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CONTINUOUS NORMS AND ABSOLUTELY
CONTINUOUS NORMS IN BANACH
FUNCTION SPACES ARE NOT THE SAME

Abstract

It is known that the concepts of continuous norm and of absolutely
continuous norm do not coincide. There exists a space in which all func-
tions possess continuous norm but not all functions possess absolutely
continuous norm. In this paper we construct an extremal example of a
Banach function space in which all functions have continuous norm but
only the zero function has absolutely continuous norm.

1 Introduction

The concept of absolutely continuous norm plays a very important role in
characterization of classes of reflexive Banach function spaces and of separable
Banach function spaces. Let us recall two assertions presented by C. Bennett
and R. Sharpley in [1]. The first one [1, Corollary 4.4] shows that a Banach
function space X is reflexive if and only if both X and its associate space X'
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have absolutely continuous norms (see also [7] and [8]). In the second one [1,
Corollary 5.6] it is proved that a Banach function space (X, y1) is separable if
and only if X has absolutely continuous norm and p is a separable measure.
The concept of continuous norm was introduced by Q. Lai and L. Pick in
[5]. They proved that the Hardy operator T'f(z) = fOI f(t)dt is a compact
mapping from a Banach function space (X,v) into L, if and only if the
function 1/v has continuous norm in the associate space (X’,v). This result
raised the question, if in every Banach function space X, the set of all functions
with absolutely continuous norm is different from the set of all functions with
continuous norm. In [6] two Banach function spaces are constructed which
demonstrate that the concepts of continuous norm and absolutely continuous
norm are not identical. The first space contains a function with continuous
but not absolutely continuous norm and another function with non-continuous
norm. In the other space, every function has continuous norm and there is a
function with non-absolutely continuous norm.

D. E. Edmunds, J. Lang and A. Nekvinda [2] investigated the notions of
continuous norm and absolutely continuous norm in the scale of spaces LP(*)
of functions integrable with variable power p(z). These spaces possess many
non-standard properties (see [4], [3]). Nevertheless, the set of functions with
continuous norm and the set of functions with absolutely continuous norm in
these spaces coincide (see [2]).

In the present paper an extreme example of Banach function space is found
in the sense that every function has continuous norm and only the zero function
has absolutely continuous norm. The paper is organized in the following way.
Section 2 has a preparatory character and brings basic notations, definitions
and auxiliary assertions. In Section 3 we construct the Banach function space
and in Section 4 we prove that it has the desired properties.

2 Preliminaries

Let €2 be a non-empty open subset of R and let M(2) be the set of all real
measurable functions defined on . Denote by |E| the Lebesgue measure of
any measurable subset E of {2 and by x g the characteristic function of E. The
unit function will be denoted 1q; i.e., 1g(x) =1 for all z € Q.

Definition 2.1. A normed linear space (X, ||.||) is called a Banach function
space (abbreviated BFS) if the following conditions are satisfied:

(2.1) the norm || f|| is defined for all f € M(Q), and f € X if and only if
[fII < 003

(2.2) [I£IF = [I[f]1l for every f € M(S);
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(2.3) if 0 < fn /' f ae inQ then | full /7 [Ifl;
(24) it ECQ, |E| < o0, then xg € X;

(2.5) for every set E C Q with |E| < oo, there exists a positive constant Cg
such that [, |f(z)|dz < Cg| f].

Recall that the Fatou property (2.3) immediately yields
(2.6) if 0 < f < g, then | f]| <|lg]|.

The above definition was introduced in [1]. In [8] another definition of
Banach function spaces is given which—requiring properties (2.1), (2.2), (2.6)
and the completeness of the space—specifies a wider class of spaces. The
space we construct in this paper is a Banach function space in the sense of
both definitions.

Definition 2.2. Let X = (X(Q),]||.||) be a Banach function space and let
f € X be an arbitrary function. We say that the function f has absolutely
continuous norm in X if for any sequence of open sets G,, withG,, O G,,41 for
n=1,2,... and ), —, G, = 0, the norms ||fxg, | tend to zero as n — oc.
The set of all functions with absolutely continuous norms is denoted by X,.

We say that f has continuous norm in X if lim, oy | fX(@=rz+rnall =0
for every # € Q and lim, o || fxo\(—rn|l = 0. The set of all functions with
continuous norm is denoted by X..

Recall that ||| . ||| : M(2) — [—00, 0] is a seminorm on M(Q) if every f, g €
M(9) and a € R satisty [[[f[I| 2 0, laflll = lal [, [If +glll < Il + gl
We will be particularly concerned with seminorms which satisfy conditions

@.7) A= AT for all f € M(Q)]
(2.8) if fo, f € M(Q) and 0 < f, / f ae. in Q, then [[fulll /[ f]]l-
Evidently, (2.8) implies
(2.9) if 0 < f < g, then [[f[l < llglll
We will need the following three assertions. The easy proofs are omitted.

Proposition 2.3. Let Q;, i € I, be a system of non-empty open subsets of
Q such that Q = U;c; Q2 U M, where [M| = 0. Let [|.[||l; be a system of
seminorms on §; satisfying conditions (2.7) and (2.8). Define the seminorm
-1 oy Il = supser | fillli, where f; denotes the restriction of f on €.
Then ||| .|| satisfies (2.7) and (2.8).
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Proposition 2.4. Let ), be a sequence of non-empty open subsets of Q0 and
Q= Up Q0 UM, where M| = 0. Let ||.|||n be a system of seminorms
satisfying (2.7) and (2.8). Define the seminorm |||f||| = Yoy I fallln for fn
being the restriction of f on Q. Then |||.||| satisfies (2.7) and (2.8).

Proposition 2.5. Let |||. ||| be a seminorm satisfying (2.7) and (2.8) and let
lalll < oo. Define the norm ||| by |.f = ILfIl+ Jo |71 Then ||| is o norm
in a BFS.

For the sake of simplicity, in the rest of the paper we assume Q = (0,1).

3 The Construction

Our considerations are based on principles of construction of the Cantor set.
Let the symbol K denote the set of all finite sequences of the numbers 0 and 1
including the empty sequence ). The elements of K will be called multiindices.
The length ¢() of a multiindex o € K, a = (a1, as,...,a,), is the number of
all members of the sequence «; i.e., /(o) = n. We define a partial ordering <
on K saying that a < g for a = (a1, a9,...,ar), 8 = (b1,ba,...,b,) if k <n
and a; = b; for i = 1,2,..., k. We shall write &« £ 8 if & < 8 does not hold,
and a = B if « A 8 and B £ a. Note, that « = S if « < 8 and 3 < «, and
that the relations ~, # are different.

Recall the construction of the Cantor set €. Define the intervals I,,, a € IC,
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by

Io = (3, %)
Ioy = (37, 3%)
Iy=(33)
ho = (37, 38)
I = (g, 3)
b= 2

Note that |I,| = 3741, The Cantor set is given by € = [0, 1] \ Uaex Lo If
A, B C R we say that A is to the left (right) of B if sup A < inf B (inf A >
sup B), respectively. Let a, § € K and let I,,, I3 be the corresponding intervals
from the above construction. We say that « is to the left (right) of 5 if I, is
to the left (right) of I, respectively. If « is to the left of v and +y is to the
left of 3, we say that v is between o and 3. We denote by F the system of all
bounded measurable sets M C R such that |M N (z — ¢,z + )| > 0 for every
x € M and t > 0, |[M| = 3™ for certain positive integer n, and, moreover,
neither inf M nor sup M belong to M. Let P be the family of all mappings
P : K — F such that |J,c, P(c) is bounded,

1
|P(a)| = 30(a)+1 (31)
and
if av is to the left of 8, then P(«) is to the left of P(f). (3.2)

By £ we denote the class of all measurable sets £ C R such that £ =
Uacx P(a) for some P € P. It is easy to see that for every £ € £ the
corresponding mapping P € P is unique and |E| = 1. We set IZX = P(a),
IE = (inf IE sup IE).
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Note that the set [0,1] \ € belongs to &.
Let E € £. Let P € P be the corresponding mapping and I¥ = P(a),
a € K. For a € K we define the closed intervals JZ by

J& = [inf B, inf IF)
J& = [inf E,inf I}
J& = [sup 1§, inf I;’]
J§’ = [inf E, sup E]
Jio = [sup Iy, inf I7]
JE = [sup[f,supE]

JE = [sup IF sup E]

The generalized Cantor set ¢F corresponding to the set E is defined by

=N U /&
n=1/¢(a)=n
It is not difficult to show the following properties:
(33) 1IE] > |JE 1 E| = 2 1] = 371
(3.4) the families {IF}, and {IF}, are pairwise disjoint;
3.5) a < fif and only if J¥ € JF and a » 3 if and only if JZ N JE = 0;
B a a B

(3.6) a < B if and only if I¥ C J¥ and o £ 3 if and only if I§ N JF = 0;

(3.7) if @ € K and if k is an integer, k > (), then the number of all multi-
indices 3 such that a < 8 and £(3) = k, is equal to 28—4();
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(3.8) for every x € €F there exists a unique sequence {a,}°; such that
o 2y 2., lay)=nandz € JE
Moreover, if « is to the left of 8 and « » (3, then there exists v between «
and ( such that v < « and v < .

Now, we are ready to construct the desired norm in a BFS. Consider the
class M = M(0,1). We will identify the functions f € M with their extensions
by zero outside (0,1). For E € £ we define the seminorm ||| . |||z by

\||f|||E_Z2  max sup‘UIﬁ‘ / z)| da

n>k

oo (3.9)
= max su )| dz, e M,
Z;)e(a) 7L>Il)<: 2n ) z; / ‘ f
(B)=n
a=3

where the union is taken over all 8 such that () = n and « < §; the second
equality follows from (3.3).

Definition 3.1. The space X is the set of all functions f € M with || f|| < oo
where || f|| = suppee || flll -

Theorem 3.2. (X, ||.||) is a BFS.

PrOOF. Set ||fllo = || f]l + fol |f|. Considering the only term with k =n =0
on the right hand side of (3.9) we obtain ||f|/|g > 3f10E |f(z)| dx for every

E € £ If By, B, B3 € € are such that I, = (0,1/3), I;* = (1/3,2/3),
1% = (2/3,1), then there exists i € {1,2,3} such that 3flq’ff‘ lf| > fol |f].

Hence
1
=3 [ 1= [ 111
10 0

and so, 2|[f|l > [|fllo > ||f||- It suffices to show that || .||o is a norm in a BFS.

According to Propositions 2.3 and 2.4 every seminorm |||. ||z, E € €,
satisfies conditions (2.7) and (2.8) on the interval (0,1). Repeated application
of Proposition 2.3 yields that the seminorm || f|| = supgc¢ ||| f||| £ satisfies (2.7)
and (2.8). By Proposition 2.5, it remains to verify that the unit function 1g
satisfies ||1g|| < oo which is seen from (3.9). |[|lallr < Ypey27% = 2 for
every E € &; ie., ||la] €2 < . O
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4 Properties of the Space X

In this section we prove two theorems. The first one claims that only the zero
function in X has absolutely continuous norm; i.e., X, = {0}, while the other
claims that every function from X has continuous norm; i.e., X, = X.

Theorem 4.1. X, = {0}.

PROOF. Let f € X, f # 0. Then there exist a measurable set M, |M| > 0,
and a real number 1 > 0 such that |f| >n >0 on M. Set

M ={z€eM:|(x—tx+t)Nn M| >0 for every t > 0}.

Clearly, |[M’| = |M|. Take the integer ng such that 370 ~! < |M’| < 37" and
the real number b < 1 such that |[inf M’,b)] N M'| = 37" ~1 Set

Fy=[nf M )N M', Fy =[1,2-3"""1 and F = [} UF,.

For every a € K we denote by p(a), ¢(«) the least real numbers such that
|(inf F,p(a)) N F| = inf I,, |(p(a),q(a)) N F| = |I,|, and we set P(a) =
(p(a),q(a)) N F. Tt is easy to see that P € P and so the set E' = (J,cc P()
belongs to £. Set By = ENFy, Ea = ENFy and ap = (0,0,...,0), {(ag) = np.
Since E; is to the left of Fy and |E;| = 370! we have IﬁEﬂFl = IﬁE if B1is to
the left of ap and I g NF; = () in other cases. For every non-negative integer N

we set Gy = Ué(a)>N IE. Obviously, Gy form a decreasing sequence of open
sets with empty intersection. Let us calculate ||| fxay |||g for a fixed N. Taking
only the first summand in (3.9), using (3.4) and the fact that I N E = IZ]
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we obtain

- / Fxenl

£(B)=n

3n+1
— sup 2/ zxw

n>0 2n

3n+1
>f:;%z 2 J 0 3 s
Z ) / el

B)=nl(a)>N

3 Z / el

£(B)=n (a

3n+1
> sup T S /E i
n>N 0(8)=n " IENE

llfxexlle >
n

= sup
n>0 2n

3n+1

> sup
n>N

By (3.7) and the inclusion Fy C M we arrive at

3n+1 3n+1 on £(ao) n
I xenlle > sup 25 [ 1512 sup S S =
> 5 2

where the union is taken over all § left of ag such that ¢(8) = n. Thus,
_ n
foaNH——E%EfoGNHhaZ CTTESE

and therefore f does not have absolutely continuous norm. O

The proof of X, = X is rather technical. The core is contained in the
following five lemmas.

Lemma 4.2. Let E € &, let ap = ap = --- 2 o = ... be a sequence of
multiindices with £(o;) = j and let || f||g < oo. Then

Lim ||| fxz [lle = 0. (4.1)
j—o00 J

Proor. It follows from (3.5) and (2.9) that |||fxs= ||z is non-increasing.
o
Assume that (4.1) does not hold. Then there exists 17 > 0 such that for every
7 the inequality
Ilxsz lle 2 (12)
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holds. Let us fix j and calculate || fx = ||z. According to (3.9) we have
aj

-1
xse e = max bup /
szl =3 o Z .
a-<ﬂ
0 gn+1 (4.3)
+ max sup — - /
sz(a) kn>k 2 E(gn Fngg,
a=i
=A; + B;.

Let 0 <k <j—1. Then ay = o;. If @ < 3, (o) = k and a » oy, then
B3 » o and, according to (3.6), 15 N ij = (). Therefore,

and we can rewrite A; in the following form.

= Z Sy

£(B)=n
ap=p3

A; =

If k <n <j—1, then the inequalities £(3) < j — 1 < j = {(e;) imply a; £ 8
and (3.6) yields I N J7 = 0. Thus, we can write

3n+1
I S
k=0"2J (B)=n" 15 "Ia;
ap=<p3

If n > j, then again (3.6) implies that Igﬂij =0ifa; £ S and IgﬂJan = IBE
if o;j = 8. Hence, we can further reduce the expression of A;. '

j—1

;= SO WSS Ol IR
k=0 ™27 ¢8)=n £(B)=n
aj<ﬁ a9<,8

Since

By ap Dy / £ < Ifll < o,
o H@)=k n>k ¢(3)=n
a=<
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we have lim;_.o B; = 0, and so, according to (4.2), (4.3), there exists jo such
that A; > n/2 for j > jo and, by (4.4),

i C .
> = > 10.
E / |f|_2j, J>Jo

L(B)=n
a; =3

n>j

Thus, using the assumption £(«y) = k, we obtain

71l > ng . fn=3 Siox

= L(B)=n k=jo
ap =B

which contradicts the assumption. O

Lemma 4.3. Let £ € € and || f[|g < co. Then lim; oy [[|[fX(z—t,z+0)ll2 =0
for all x € R.

PRrROOF. We can assume that z € [inf E, sup E].

First of all, consider the case x ¢ €F. By (3.4), there exists a unique
multiindex v € K such that (z —t, 2 +t) C I for sufficiently small ¢ > 0, and
S0

|HfX(9c—t,x+t)|”E = |HfX(x7t 1+t)m]~E|HE
oo
_Zeg)axkrsgg on Z /Im |sz tm+t‘
£(B)=n
a=0

Property (3.4) yields

e(y)+1 )
s 3227) f[E |fX(r—t,m+t)‘ if a <7,
SUP n Z |fXx t:z:+t‘— ¥ .
n>k 5y IEOTE if o A 1.

a=0

Hence

) 3e(n)+1

X (@—t,at)lllE = 7/ || — 0 as t — 0+,
(z—t,a+t) I;J 20(y) 1EA(o—t.a+t)

since fI$ LfI < Ifllle < oo.
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Now, assume that z € €€, Let {a,} be the sequence of multiindices from
(3.8). If z is an inner point of all Jf, , then there is a sequence of positive real
numbers t,, such that (z —t,,z +1t,) C an and for 0 < t < t,, we have

I X@-tatnlle <llfxsz lle- (4.5)

By Lemma 4.2 the last term tends to 0 as n — co. So tli%lJr X (z—t.ott)lll2 = 0.

If x =infFE or x = supE, then (z —t,z+t)NE is (z,z +t)NE or
(x —t,x) N E and we arrive at (4.5) replacing (z — ¢,z + ) with (x,z +t) or
(x — t,x) respectively.

Finally, if there is n such that x is one of the end points of JO]:J:L and
x # inf E, x # sup E, then there exists a unique interval I E such that either
x = inf f(’f or T = sup ff We will investigate only the case x = inf Tf The
other case is analogous. Then = = sup Jan for all o; with £(cy;) > l(a) + 1,
and we can write

1 X@—tatt)llle < W X@—ta e + 1 X@arnllE
= I X@—t0)nsz e+ X @arnnrzlle

for such ¢ that (z —t,z) C ij and (z,2 +t) C IF. The first term can be
estimated in the same way as (4.5). The second term can be treated as the
case = ¢ €F. O

For r € R and M C R we define the set » + M by
r+M={r+x:2€ M}
Lemma 4.4. Let 0 <t <1,0<7<n/4 and let f € X satisfy

sup || fx0.0llE = - (4.6)
EcE

Then there exists E € £ and v € K such that

0<s:=infIl <t, (4.7)
I xesalle > 3 —2r, (4.8)
supIZ <4t and |IF| <3t whenever IE N (s,t)#0. (4.9)

PrRoOOF. Take Ey € £ such that

n=7<|fxonlle < sup 1 X0 lle- (4.10)
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At first, we will find E; € € and v € K such that (4.7) and (4.8) hold with
F4 in place of E. According to Lemma 4.3, there is a number sy, 0 < sg < t,
such that ||| fx(0,s)lllE, < 7 and so, by (4.10),

11X (s0,0) 12 > 1 — 27

Set r =inf{JI go where the union is taken over all § € K such that

I5° N (so,t) # 0. (4.11)

Note, that r < t. We will distinguish two cases: so < r and r < sg. Let 5o < 7.
Then ||| fX(so,0)l20 = IlfX(r ) lllE,- By Lemma 4.3, there exists a number ¢y,
r <ty <t, such that || fx(e)lllz, < 7. We take v such that r < inf I < ;.
Then ~ satisfies (4.11). We define the mapping P : K — F by

Plw) = IEo if w = or if w is to the right of ~,
| =141, ifwis to the left of 3,

where I, are the intervals from the construction of the classical Cantor set in
Section 3 and we set £y = |J, ¢ P(w). Clearly, P € P and E; € £. Then
(4.7) is satisfied and the estimates

Ifxsollz = W xa,nllze = I xenllz, = 1 Xx@olllee =1 —37

yield

U
X nlle > 5 —2r (4.12)

Now, let r < so. There exists a unique multiindex § satisfying (4.11) and
inf Igo < 8g. Then inf [50 = r and either

r<syg<t<gq (4.13)
or
r<sy)<q<t, (4.14)

where ¢ = sup Igo.
Assume first that (4.13) holds. We change the set Fy pasting the mass of
Ig(’ \ (s0,t) to the right of t. We define the mapping P : K — F by

[(s0,) N IFPT U (£, + 157\ (50, 1)) if w =3,
Plw)=4 -1+1, if w is to the left of 3,
15—|—|I[];30 \ (50,8)] + L if w is to the right of j,
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and set By = |J,cx P(w). Clearly, P € P and E; € £. We set v = 3. Since

(s0,t) N Ey = (s0,t) N Eg = (so,t) N I5° = (s0,t) N IF* = (s,t) N I}, we have
I xeolle: = I xeonlle, 20— 27> 2 - 2r.

Now, let (4.14) hold. Then

N =27 <1 X0, 20 < M X(50.0) 10 + 1 f X (00l 20 = A+ B
and so, either A> 2 —7or B> 4 —7. If A> 2 — 7 we define P by

-1+1, if w is to the left of g,
P(W): [(SO,Q)QEO]U(q,q+|(7’,50)mEOD 1fw:ﬁ7
q+|(r,s0) N Eo| + L, if w is to the right of S,

and set Fy = |J,cx P(w). As in the previous case, P € P, setting v =  we
obtain (4.7), and

n
|||fX(s,t)H|E1 > H|fX(s,q)|HE1 = |HfX(507Q)|||EO =A > 5 -7

implies (4.12).

If B> % — 7, weset t; = inf{JI5° where the infimum is taken over all
w € K, which are to the right of 3. Then ¢ < t; < t. By Lemma 4.3, there is
a number g, t1 < 53 < t, such that ||| fx (s, |z, > 4 — 27. According to the

definition of ¢; there is a multiindex 3’ such that ¢; <inf I 5,0 < 89. We define
—1+1, if wis to the left of 3,
P(w) = Ik if w= g,
IEo if w is to the right of 3.

Then P € P, and setting Ey = |J
also (4.12) since

wex P(w) and v = (" we obtain (4.7) and
Xl = X (500 26
Thus, we have E; € £ and v € K satisfying (4.7) and (4.8). If F; satisfies
(4.9), we set E = E;. Assume that E; does not satisfy (4.9). We have to
change it so that (4.7), (4.8) remain valid and, moreover, (4.9) holds.
If [IZ1] < 3t for all w such that IZ1 N (s,t) # 0, then there exists o € K
such that inf IZ1 <t < sup IZ1. We define

—-1+1, if w is to the left of a,
Pw) = [Ifl ﬂ(s,t)} U(t,t—|—|Ifl\(s,t)|) ifw=aq,
5t + 1, if w is to the right of o



NORMS IN BANACH FUNCTION SPACES 359

and set F = J,,cx P(w). It is seen that (4.9) holds.
If [I21| > 3t and TP N (s,t) # () for some « € K, then this « is determined
in a unique way. We take the integer j such that

3t < |IP| < 31t (4.15)

and denote by £ the set of all w € K such that 121 N (s,t) # . We denote
a = (a1,...,a;) and define the multiindex o = (ai,...,ax,0,1,...,1) with
£(c’) =k + j. The family £ has the properties

oy
if w is between wq,ws € L, then w € L, (4.16)
if we £\ {a}, then o/ <w, ¢(w) > ¢(a’) and w is to the right of a'.

We set z = 37%=9=1 — |IE1 0 (s,t)|. Note that (4.15) yields z > 0. It follows
from (4.16) that the (k 4+ j + 1)-th component of every w € £\ {«a} is 1.
We consider the injection x : £\ {a} — K which changes the (k + j + 1)-th
component from 1 to 0 and keeps all other components unchanged. Obviously,
K preserves the relation <. We define the mapping P : K — F by

—-1+1, if w is to the left of any element of
w(L\{a}),
P(w) = Ifjl(w) ifwer(L\{a}),
B n(s,t)| Ut t+2) ifw=d,
t+z2+1, if w is to the right of o/.

A simple analysis shows that P € P. We set £ = |J . P(w). Then E €
E, (4.7) and (4.9) are satisfied, and it remains to verify the estimate (4.8).
According to (3.9), we have

oo 3n+1
I7xcsolle =2 max sup =5 D /1l

a)=kn>k (oyen 1

a=w

The integrals vanish for all w except w = o’ or w € k(L), and

3Z(w)+1 3€(w)+1
i) /IE |fX sy | = Tolw) /IEl |fX(s,0)]  for w € (L),

w N—l(_))

3[(a')+1 3 j3f(o¢)+1
2‘@')/115/ IfX(s,0)] = (5) 2@((1)/[51 |FX (s, ]-
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This immediately yields the inequality ||| fxs.¢)lllz > [l fx(s,0)ll 2, and so, by
(4.12), the estimate (4.8) holds. O

Lemma 4.5. Let E€ &, ve K, 0<s<t<1land0<7<0/2. Let f € X
be such that ||| fX(s,0)llle > 0. Then there exists a positive integer N such that

N > {(y) (4.17)

and
3n+1

Z max sup

¢ t(a)=k k<n<n 2"

> / |fX(sty] =0 —27.
IE
LB)y=n""8
a=<p8

PROOF. There exists a positive integer N; > ¢(v) such that

> iy
max sup —— / I[Xsp)| =>0—T
= da)=kn>k 2 o(en 15

For every «, ¢(a) = k < N, we can find an integer Na(k,«) > Np such that

sup Z / X, Z/ |FX (s~ 2N1+1

ksn<Na (k) ¢(B)=n (B)=n
a=<3 a=3

Setting N = max{Nz(a, k) : 0 < k < Ny,4(a) = k} we obtain

Z / Fres|
a<ﬂ

N

max
o He)=k k<n<N 2"

N;
> max sup / sz
i ta)= kk:<n<N2(ak) 2” Z Xl
a<[3
N;
>
_k_0€8?§k<rszg€ on e(%;n/ |FX(s,0) | — 2N1+1 1)
a=xi
N;
> maxsup — Z / [ X0y —7>6—2T. O
k*Oé(a) kn>k 2 e
= (B)=n

a=xi



NORMS IN BANACH FUNCTION SPACES 361

Lemma 4.6. Let f € X be such that
lim su = 0. 4.18
R SGI;\HfX(m)H\E n> ( )

Let 0 <s<t<1l, E€€& and vy € K satisfy (4.7) and

lfx0lle =6 >0. (4.19)

Then for every 7, 0 < 7 < min(n/8,0/2) there exist F € £, s1 € (0,s) and
Y1 € K such that sy = inf IX and ||| fx(s,0llr > 0+ % — 47

PROOF. Let
0 <t <min{s/7,37V"?} (4.20)

where N is the integer from Lemma 4.5. Since (4.6) holds with ¢; in place of
t, from Lemma 4.4 we obtain s; € (0,¢1), 71 € K and E; € € such that

0<sy=infI <ty (4.21)

n
X a0llEn = 5 =27, (4.22)

5
sup IPr <4t; and |IPY| <3t; whenever T2 N (sy,t1) #0.  (4.23)
Set
L={w:IEn(s,t) #0}, L1={w:IF N (s1,t1)#0}

and denote a = (ay,...,ax) the (unique) minimal element of £, with respect
to the relation <. By (4.23), (4.20) and (4.17), the inequalities

3H@=1 = |[B] < 3ty < 371 < 300

hold. Hence ¢(a) > £(y) + 1. Let v = (c1,...,¢;). The first £ components of
every element of £, coincide with the components of o and we can define the
injection x : £1 — K by

w=(a1,...,a5,b1,...,b) — k(w) = (c1,...,¢;,0,1,...,1,b1,...,b,),

Every x(w) is to the left of every element of £ because its (j + 1)-th
component is zero and, by (4.7), v is the left most element of £. Denote by
‘H; the family of all multiindices which are to the left of every element of
k(L1), by Ho the family of multiindices which are between x(£1) and £, and
by Hs the set of all multiindices which are to the right of every element of L.
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Set § = (¢1,...,¢;,0,1,...,1) with £(8) =k +1, r = infU(HﬁI,@ and define
the mapping P : K — F by -

141, if we Hy,
IE_ll(w) if we k(Ly),

Pw)=< —r+4t; + 1, ifw € Ho,
I ifweL,

sup E + I, if w € Hs,

where I, are the intervals from the construction of the classical Cantor set in
Section 3. Set F' = (J ¢ P(w). Then P satisfies (3.1), F' is bounded and in
order to show that F' € £ we have to verify (3.2).

If 5 is to the left of 5" and both 3, 5" belong to one of the sets Hi, (L),
Hz, L or Hs, then obviously P(() is to the left of P(5). If B € H;, then
P(B) = —-1+1, C (—1,0). If B = k(w) for some w € Ly, then P(3) = IX1 C
[s1,4t1] according to (4.21) and (4.23). If B € L, then P(8) C [s,sup E]. If
B € Hs, then P(B) C (sup E,sup FE + 1). Finally, let 8 € Hz. Since

Ho C{weK:0 2w}, (4.24)

we have inf P() > 4¢1. On the other hand, by (4.24) and (4.23),

sup | J Lo —inf (J Lo = | | L] =370 =37""1 = [1P| <31,

=<w =<w =<w

This yields sup P(8) = —r + 4t1 + suplg < Tt1 < s by (4.20). All these
relations together imply that F' satisfies (3.2).

Now, we can write

N
Ixenllr =3 max sup 2§ / oo
i U)=kp<n<n 2" W(Ben
a<ﬁ

= A+ B.
> e 3 [ Vxenl=
a<[3



NORMS IN BANACH FUNCTION SPACES 363

Since Ig N (s,t) # 0 if and only if 8 € L, we have

N 3n+1
A= max Su / .
Z fa)= kk<n£N on Z F|fX( 0l
L(B)y=n "F
axp

> /1E | fX(s.0)]

and so, according to the assumption (4.19) and Lemma 4.5, A > 6 — 27. Using
the definitions of L1, k and P we obtain

> 3n+1
B =
2 T, e
= {B)y=n "~
a=3
= > é{gxxkit;lz o Z/ X1
k=N-+1 o(B)=n
a=xi

According to (4.23) and (4.20), for every 3 € L1 we have 37V~1 > 3t; >
\Igl| = 3749~1 and so, /() > N. Hence, by (4.22),

3n+1
B= Z max sup — > / Xt = N X llE > 2 —
0 Ha)=kn>k 2 /3) n
Thus, || f X0l = A+ B >0+ 12 —4r. -

Lemma 4.7. Every function f € X has continuous norm in X; i.e., X, = X.

PROOF. Our aim is to prove that for every f € X, tlir&_ | fX (@—t,z+0n0,1) ] = 0,

x € [0,1] or, equivalently,
tl—lgl_p ||fX(m,r+t) || = 07 VS [07 1)7 (425)

and lim; o4 || fX(z—t,2)| =0, 2 € (0,1]. We will prove only (4.25); the other
relation can be proved in the same way. Without loss of generality we can

suppose that z = 0 because |[fX(@att)ll = llgxounl for g(§) = f(§ + ),
0<é<l—u.
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Assume, to the contrary, that f € X \ X, f # 0; i.e., f satisfies (4.18).
Let 0 < 7 < n/22. Then there exist 0 <t < 1 and E € &£ such that

n < sup [[fxoplle <n+T. (4.26)
FEe&

Let s € (0,¢), v € K and E € &€ be from Lemma 4.4 and let N be the
corresponding integer from Lemma 4.5. Then the assumptions of Lemma 4.6
are satisfied with § > 7 — 27 and so there exist £y € £, s1 € (0,5) and 71 € K
such that s; = inf I and || fx(s,,0)llle, > 0 4+ % — 47 > n — 67. Hence the
assumptions of Lemma 4.6 are satisfied with sy, F1, 71 and 8 > n — 67, and
there exist Ey € £, 2 € (0,51), 72 € K such that so = inf If; and

n 3
I fX(s2,0) |2 >0+ 5 —Ar2gn—10m>n 4T

This contradicts the assumption (4.26). O

Remark. It is possible to repeat the last step in the proof ad libitum to get
that || f]| = oo.
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