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Abstract

In this paper we consider polynomial splines with equidistant nodes
which may grow as O|z|°. We present an integral representation of such
splines with a distribution kernel where exponential splines are used as
basic functions. By this means we characterize splines possessing the
property that translations of any such spline form a basis of correspond-
ing spline space. It is shown that any such spline is associated with a
dual spline whose translations form the biorthogonal basis. We suggest
a scheme of wavelet analysis in the spaces of growing splines based on
integral representation of the splines. The key point of that scheme is
the refinement equation for the exponential splines which contains only
two terms. We construct the so called exponential wavelets. We estab-
lish conditions for a spline to be a basic wavelet which enable us to form
a library of such wavelets. We give formulas for the decomposition of a
spline into a weak orthogonal sum of the sparse-grid spline and an ele-
ment of the corresponding wavelet space. Reconstruction formulas are
presented which permit the use of arbitrary bases of spline and wavelet
spaces.

1 Introduction

In this paper we consider polynomial splines S(z) with equidistant nodes which
may grow as O|z|*. We present an integral representation of such splines with
the distribution kernel. This representation resembles, to some extent, the
Fourier integral of slowly growing functions. Instead of the Fourier exponen-
tials, the so called exponential splines introduced by Schoenberg [11] there are
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used. In particular, the latter are eigenvectors of the operator of shifts and
generalized eigenvectors of the operator of differentiation.

It is worth mentioning periodized exponential splines. It was discovered in
[8] that these splines form orthogonal bases of the spaces of periodic splines. In
the author’s papers [15], [16] this idea was used to come up with the concept
of Spline Harmonic Analysis which is a version of harmonic analysis in the
spaces of periodic splines. This concept allowed, in particular, a flexible com-
putational scheme of the spline wavelet analysis to be developed. Later on a
related approach was applied in [9] to an extended class of periodic functions.

Integral representation provides a suitable tool for operating with growing
splines. In particular, it enables us to characterize splines whose shifts form
a basis of corresponding spline space. It is shown that any such spline is
associated with a dual spline whose shifts form the biorthogonal basis of the
same space.

The technique of integral representation proved to be highly relevant to
the construction of the scheme of wavelet analysis in the spaces of growing
splines. An unusual feature in this case is that the spaces we operate in
are non-Hilbert. However, due to our approach, we circumvent this obstacle.
We base that scheme on the refinement equation for the exponential splines
containing only two terms. Further, we introduce the so-called exponential
wavelets. The latter are related to the exponential splines and provide an inte-
gral representation of elements of the wavelet spaces. We establish conditions
for a spline to be a basic wavelet which results in the creation of a library of
such wavelets. This library includes the well known Battle-Lemarié wavelets
([2], [10]) as well as two kinds of Chui-Wang wavelets ([6]).

We establish formulas for decomposition of a spline into a weak orthogonal
sum of the sparse-grid spline and an element of the corresponding wavelet
space. Reciprocal reconstruction formulas are given as well. We stress that
these formulas allow decomposition from an arbitrary basis of a spline space
into arbitrary bases of the sparse-grid spline space and the wavelet space. The
same may be said of the reconstruction. We also present formulas for the
wavelet transformation of a growing signal.

It should be pointed out that most of the formulas of spline wavelet analysis
established in this paper have their prototypes in the analysis in the space L?
([6]), ([1]). We admit that those relations could be derived by other means.
However, in our opinion, the approach to be presented is most relevant to this
purpose. Moreover, it is rather universal and can be applied to an extended
set of problems. Therefore, to some extent, the paper is of methodological
character.

The paper consists of two parts. Part 1 is devoted to a general descrip-
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tion of the integral representation of splines. It is auxiliary to Part 2 which
is concerned with wavelet analysis. More detailed discussion of integral repre-
sentation of splines can be found in [17], [18].

In the introductory Section 2 we outline the necessary properties of splines
with equidistant nodes and, especially, of the B-splines.

Section 3 is basic to the whole work. At the beginning of this section
we discuss some properties of the periodic distributions. Then we introduce
the exponential splines. In the concluding subsection we derive the integral
representation of the growing splines and present a Parseval type identity.

In Section 4 we establish conditions to be imposed on a spline to ensure
that its translations form a basis of the corresponding spline space. We call
such splines the T B-splines. Dual splines are constructed as well and some
examples of T B-splines are given. Further we discuss the projection of a
growing function onto the spline spaces.

In Part 2 we apply the techniques developed to the wavelet analysis in the
spaces of growing splines. In Section 5 we establish the refinement equation
for the exponential splines and some of its consequences.

In Section6 we introduce exponential wavelets and study their properties.
Further, we obtain the integral representation of elements of the wavelet spaces
and a Parseval type identity in the wavelet spaces.

In Section 7 we construct splines whose translations form a basis of the
wavelet space. We call such splines the T'B-wavelets. Dual T B-wavelets are
constructed as well and some examples of T B-wavelets are given.

Decomposition of a spline and its reconstruction are discussed in Section 8
together with formulas for the wavelet transformation of growing signals.

Part 1

Integral Representation of
Splines

2 Some Properties of Splines with Equidistant Nodes
This section is an introductory one. We outline here properties of the polyno-

mial splines with equidistant nodes most of which are known [6], [11].
A function ,S), will be referred to as a spline of order p if

1. S is p — 2 times continuously differentiable,
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2. pSu(z) = Py(z) as © € (zg, Thy1), k= hk, P ell,_q,

where II,_; is the space of polynomials whose degree does not exceed p — 1.

Splines with h = 1 are called the cardinal ones.

The remarkable feature of the splines defined above is that the space of
these splines is shift invariant [3]. This means that the space of splines of order
p can be looked upon as the span of shifts of a single spline, the so-called B-
spline.

The B-splines ,Bj, of order p are defined as follows.

@) ={ " REEON b @)

Here f[P! means the p-th convolution power of the function f.
Throughout, Y, will stand for )2 We will omit the index ,- as long

r=—00"
as it is not essential for the considerations, and similarly for the index -,

Properties of the B-splines.
1. suppp,Bp(z) = (0, hp).
2. pBr(xz) > 0asz € (0,ph) .

3. The B-spline ,By(x) is symmetric about = hp/2 where it attains its
unique maximum.

4. b)Y, Bp(z —rh) = 1.

5. The product
hBh(LL'h) = Bl(l‘), (1)

i.e. does not depend on h.

6. The convolution is

(4B B) (@) = /

o0

th(x - y) th(y) dy = p-‘rth(x)'

7. The derivatives are

q

B @) = 1 Bal) = 170 S (1) () gl = ). @)
=0



INTEGRAL REPRESENTATION OF SPLINE-WAVELETS 233

In what follows we will repeatedly use the 1-periodic function

pu(v) :=h Z 2™k B ((p/2 — k)h) = Z e*™ ik By (p/2 — k). (3)
k i

These functions were studied extensively in [13], [11]. They are related to the
Euler-Frobenius polynomials. It is important that for any real v the values
pu(v) are strictly positive.

The Fourier Transform of the B-spline is

. P p
= 1— e ivh _ipon [ sinvh/2
pBr(v) = (wh) =e <vh/2> . (4)

Proposition 2.1. [12]. Any spline of order p—,S), with its nodes at the points
{hk}>= can be represented by

pSh(@) =hY g p Bz — hk). (5)
k

Remark. If z is any fixed value such that [h < z < (I41)h then the series
(5) contains only p nonzero terms, [ —p+ 1 < k < [. So, given a sequence
of coefficients {gi}, the values of the spline S can be computed immediately.
Moreover, Property 4 of the B-splines implies that in this case

]5(95)‘ <max{|gl}, l-p+l1<k<l (6)

3 Integral Representation

In this section we restrict the class of splines under consideration and introduce
a transform in spline spaces which results in the integral representation of the
splines related to the Fourier integral.

Definition 3.1. We denote by G* the space of sequences @ = {ay}°,, which
meet the requirement |ax| < M|k|* Vk with a fixed integer s and any positive
constant M. The space G :=|J,—___ G° is said to be the space of sequences of

slow growth. Correspondingly, we denote by F° the space of locally integrable
functions {f s f(x)] < M|x|SVx}. The space F := [J2Z___ F® is referred to

S§=—00

as the space of functions of slow growth.

Definition 3.2. We denote by ,V; the space of splines ,S), such that the
sequences ¢ = {qr}*>°, in the representation (5) belong to G* and the space
» V1, we define as follows: ,Vy, := |2 V.

s=—o0 P
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Remark. We stress that for any spline S € ,V}, the inequality
[5@)| < Llal* (7)

holds, with some positive constant L. This follows immediately from (6).
Therefore ,Vj C F°.
3.1 Some Remarks on Periodic Distributions

Let @ = {a;}>°, € G. Put

This series is a 1-periodic distribution [14], p. 331.

Definition 3.3. We denote by D? the Space of 1-periodic distributions given
by (8) with @ € G°, and D := | J;- __ D®. The space of 1-periodic complex-
valued s-time continuously differentiable functions we denote by C°.

We emphasize that D772 ¢ C*.
Given a sequence @ € G°, we define the function

g — —2mikv —2 0
@(a,v).—( Z —|—Z> 2mk Yy 12 e D" cC"

Then the distribution F (&, v) can be represented by F (@, v) = ag+®+2) (@, v),
where the derivative is used in the sense of the distribution theory [14].

The distribution F(@,v) determines a functional on the space C**? which
we denote as an integral with a central dot. To be specific, V¥ g(v) € C**2

/:H F(@,v) - g(v)dv

a+1 a+1 (9)
oo [ o+ [ @@ g do =Y g
« « k

Here § = {gx} is the sequence of the Fourier coefficients of the function g. The
integral on the right hand side should be understood in the ordinary sense.

Remark. If @ € I; then F(&@ v) € C°. In this case the integral (9) turns out
to be an ordinary one provided ¢ is an integrable function.
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The series in (8) is the Fourier series of the distribution F},(d,v). Hence
the integrals ay = fol F(a@,v) - 2™k dy are the Fourier coefficients of the
distribution.

Let us discuss multiplication of the distribution F(d,v) € D® with a func-
tion g(v) = F(g§,v) € C*T2. The sequence § of the Fourier coefficients of the
function g(v) belongs to G~*"2. The discrete convolution of the sequences @
and § is b = {bx} =a@*g={X, ar—1g}. The following assertion is readily
verified.

Proposition 3.1. The discrete convolution with a sequence from G572 maps
the space G*® into itself. The continuous convolution with a function from
F~°2 maps the space F* into itself.

The proposition implies that the series b(v) := >, e 2™*vp;, = F(b,v) is
the distribution from the space D® as well as F(d,v). Now let ¢(v) be any

testing function of C*2 and {p;} be its Fourier coefficients. Let us consider
the integral

JRCRECIIED S e
% l
:Z a Z Pk Ji—k =/ Fn(@,v) - g(v)p(v) dv.
1 k 0

This relation justifies the following.

Definition 3.4. The product of a distribution g from D® with a function
f = F(@,-) from C**? will be understood as follows.

g(v) F(d,v) := F(ax*g,v) € D°. (10)
It corresponds with the conventional definition of multiplication of a dis-
tribution with a function.
3.2 Exponential Splines
Let us return to the B—spline. Eq. (4) implies that

—2miwh | p

> ) 1—e
B _ — 2miw(z—kh)
pBa(z = kh) [me ( Omiwh ) de

_ ,—2miv\p
2ri(v—1)(x/h—k)\- — % ) (1 € ) d
“h Z / (2mi(v —1))P v
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Integration and summation here could be transposed and we appear at the
following representation

1t ,
pBula—bh) = 1 / S (0, 2)e 275 dy, where (1)
0

. p
il 1— 67277'“)
g2y = 3t 0 (G ) "
l

Here the product h,Bp(x — kh) presents the k-th Fourier coeflicient of the
1-periodic with respect to the variable v function ,my (v, x). Hence

pmp(v, ) = hz e*™ kv Bp(x — kh) € , VY. (13)
k

It is apparent from this relation that with any x, my(-,z) € C*. As for the
variable z, with any v, ,my,(v,-) is a spline from pV;OL. The spline ,my (v, x)
is nothing but the exponential spline ®,(z;t) by Schoenberg, [11], p.17, with
t=e>" n=p—1.

We will not discuss the numerous noteworthy properties of the splines m
here, but will point out only those to be used in what follows. First we mention

that Eq. (1) implies that, mp (v, z) = my (v, %)

Proposition 3.2. The splines my (v, x) are eigenvectors of the shift operator.
To be specific ‘
mp(v,z 4+ 1h) = 2™my, (v, z). (14)

Now put & = ph/2. Then we have

pmn(v,ph/2) =h Z >k B ((p/2 — k)h)
— (o) = sinmo \’ (—=1)Pm
e (W );(U_n)p.

Recall that the function ,u was primarily defined in (3).

Proposition 3.3. The exponential spline m is a generalized eigenvector of
the operator of differentiation in the sense that

(s) 1_6727riv s
th(vam)w = h p—smh(vvx)'
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Proor. Eq. (12) implies

(1 _ e—27ri’u)p

(27i(v — n))P—

pmh(U7 x)gs) —h=S Z e27ri(vfl)a:/h

l

B 1 _6727riv Z omi(v—n)z/h 1—c¢ —2miv p=s
N h N 2mi(v — n)

1— e—27riv s
:<h > p—sMp (v, ). O

Proposition 3.4. The derivative (pmh)( ) is a spline from the space , V7.
PRrROOF. The statement follows immediately from (13). O

The convolution of the exponential spline with the B-spline is

(pm(v7 ) ) hZeQ”’k”( (- — kh) = B)( )

—hZez’”k“ +qBn(x — kh) = p1gm(v, z).
k

Due to the symmetry of the B-splines we have ,Bp(z) = ,Bp(ph — x). Hence

/O:O pm(v,x) ,B(z — kh) dx :(pmh,(v7 2) * th) ((k+p)h) (15)

= opm(v, (k +p)h) =e>™ y,m(v, ph) = > 5 u(v).
3.3 Integral Representation and a Parseval Type Identity

We proceed now to establishing the central results of the section.

Theorem 3.5. Let a distribution £ belong to D® with an integer s. Then the
function

o) :/0 £(v) - ymn (v, ) dv (16)

is a spline from ,V* C F* and

o(x) = S(x)=hY aupBlx—hk), §={n}*e€G.  (17)
k
Then the coefficients in (17) are g = fo e2™ vk dy. Conversely, any spline

S from ,V*® can be represented as the mtegml (16) with some £ € D®.
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PROOF. Let ¢ = ci (5) = fol £(v) - 2™Fh dy be the Fourier coefficients of a
distribution £ € D*. The sequence
7= {qx}>, € G*. Then, as it follows from (9),

x) = qu Ck(pm(-,x)) = thkpB(x — hk) = S(x) € ,V*.
k k

Conversely, assume that S is a spline belonging to ,V* and is given as in (17)

Then F(q,v);= >, e g, € D® and the function o(-) := fo
»m(v,-) dv is a spline from ,V*. Its B—spline coefficients are

Qr = / E(v) - ¥ dv = gy,

Therefore, S(x) fo q,v) - pm(v,x) dv. O

2miuk

Example. The B—spline coefficients of the spline ,m are g = e and,

therefore,
= hz e~ Zmik(v=u) — Z o(u—v—1). (18)
k 1

Here 6(u) is the Dirac delta.
We will now present an identity related to the Parseval one. It is funda-
mental for operating with integral-represented splines.

Theorem 3.6. Let some splines S and T belonging to ,V* and pV7874, s>0
respectively, be given in the integral form by

1
:/ W) - pm(v,z)dv = thk »B(x — hk),
0 k
1
T(x) :/ n(v) pm(v, z) dv = thk pB(z — hk).
0 k
Then the following identity holds.

/ S(2) T(z) d = h/ £(v) - 700) apu(v) dv. (19)

Recall that the function ,u was defined in (3). To avoid overloading the
paper, we refer to [17], [18] for the proof of this theorem.
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4 Splines of Type B

4.1 TB-Splines and Their Duals

Definition 4.1. We say that a sequence of splines {sk}iooo forms a basis of

the space ,Vy, if any spline S € ,V}, can be represented uniquely as the series
o0 . .

f = > > ap s, which converges uniformly on any compact set of the real

ine.

The h-shifts of the B-spline form a basis of the space , V. We describe
now a class of splines which offers the similar property.

Definition 4.2. A spline ¢ € ,V,; ™ is said to be a spline of type B
(T'B - spline) if its shifts {o(- — kh)}~_ form a basis of the space ,Vy,.

Any TB-spline ¢ € ,V,°, if it exists, can be represented as the integral

o(@) = [ ooy (v.2) o (20)

with a function p € D=>° = C*. Moreover, the inequality (7) enables us to
affirm that for all z belonging to any compact set of the real line

p(z — kh)| < Cuy, (21)
where the sequence {vy} C G™°.

Theorem 4.1. Let a spline ¢ from ,V, > be represented as in (20). Then it
is a T B-spline if and only if |p(v)| is strictly positive for all real v. Herewith,
the two expansions of a spline S € ,Vj,

S() = 3 Quple —bh) = S@) = [ ¢) mva)de  (22)
k 0

are related by

1
g(’t)) = p(v) ZB*QWikUQk’ Qk _ /0 f)EU) . 627rivk dv.

; v)

PROOF. We first point out that p belongs to C*°. Due to (14), we may write

1
oz —kh) = /o e 2R (v m(v, ) dv. (23)
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These are the Fourier coefficients of the function pm(-,z) € C*. Hence

p(v Z > (2 — kh). (24)

1. Let |p(v)] be strictly positive. Suppose a spline S from ,V; is represented

as in (16):
:/ £(v) - m(v, z) dv.

Then, referring to (9), we may write
1

9=

75( m(v,z)dv = Zngo(a? — kh),
k
v) =o(v —2mikv _ ! f(’U) .627rikv )
f()—p()ij Qr. Qk—/o do.

p(v)

Since the values @}, are the Fourier coefficients of the distribution p=! ¢ € D*,
the sequence § = {Q1}>, € G°. Then we see from (21) that the series on
the right hand side converges uniformly on any compact set of the real line.
This implies that ¢ is a T'B-spline.

2. Conversely, suppose that the function ¢ given by (20) is a T'B-spline.
Then its translations form a basis of the space ,V},. Let us expand the expo-
nential spline in terms of this basis

Z e (v)p(x — kh).
Substituting it into (24) we get that
Z,uk w(x — kh) Z Xk (1 — kh) = p(v) pp(v) = 2™,

k

Hence it follows that p(v) # 0 for all real v. But p is a continuous 1-periodic
function. Therefore |p(v)| is strictly positive. O

Generally, bases formed from translations of 7' B-splines are non-orthogonal
in the Ly sense. However, biorthogonal bases exist.

Definition 4.3. Let two splines ¢, ¢ from ,V}, be T'B-splines. These splines
are said to be dual to each other if the following relation holds.

/OO o(x — kh) ¢(z — Ih) dz = 5F,

— 00

where Jlk means the Kroneker delta.
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We will show that any T B-spline has a dual one.

Theorem 4.2. Let a T B-spline be represented by p(z) = fol p(v) m(v, x) dv.
Then there exists a unique T B-spline ¢ dual to .

B(x) = / () m(v, ) do, (25)
p(v) =(ole) opulv) ) (26)

PROOF. Let a spline ¢ be given in the shape (25). Then, due to the identity
(19) and Eq. (23), we have

/OO p(x — kh) ¢(x — lh)dx = h/o e~ 2mi=Dv (1) p(v) gpu(v) dv.

oo

Provided (25) holds, the integral is
fe’e] - 1 )
/ o(z — kh) ¢(x — lh)dx = / e 2milk=Dv gy — gk,
—00 0

We stress that in this case ¢ € ,V,,* just as .
Conversely, the relation

1
" / e~2m =02 () 5(0) 2pu(v) dv = 6
0

means that all the Fourier coefficients cj of the continuous function pp 2pu,
with k # 0 are zero, whereas ¢g = 1/h. Therefore (26) is true. That implies
the uniqueness of the dual spline. O

Theorem 4.3. Let two T B-splines ©', i = 1,2, be represented in the integral
form by o' (x) = fol p'(v) m(v,z)dv, and a spline S € ,V}, be expanded with
respect to the two bases

S(@) = Qi¢'(x—kh) = S(z) =Y Qf ¢*(x — kh). (27)
k k

Then the coordinates (Q are linked via convolution with the sequence

b714’2 — /1 pl(v) eQﬂ’ivr dv
0

p*(v)
b 2 _ b1,2 1 T 3
y Qk Zl w1 Q- In particular,

pHa —1h) =) b2 (e — kh). (28)
k
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PrOOF. The spline S may be written as in (22). Then

—

) = p'(0)F(@"v) =€) = P*(0)F (@ v).

Hence F(@2%,v) = Z;EZ;?(Ql,v). Since p'/p? is a function from D™, we

arrive at (27), keeping in mind (10). Eq. (28) is a special case of (27) with
Q) = at. O

4.2 Galerkin Projections

Since the spaces of functions we operate in are non-Hilbert, we should intro-
duce, instead of the notion of orthogonal projection, its weak substitution.

Definition 4.4. Let f be a function of slow growth. We call a spline
S(f) € p, V), the Galerkin projection (GP) of the function f onto the spline
space p, Vy, if for all integers k the following relations hold

/jo S(f,x) pBp(x — kh)dx = /:)O f(z) pBn(x — kh) dz := Py, (29)

Remark. In the case when the function f is square integrable on the real
line, its GP is just the same as the conventional orthogonal projection.

To construct the GP of a function we need the T'B-spline dual to the B-
spline. Since in the integral representation of the B-spline the function p(v) =

1/h, the condition (25) implies that the spline % (x) = fol p;”gg:;) dv is dual
p

to the B-spline. We stress that opu(v)™' € C*. Thus ¢¢ € S, C F~*.

In fact, the coefficients of the B-spline representation of the spline ¢? are of

exponential decay (see [11] e.g.) and the same may be said on the very spline

L,Dd

With the dual spline ¢? at hand the following theorem can be established
immediately.

Theorem 4.4. Let f(x) be a function of slow growth. Then there exists the
unique GP S(f) of the function onto , V. Moreover, if f € F* then the spline
S(f) € ,V;, C F°. This spline is equal to S(f,z) = >, ® % (x — kh). In the

integral form S(f,z) = fl ACR pmn(v, z) dv.

0 2pu(v)

The sequence {@k} was defined in (29).

Corollary 4.5. The GP of a polynomial P € I1,,_; onto the spline space ,V},
is the very polynomial P.
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4.3 Two More Examples of T'B-Splines
4.3.1 Fundamental T B-splines

Let us consider the T'B-spline ,Ly:

oLn(z) ::/0 pmnv,2) ) (30)

pu(v)

This spline interpolates the data {(52}. Setting x = (k + p/2)h, we have

1
Li((k + g)h) :/0 pmn(v, (k+p/2)h)

pu(v)

_ /1 e27ri'uk pmh(v’ hp/2> dv = \/1 e?ﬂ’ivk pU(U) dv =
0 pu(v) 0

Such a spline is called a fundamental one.

4.3.2 Selfdual T B-Splines

Let us define the T'B-spline ,¢° by ,¢°( fo \7"(”(77”)) dv. Tt is readily seen
2pU(V

from (25) that this T'B-spline coincides with its dual one. So, it is pertinent to
call it the selfdual 7' B-spline. The shifts { ¢} (x—kh)}(iooo form an orthonormal
basis (in the sense of Ly) of the space ,V},. These T'B-splines were discovered
by Battle and Lemarié [2], [10].

Part 11
Basics of the Spline-Wavelet
Analysis

In this part we establish some relations of the spline-wavelet analysis of the
functions of slow growth. Most of those formulas are related to corresponding
formulas for square integrable functions and splines [6]. However the integral
representation approach provides remarkably simple tools for deriving them.
It offers some advantages even for the Lo case.

First we should define wavelet spaces. Since we cannot use the conventional
definition of such spaces as the orthogonal complements of the sparse-grid



244 VALERY A. ZHELUDEV

spaces in the fine-grid ones, we introduce wavelet spaces by proceeding as
follows.

Definition 4.5. A function f from F satisfying the conditions
/ f(z) pBr(x —kh)dxr =0

with all integers k, is said to be weak orthogonal to the space , V3.

Here , By, € ,V} is the B-spline.
We point out that the space , V3, is the subspace of ,V;. It is apparent
that if a spline S, belongs to ,V; and Sy, is its GP onto , V35, then the spline

Wgh = Sh — Szh (31)

is weak orthogonal to , V5, . Therefore the space , V) may be represented as
the direct sum

P Z = pVSh D pW;ha pvh = pV?h D pW2ha (32)

where we have denoted by , W3, the subspace of ,V} consisting of all splines
weak orthogonal to , V3. Correspondingly, we denote , Wap, :=Jso _ pW3,,.
We may consider sums in (32) as weak orthogonal sums.

Definition 4.6. The subspace , W53, (pWQh) we call the weak orthogonal
complement of , V3, (,Var) in , V5 (, V1) and refer to it as to the wavelet
space. The spline Wy, € ,W3, defined by (31) we call the GP of S;, onto
W3,
pYWan

5 Refinement Equation

We start with the so called refinement equation which is fundamental for any
wavelet construction as well as for subdivision schemes [7]. This equation links
basic splines of the spaces ,V}, and ,Vap,.

The term m, (v, z) will stand for ,m, (v,z) and u(v) for o,u(v). The fol-
lowing theorem relates the exponential splines m,, (v, x).

Theorem 5.1. The following refinement equation holds.

mgh(v,x):b(v)mh(%x) +b(v+1)mh(v—£1,x), (33)

where b(v) = 27P(1 + e~ TV)P,
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PROOF. Let us rewrite Eq. (12) in such a manner

) 1 — g—2miv]P e—27rin9c/h
mh(v, (IJ) — 627rwa:/h|:

271 —~ (v—n)P
Then, putting ¢ = v/2, we transform the sparse-grid spline as follows:

) 1— e—47rit p e—ﬂ'inw/h
2mitz/h
m v, xr) = e
(v, 2) [ ] — (2t —n)P

<1 + eQﬂit)P omite/h |:1 _ 627Tit:|P 6727rinx/h
=—— ) ¢

211

2 2mi (t—mn)p
N 1_|_e27ri(t+1/2) p627ri(t+1/2)a:/h 1_6—27ri(t+1/2) p e—27rin$/h
2 2mi — (t+1/2—n)P
14+ 2mit \ P 1+ 2mi(t+1/2) \ P
_<2€ > mp(t, z) + (6 5 > mp(t+1/2,2). O
The relation (33) implies a useful identity.
Corollary 5.2. The following identity holds.
1
u(v) = ()P u(3) + o+ DR u(2=). (34)

PROOF. Let us rewrite (33) for the splines of the order 2p and put x = 2hp.
Then we have

. 2[1 v
w(v) =2pman(v,2hp) = 47 (14 €) Toyma (5, 20p)

+47P (1 — eiﬂi”)zpzpmh (%, 2hp).
But since
we get
u(v) = 47Pem” [(1 vermp( ) 1 cap (1) (U 1)].

Hence (34) follows. O
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Corollary 5.3. For the sparse-grid B—splines the following integral represen-
tation holds.

2 1

Bop(z / b(2v) my, (v, z) dv =
hoJo

14 e 2™ 3 mp (v, 2) dv  (35)
(1)

PROOF. Due to (11) we may write

Bop ( Qh/ map (v, x)
_21h 0 (b( )mh(; )+b(v+1)mh( ;— ,x))dv

:7/ b(2v) mp (v, x) dv + 7/ b(2v) mp, (v, z) dv. O
0 h Jiy2

The following simple assertion will enable us to construct basic elements
for the integral representation of elements of wavelet spaces.

Proposition 5.4. The GP of the spline my(v,-) onto the subspace ,Vap is
the spline

ngh(%, 7). (36)

PROOF. Let us consider the integral Iy, = ffooo mp (v, ) Bap(x —k2h) dz. Due

mQh(’Ua .13) =

to (18) we may write mp (v, x) fo )-mp (€, x) d€. Further we apply to
our integral the “Parseval identity” (1 ) Then we have

1
I, = / S(v — &) - 2™ 82Kp(26) u(€) dE = ¥ b(20) u(v).
0
On the other hand, we may write this integral as in (15).

/ maon (20, ) Bop (x — k2h) do = €*™2VF u(2v). O

6 Exponential Wavelets

Now we are in a position to construct some splines in the wavelet space
pWapn C , V3 which are related to the exponential splines mgp. To start
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with, we find the difference wsyp, := myp — Mo, between the exponential spline
my, and its GP onto the space ,Vaj. So,

Wap (v, x)
=my, (v,z) — b(QUU()Qz)(v) {b(2v) mp(v,2) +b(20 + 1) mp(v 4+ 1/2, x)
mp (v, ) (u(2v) — [b(20)]2 u(v)) — mu(v + 1/2, 2)b(2v) b(2v + 1) u(v)

u(2v)

Eq. (34) leads us to the following representation.

Wap (v, x)
:mh(v,x) 1b(2v + 1)]2 u(v + 1/2) — my (v + 1/2, 2)b(20) b(2v + 1) u(v)
u(2v)
b(2v +1)

= (mn (v, 2) B0+ 1) u(v +1/2) — ma(o +1/2,2)b(20) u(v) ).

We want to write the spline wgp(v,«) in a shape similar to (36). For this
purpose we denote

o 1 4 . 1
a(v) :==e™b(v+1) u(v + ) =27Pe™Y (1 —e™)P u(v ;— )
and introduce the spline wsy, as follows.
1
wap (v, z) := a(v) mh<g,x) +a(v+1)mh<v; ,x). (37)

We call the spline wsj, the exponential wavelet because its properties are related
to those of the exponential splines moy,.

Note that, due to periodicity, b(2v+141) = b(2v), u(v+1/2+1/2) = u(v)
and define the function t by

1
1) = u (5 )u( 5= Jutv). (38)
2 2
This function belongs to C°° and has no zeros on the real line. Then the
spline Wy, may be written similarly to Mmop. Wop (v, x) := %’Ujgh (2v, x).

‘We mention some properties of the splines wsy,.
Properties of Exponential Wavelets

1. The splines wyy, as well as w2y, belong to the wavelet space , W, C , V.
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2. With any fixed z, wop (-, z) € C™.
3. The splines woyy, are eigenvectors of the shift operator
wap (v, x + 12h) = ezﬂi”lwgh(v, x). (39)
This fact stems from the corresponding property (14) of the splines my,.

4. The exponential wavelet is a derivative of a combination of the exponen-
tial splines. Namely,

p
—h dp v+1 v
pWan (v, T) = <2> Jap [qu<2) meh(§7x +(1 +p)h>

+ 2pu(%> 2pmh(v2i,m +(1 +p)h> .

(40)

This relation is an immediate consequence of Proposition 3.3.

We proceed now to establishing the integral representation of elements of the
wavelet spaces.

Proposition 6.1. Any spline W € ,V} which can be represented as the inte-

gral W(x fo - wap (v, ) dv with some 1—periodic distribution n € D?,
belongs to » W3,

PROOF. Substituting wap (v, ) from (37) into the integral, we obtain

W(x) :/0 n(v) - la(v)mh (g,x> —l—a(v—l—l)mh(U;l,x)] dv.

Hence

1
W(z) = 2/0 n(2v) - a(2v) mp, (v, x) dv. (41)

Invoking the ”Parseval identity” (19) and the integral representation (35) of
the B—spline, we find the integral

0 1
Jp = / W (x) Bop(x — k2h) dx = / x(v)dv  where
— 00 0

X(v) =n(2v) €7 a(20)b(2v) u(v)
=n(20) 2R+ (24 4+ 1)b(20) u(v + 1/2).

It is readily verified that x(v + 1/2) = —x(v). Therefore J, = 0 for all k.
Hence we see that W € ,W3,. O
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Proposition 6.2. Let a spline S from V35, be given by

1
S(x) = /0 E(v) - map (v, ), dv.

Then, being regarded as an element of the space V7 , it can be represented by

S(z) = 2/0 &(2v) - b(2v) mp (v, x) dv. (42)

Eq. (42) is derived similarly to (41).
We emphasize that

mp (v, ) =mop (v, ) + Wap (v, )

v) u(v a(2v) u(v 4
:Mmzh(%,x) + (225(;1])()111211(211@) )

u(2v)
This equation will be used when proving the following theorem.

Theorem 6.3. Suppose that a spline Sy, € , V3, is given in integral form.

1
Sp(x) = / En(v) - mp (v, x) dv.
0
Then this spline is equal to the sum
Sn(x) = San(x) + Wan(z) (44)

where the splines Sap, Wapn are the GP of the spline Sy onto the subspaces
»Van, pWayp, correspondingly. Moreover, the following representations hold.

Sop(x) = /01 Ean(v) - map (v, x) dv, (45)
= (TT(3)63) +T T () ot
1
Won(z) = /0 N2 (v) - wap (v, ) dv, (46)

o = (0(3) 6 (3) T D) 6 (1) )0

£n(v) = 2(5%(2@) b(2v) + 1721 (20) a(2v)). (47)
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PrOOF. Eq. (43) implies that

2v) u(v)
/fh (21}) ——————mop (20, x) dv

a(2v) u(v)
+/O fh(v) . 7t(2’u) wgh(2’U,I) dv.

Let us consider, for example, the latter integral

' a(2v) u(v)
/0 gh(”) : ngh(%,x) dv

- [ (a(3) () + () () 2

Hence (46) follows. Eq. (45) is derived in the same manner. Since the spline
Way, is represented in the integral form (46), it belongs to the subspace , Wy,
due to Proposition 6.1. Similarly, Sa; belongs to ,S2,. Therefore the splines
Sap, and Wy, are GPs of S, onto the corresponding subspaces. Eq. (47) results
immediately from (42), (41). O

Proposition 6.1 together with Theorem 6.3 leads to the following assertion.

Corollary 6.4. A spline W € VS belongs to Wy, if and only if it can be

represented as the integral W (x fo - wap, (v, ) dvwith some 1—periodic
distribution n € D?.

We will now establish the “Parseval identity” in the wavelet space.

Theorem 6.5. Let splines W and Z belong to ;W3,, s > 0, and ;W5 %,
respectively, and the following representations hold.

W (z) :/0 n(v) - wap (v, 2) dv and Z(x / C(v) wop (v, z) dv

1 —_—
1 7/ W (z dfoh/O n(v) - C(v) t(v) do. (48)

ProOOF. Eq. (41) enables us to represent the splines involved by

Then

1
W(x) :2/0 n(2v) - a(2v) my (v, ) dv,

:2/0 ¢(2v) a(2v) mp (v, z) dv.
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Then invoking Theorem 3.6 to integrate the product, we get

1 :4h/0 n(2v) - ((2v)|a(20)|* u(v) dv

—4h /01 n(20) - C(20) [|b(2u 1) ulo + 1/2)} [u(v) u(v + 1/2)} dv

v+1

o [ (o) T [u w5 D] o0 + 120 ) + ) )] e

Due to (34) [b(v+1/2)]2 u(2EL) +[b(v) | u(%) = u(v). To arrive at (48) suffice
it to recall the definition (38). O

7 TB-Wavelets

7.1 Definition and Basic Properties

In this subsection we construct and study basic elements of the space ,Wy,
related to the T B-splines.

Definition 7.1. We call a spline ¢ € ,W,,;° C ,V,°° a wavelet of type B
(T B-wavelet) if its shifts {¢(- — k:2h)}iooo form a basis of the space ,Way,.

The notion of basis is understood here in the sense of Definition 4.1. We
stress that any spline ¢ € , W, can be represented as the integral

W(@) = /0 () wan(v, ) dv, (49)

with some function 7(v) € D= = C*.

Theorem 7.1. Let a spline ¢ € ;W5 >° be represented as in (49). Then it is
a T B-wavelet if and only if |T(v)| is strictly positive for all real v. Moreover if
a spline W € ;W5,, is represented in the following ways

W)= 3 Petble — 2kh) = W(z) = / n(v) - wan (v, ) do.
k 0

Then n(v) = 7(v) >, e 2mikvp . Py = 01 % e2mivk gy,

PRrOOF. Note first that 7 belongs to C*°. Due to (39) we may write

1
P(x — 2kh) = /0 e 2T (1) wap, (v, T) dv. (50)
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Then, to prove the theorem, we repeat the considerations of Theorem 4.1. [

We consider two T' B-wavelets as dual to each other in the sense of Defini-
tion 4.3. The proof of the following theorems is quite similar to that of the
corresponding theorems for T'B-splines. The difference is that Eqgs. (48) and
(50) should be involved instead of Eqgs. (19) and (23).

Theorem 7.2. Let a T B-wavelet 1) be represented by

¢(m):/o 7(v) wap (v, x) dv.

Then there exists a unique T B-wavelet ’l/NJ dual to .

1
. - -1

P(x) :/ 7(v) wap (v, x) dv; T(v) = (2h 7(v) t(v)) . (51)

0
Theorem 7.3. Let two TB-wavelets ¥, i=1,2, be represented by

P () = / 74 (v) wap (v, x) dv,
0

and let a spline W € , Wy, be expanded with respect to the two bases

W(z)=> Piol(z—2kh) =W(z)=>_ PZ*(z — 2kh).
k k

Then the coordinates are related by

11
P = a,lﬁl P!, where al? = / Tz(v) 2™ dy.
. o T2(v)
In particular,
M —20h) = ap? P (w — 2kh). (52)
k

Any T B-wavelet is the derivative of a T'B-spline. To be specific,

Proposition 7.4. Let a T B-wavelet y1on, € , Way, be represented by the in-
tegral piop(z) = fol T(v) pwan (v, x) dv, and the TB-spline 2pn € 2, Vi be
defined by

2pPn(T) = (_2h)p/01 7(2v) 2pu<v + %) opmp (v, x) dv.

Then piop(z) = % apn(z + (1 +p)h).
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PRrROOF. This fact stems from Eq. (40). Namely,

o) =(5) g [ 70 (5o (e )

+ qu<g) gpmh<v2i1),x +(1 +p)h>> dv

—h\p d ! 1
_2( 5 ) @/0 T(2v) qu(v+§) opmp(v, 2+ (1 —p)h)dv. O

In particular, this proposition implies that a number of moments of any
T B-wavelet vanish.

Corollary 7.5. Let P,_1 be a polynomial of the degree p—1 and p3p € ;Way,
be a TB-wavelet. Then the integral is [°._ P,_1(x) p1b(z) dz = 0.

We consider now some examples of the T B-wavelets.

7.2 B-Wavelets
Let us put 7(v) = (2h)~! in (49) and define the following T B-wavelet 1’

YO (x) = %/0 wap, (v, z) dv. (53)

Proposition 7.4 enables us to write ¢*(z) = £ &5 0, (x + (1 + p)h), where
p
2P () = (%’) fol u(v + %) opMp (v, ) dv is a T B-spline. Recall that
1 (o) o0

w(or D)= 3 e B = 3 (1 e B o),

S§=—00 S§=—00

Using this identity, we obtain

2ppn(T) = (%h)p i (=1)°9pB1(p+ s) /01 e 2mvs o mp (v, x) dv.

S§=—00

Applying (11), the relation becomes

appn(z) = h(%h)p Z (=1)%2,B1(p + s) 2pBn (z — sh). (54)

S§=—00
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The expression for the wavelet 1* can be derived from (54) by means of (2).

> _1\s+p p
HOESY ( 12) wBi(p+s) Y (-1) <Zl)> pBr(z—(1+s—p—1)h)
s=—00 1=0
= pi: Hkth(x—kh—h)7 (55)
k=—2p

where Hy, = (2)7P(=1)* >0 (*) 2pB1(2p + 1+ k — 1). The finite sum in the
right hand side of (55) occurred because of

supp 2, Br, = (0,2ph). Therefore supp® = ((—Qp + 1)h, (2p — 1)h). Due to

the symmetry of B-splines, the wavelet ¥° is symmetric when p is even and
antisymmetric when p is odd. It is readily seen that the wavelet ¥ is nothing
but the B -wavelet by Chui and Wang [6], (up to a shift). It is proven in [6]
that ¢® is a unique T'B-wavelet of minimal support.

Remark. Note that (35) implies the following well known refinement equation
for the B-splines. ,Bap(z) = >_7_y Gk pBn(z — kh) and G, =277 (7).

Proposition 7.6. Let ¢° € »Way, be the B-wavelet. Then for any spline
S € ,Vay the integrals are

/OO S(x)y(x —2lh)dx =0 VI (56)

PROOF. To verify (56) one should write the spline .S in the B-spline basis and
integrate the series obtained term by term. This is admissible because of the
compact support of the B- wavelet. But, since 1® belongs to »Wapn,

/ Y¥(x — 21h) By (x — 2kh)dx =0 Vk,I. O

7.3 Interpolatory 7T B-Wavelets

Let us consider the following 7' B-wavelet 4" € pWap:

Yi(z) = /01 7(v) pwan (v, 2) dv  with 7(v) = (“(;) “(U—QH)> '

Proposition 7.4 implies that this wavelet is the derivative

—h\P dP

V@) = (5) = wehl@+ (p+ D), (57)
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where the spline

1
; 1
2 () 1= / 7(2v) zpu(v + 5) apmp (v, ) dv
0

1

2pTh (V, 7)

= Lt dv= 9,Lp(x)
/0 2pu(v) Y

is the fundamental T B-spline from the space 2, V}, (see (30)). T B-wavelets 1

were presented by Chui and Wang [4] under the name interpolatory wavelets.

Proposition 7.7. Let a spline W be an element of the wavelet space , Wap,
and P,_1 be any polynomial of degree p—1. Then W is the p" order derivative
of a spline from the space 2, V, interpolating the polynomial P,_1 in the points
{(2k—p)h}. Conversely, let W = 5,5®) be the p*"* order derivative of a spline
gpg € 9, V}, interpolating a p — 1-degree polynomial in the points {(2k — p)h}.
Then W belongs to the wavelet space »Wap.

PROOF. Let us expand the spline W in terms of the interpolatory basic
wavelets. W(z) = >, Qi ¢'(z — 2kh) and define the spline 5,5 € 2, V), by

2w 5(1) = Pya(@) 4 () 32 Qg — 2k —1— p)h).
k

It is readily seen that 2,5((2k — p)h) = Pp,_1((2k — p)h). At the same time
(57) implies that W = 5,S®). The reciprocal assertion is apparent. O

Note that the proposition includes Theorem 6.2 from [6] as a special case
when P,_;(x) =0.

7.4 Selfdual T B-Wavelets

Theorem 7.2 immediately leads to the construction of the T'B-wavelet

1
VO (x) = /0 T(v) pwan (v, ) dv € ;Way,

N

which is dual to itself. To do , we should choose 7(v) = (2ht(v))_ . The

shifts {y°(- — Qkh)}iooo form an orthonormal (in the sense of L?) basis of the
space , Wyy,. These T'B-wavelets are known as the Battle- Lemarié wavelets
2], [10].
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7.5 Galerkin Projections and T B-Wavelets Dual to B-Wavelets

Now we are able to give a direct definition of the GP of a function onto a
wavelet space.

Definition 7.2. Let f be a function of slow growth. We call a spline
W(f,-) € ;Wagy, a Galerkin projection (GP) of the function f onto the wavelet
space , Wy, if for all integers £ the integrals with B-wavelets PP are

| Wit = [ g - 2in de = v

To reconcile this with the previous Definition 4.6 of the GP of a spline onto
» Wap, we prove the following assertion.

Proposition 7.8. Let a spline S(f,-) be the GP of a function f onto the
spline space , Vi, and W(f,-) be the GP of the spline S(f,-) onto the wavelet
space , Way, in the sense of Definition 4.6. Then W(f,-) is the GP of the
function f onto the space , Way,.

PROOF. Let ¥ be the B-wavelet and By, — the B-spline. We point out first
that

/_Oo W(f,m)wb(x—Qkh)dx:/_oo S(f,z) ¢’ (x — 2kh) d.

This stems from (44), (53). Then, applying (55), we may write the integral as

/_Oo F@) e -2k de = S H, /_Oo F(x) Bi(x — (s + 2k)h) da

s=—2p

= i H, /jo S(f,z) By(z — (s + 2k)h) dz

s=—2p
:/Oo S(f,x) ¢Y°(x — 2kh) d:c:/oo W(f,z) " (x — k2h) de. O

In accordance with (51), the T B-wavelet wd € p, Wy dual to the B-wavelet

Y’ is defined by () = 01 w2?((vv)’$) dv. Once again let W(f,-) be the GP of f

onto , Way,. We expand it in terms of the dual basis W (f,z) = >, px ¢ (z —
k2h). Then the coordinates are

(2p—1)h

r = /_Oo f(@) b (x — k2h) dz :/ f@)Y(z)de =Ty (58)

(—2p+1)h

The following assertion results from (52).
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Proposition 7.9. Let 1) € »Wap, be a T B-wavelet and a function f belongs
to F°. Then a spline W € ,W3, is the GP of the function onto the wavelet
space , Way, if and only if

/_oo W(z)¥(z — k2h) dx = /_OO f(x)d(x — k2h) d.

Theorem 7.10. Let f be a function of slow growth. Then there exists a
unique GP W(f,-) of the function onto ;Way,. Moreover, if f belongs to F*
then the spline W (f,-) belongs to ,V; C F*.

PROOF. The existence and growth property of the GP follow from Proposi-
tion 7.8, while the uniqueness follows from Eq. (58). O

8 Wavelet Transformations

8.1 Decomposition and Reconstruction of Splines

By decomposition of a spline S;, € , V), we mean its representation as the sum
Sh = San + Wayp, where Sap, Way, are GP of the spline S}, onto ,Vap, and , Wy,
correspondingly. Reconstruction is the synthesis of a spline S; € , V), from
its GPS, Wgh and Sgh.

From a technical point of view, the procedures reduce to transformations of
coordinates of splines involved from one T B-spline(wavelet) basis to another.
We present formulas for arbitrary bases. These formulas stem from relations
established for exponential splines and wavelets.

Theorem 8.1. Let ‘¢, 0o, be TB-splines from the spaces , Vi, ,Vap re-
spectively, and 3oy, be a T B-wavelet from the space , Way,.

1
Lon(z) = / (o) ma (v, ) do,

2<p2h(x)=/0 2p(v) man (v, x) dv, Swgh(x)z/o 21 (v) wap (v, x) dv.

Suppose that a spline Sy, € , Vi, and its GPs San, Way onto the subspaces
»Van, pWay, respectively, are represented in terms the T B-splines (wavelets)

Sp(z) = Z Yar Yon(z — kh)
k

Son(x) = Z 2q1, 2pan(x — k2h), Way(z) = z 3ok 3pon (z — k2h).
e e
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Then the coordinates are related by

eQﬂ'il'u

1
g = zz: Yqak—ir, T :/0 Wb(%)u(v) 'p(v) dv. (59)

1 2milv
3. 1 _ € 1
pe= 3 1= / oy ) ) ) d (60

g = 2(2 Re—o’qi+ Y Sk 3191), (61)
P !

Rl _ /1 e27r7llv 2/)(27)) b(Q’U) do Sl _ /1 e27r7,'lv 37’(21}) a(2v) o,
0 tp(v) , 0 'p(v)

PROOF. Let us write the splines in the integral form

Sh(x) :/0 Y (v) - mp (v, 2) dv,
Son(z) = /0 2§2h(v) ~map (v, z)dv, Wap(z) = /0 3772h(v) - wap (v, x) dv,

where

e (v) ="p(0)F(',v),
26n(v) = 2p()FCqv), “nan(v) = *r(v)FCp,v).

Then (45) implies

b(v) u(v/2) 1en(v/2) + bv + 1) u((v +1)/2) 1n((v +1)/2)
2p(v) u(v) ’

FCqv) =

from which we come to

B L N
2%2/0 29(”)“(”)(6(1))”(2). §h<§)

+mu(v+l) _ 1€h(v—|—1)> do

2 2

1 p2mizkv 1
~ |, oy ) o)

Hence (59) follows. Eq. (60) is derived similarly from (46).
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Now we turn to Eq. (61). Just as in (47) we obtain

1 (v) = 2( 262n(20) b(20) + *nan(20) a(20) ).

Hence it follows that
1 2mwikv 1 2mikv
1 e b(2v) e a(2v) 4
qk=2/ — 2 (2v)dv 4+ 2 —— . "p(20) dv
o 190) Godv+2 | =0 (@)

The latter relation implies (61). O
We stress that formulas established allow a spline given in any T B-spline
basis to be decomposed into splines in any T B-spline(wavelet) bases.

8.2 Wavelet Transformations of Signals

Under the wavelet transformation of a signal f € F, we mean the computation
of the integrals

V(I)(f’k7y) :[m f(I) A/soh?”(‘r*kh?V) dx
(k) = [ @) o = 602) da

with various 7 B-splines(wavelets) which are denoted by the parameter -7, on
various scales which are indicated by the parameter -¥ and concerned with
various translations associated with the parameter k.

Theorem 8.2. Let Ly, (z), Loon (), 31an(x) be the T B-splines(wavelets) de-
fined in Theorem 8.1. Suppose that a signal f belongs to F. Then

O(f kv +1) =) 'B(f,2k = L,v)Ry,
l

(k1) =) 0(f, 2k~ Lv)S,
l

1(I)(f’k71/) = 2(2 TQZ—k2(I>(f7laV+ 1) +Z 52l—k3\11(f7lay+ 1))a
l l
where the coefficients Ry, Sk, 1k, Si are determined in Theorem 8.1.

PRrROOF. The assertion is an immediate consequence of Theorem 8.1. To verify
this, it suffices to recall that in the case when a spline S € ,Vj,5. is the GP of
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asignal f € F, its coordinates with respect to the T'B-basis {7¢%,, (- —kh2")}
dual to a T B-spline basis {Yppav (- — kh2")} are

T = / F(@) Voo (x — kh2¥) da.

a similar remark is true relative to the T B-wavelet coordinates "p;. To ac-
complish the proof one should apply (25) and (51). O

It is readily observable that in this case decomposition and reconstruction
sequences are interchanged with those in the previous subsection.

Concluding Remark

We note that the approach developed for one-dimensional polynomial splines
can be applied to numerous classes of spline functions. We mention L-splines,
box splines, discrete splines and Hermite splines.

The set of problems solvable by means of the techniques established is
rather wide. These techniques are especially relevant for solving problems
concerned with the operators of convolution and differentiation because of
the intimate relationship of the exponential splines to these operators. In
particular, we intend to apply these techniques to solving convolution integral
equations by means of spline wavelet analysis.

Acknowledgment. The author is indebted to Professors Nira Dyn and Amos
Ron for useful discussion of the work.
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