1) of Theorem 2.1 which in view of this theorem
is equivalent with condition (2) of Theorem 2.1 which finally is the same as
condition (c¢) of Theorem 3.1. The implications (¢) = (d) = (e) = (f) have
been proved in Theorem 2.1. The implication (f) = (g) is again obvious. We
are left to prove that (g) = (a). As the first step we shall show that if a regular
system {¢; : i € N} is real-analytic, then the Jacobians Jy  of all the maps ¢,
w € N* with respect to the invariant measure p are also real analytic. Since
d(m o ¢y)
dm
real-analytic function, the function |¢
to check that

dpo ¢y,  dpog¢, dmog, dm _ du dmo ¢, dm

dn dmooy, dm dp _dm "% Tdm du

= |¢/,|"* and since ¢/, | x is a real-valued, either positive or negative,
/ |h

| is also real-analytic. Consequently,

is real-analytic it suffices to check that j—ﬁL is real-analytic. Let D C C be the
open topological disk claimed in the definition of real analytic systems. Since
for each w € N*, |¢/ ||x =T ¢/ |x, all the derivatives extend (complex) analyt-
ically to the corresponding maps v(w)@.,, where v(w) € {1,—1}. Given n > 1
consider the series of (complex) analytic functions £"(1) = Z‘w‘:n(u(w)d})h,
where (v(w)¢),)" are well-defined since D is simply connected. Fix ¢ € X.
By the Koebe Distortion Theorem and (3.3) of [MU] for all n > 1 and all

xr € D we can write

> (@)l (@)

|w|=n.

< D IgL@I" < KM Y gl (o)l

lw|=n. lw|=n.

= K"£™(1) (o) < K2

Hence, the maps £™(1) : D — C form a normal family in the sense of Montel.

Since for m-a.e. point z, £L™(1)(x) converges to p(x) = j—v’fl(x), we conclude

more, that £"(1)|p converges to an analytic extension of p on D. We will
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keep the same notation p for this extension. So, we have proved that all the
d
Jacobians Jy, = %@J are real-analytic, and in fact, extend analytically
i
onto D. Now suppose that condition (g) of Theorem 3.1 is satisfied. Then
dug oh

ur = pe o h meaning that J, = = 1. Since ho f, = g, o h, the chain

rule implies that Jy o f,,- Jy, = Jg, thF- Jn and consequently Jy = Jy_ oh. Let
now g; be a contraction produced by non-linearity. Notice, then that J,, has
only finitely many extremal points, since otherwise the equation J; =0 would
have an accumulation point in Y which in turn would 1mply that Jg, would
be constant on Y, contrary to the choice of g;. Hence J o Jy, is well-defined
and 1-to-1 on an open set V. C X, and h = J; 10Jf on VﬁJF Consider now
w € N* such that f,(X) C V. Denote by CF the convex hull of Jr. Then
the map g, ' o (J,' o Jy) o fo : Cp — Y is well-defined, extends h, and is
real-analytic. O

4 Scaling Functions

From now on we assume that all our systems satisfy condition (a) of Lemma 2.2
of [MU]. This condition reads as follows.

There are two constants L > 1 and « > 0 such that

167 (w)] = li()I] < LI (¢n) 7M™y — 2l (4.1)

for every i € I and every pair of points x,y € V. As a byproduct of the
demonstration that (b) = (c) (p. 112 of [MU]) we have shown that for all
w € N* say we N* and all xz,y € X

llog |¢,, (y)| — log |4,,( Z )7HI 10, Wn—i)| = 160, (@n—3)l,

where 2z = ¢u,_,,, 00 ¢y, (2). In view of (4.1) this estimate continues as
follows.

|log |6, ()] —log |¢,(2)|| <> Llyn—; — xn_;|*

j=1

Z Lsya|y ‘ (42)

n—
Jj=0

L
= oy —xl®
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or equivalently

exp< L |y_x|a> _ leLw) <exp<

ly — wla>~ (4.3)

1—s® ~ ¢l ()] 1—s®
Now, since for every ¢ > 0 sufficiently small |e! — 1| < 2¢, we get
96 (y)|
oL W)l = 6L (@)| = |25 — 1|du(@)]
2L o 2L sl N
< ly — z[*[¢,(z)] < ly — x|

1—s@ 1— s«

In order to define scaling functions we will need the following basic lemma.

Lemma 4.1. If {¢, : X — X : n > 1} is a one-dimensional conformal iter-

ated function system satisfying condition (4.1), then for every closed subinter-
val K of X and every w € N*°

o Puwnwn o (K]
lim i = S(w, K
A s ()] S )

exists and the convergence is uniform with respect to K, n and w.

ProOF. We shall show that the above sequence satisfies an appropriate
Cauchy condition. So, fix £ < n. We then have

‘d)wn.uwk.uwo(K)‘ ‘¢Wn-~-“’k+1(¢“’k-~WO(K))‘
G oop oo () [Dup. o (K]
‘¢wkmw0(K)‘ B |¢wn-.-wk+1(¢wk»-»wo(X))|
[Buore o0 (K] [Buore o0 (X (4.5)

o (@)

B |¢iun...wk+1 (y’l’b)|

for some x,, € Puy,...0 (K) and Y, € Py, ..o (X ), where the last equality sign we
wrote due to the Mean Value Theorem. Denote now |y, ..o (K)|/|dw,;...c0 (X)|
by a;. In view of (4.5) and (4.2) we get

L L .

wn o (X )]E <
175a|¢ ke 0( )| — 1730‘

|log a, —logax| < |Zn — yn|® <

1— s>

Thus the sequence {log a,, }2 ; is a Cauchy sequence, and consequently {a,}>2 ;
itself is also a Cauchy sequence.

Let N denote the set of infinite sequences of the form ...wpw,_1 ... wWiwo
and let N* denote the set of all finite words of the form w,w,_1...wiwp.
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Lemma 4.1 allows us to introduce the scaling function (comp. also [S2] and
[PT]). In this section we will explore this notion. The weaker scaling function

S" is defined on the space N x N, takes values in (0,1), and is given by the

formula,
— lim ‘(bwnwnfyuwo((bi(X))'
n—00 |¢wnwn71--.wo(X>| ,

where the limit exists due to Lemma 4.1.

S ({wn}nZo: 1)

The stronger scaling function S° is defined similarly but on the larger
space N x (N U C), where C denotes the set of all connected components of
X\U;s2, ¢i(X). Frequently, given w € N* we will consider the function S%(w) :
(NUC) — (0,1) given by the formula S*(w)(Z) = S%(w, Z), and similarly we
define the function S*(w). The following theorem is an immediate consequence
of Lemma 4.1

Theorem 4.2. Both scaling functions S* : N*° x N and S* : N x (NUC) are
continuous.

We now pass to consider two systems F' = {f; : i € N} and G ={g; : i €
N}. Our last theorem reads as follows.

Theorem 4.3. If the topological conjugacy h : Jp — Jg extends in a diffeo-
morphic fashion onto X, then Jp and Jg have the same strong scaling func-
tions. If conversely, two topologically conjugate 1-dimensional i.f.s. F and
G of bounded geometry have the same weak scaling functions and condition
(b) of Theorem 2.2 is satisfied, then the topological conjugacy is bi-Lipschitz
continuous.

PROOF. Let us first prove the first part of this theorem. Indeed, let us keep
the same notation h for its diffeomorphic extension to X and let D be an
arbitrary closed subinterval of X. For w € N°° we can write

oo (D)) o wa (D)]
SwD) _ . (e - oo (RODY)]
D)) B C102)) | R S | P E ST

om0 (V)] G0 (V)]

Now, by the Mean Value Theorem there exist a, and b, respectively in
fon.wo(D) and in f,, ., (X) such that

S D) e PO _ e B (bn)
S(w,h(D Cnooo _funwgOl T nSeo W (ay,)
(w, h(D)) emee) (an)
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Since A’ is uniformly continuous with no zeros and since |b, — a,| — 0, the
last limit is equal to 1 which finishes the proof of the first part of our theorem.

In order to show the second part of this theorem it suffices to show that
condition (a) of Theorem 2.2 is satisfied. So, let 7 = 7y...7,_1 be an arbitrary
word. Our aim is to show that |(g;) (h(z;))| = |(f+)'(z;)|, where z, is the
only fixed point of the map f : X — X. First notice that for every n

grrtrng | gy O] Ngrnns D] 9rmmgry 2V [grnryr (V)

|Grnre ] gents (V)] [grnrg.ry o (V)] grnrg.rg s (V)] |Grnme (V)]
Hence

lim |g7-n+1-,—0(Y)|

i35 gy (V)] (4.6)

= S;'ﬂoo (TO)S;ﬂDOTO...Tq_g(TQ*l)S;UOOTO...Tq_;; (TQ*Z) cee S‘qi:vocro (Tl)
and similarly

. ‘f‘r“Jrl‘r (X)|

lim =L 70 7
00 | frnre (X)] (4.7)
= SY (70)SY (Tq=1)875 o7y (Ta=2) - - - St (T1).

TOTQ...Tqg—2
Since g‘r"Jrng(Y) = gT(gT"T()(Y)) and since f‘r”*lro(X) = fT(fT"TU(X))7 it
follows from the Mean Value theorem that there exists z, € frn,,(X) and
Yn € grory (Y) such that |grnsir, (V)] = (g7 (yn)]-|grnre (V)] and | frasrr, (X)) =
| fL(yn)| - | frnro (X)|. Thus in view of our assumptions and (4.6) and (4.7) we
get

() lgrn+1,, (V)

)l o e, T

A )| e oy OOT — 1
[Frmg (]

Now, a straightforward observation shows that y, — vy, and z,, — x,, where
yr and z, are fixed points of g, and f, respectively. Hence |¢} (y.)| = | fL(z,)]
and equivalence of this condition with condition (1) of Theorem 2.1 finishes
the proof. O
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