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POINTS OF CONTINUITY,
QUASICONTINUITY, CLIQUISHNESS, AND
UPPER AND LOWER QUASICONTINUITY

Abstract
The quadruplet (C(f), Q(f), E(f), A(f)) is characterized, where C(f),
Q(f), E(f) and A(f) are the sets of all continuity, quasicontinuity, up-
per and lower quasicontinuity and cliquishness points of a real function
f of real variable, respectively.

Let X be a topological space. For a subset A of X denote by CI(A) the
closure of A. The letters R, Q and N stand for the set of all real, rational and
positive integer numbers, respectively. If A is a subset of R and x € R, then
dist(z, A) = inf{|x — a| : a € A} is the distance of x from A.

A real function f : X — R is said to be quasicontinuous (cliquish) at a
point = € R if for each ¢ > 0 and for each neighbourhood U of x there is
a nonempty open set G C U such that |f(z) — f(y)|] < € for each y € G
(1£(y) - F(2)] < & for each y, = € G) [6].

A function f : X — R is said to be upper (lower) quasicontinuous at z € X
if for each € > 0 and for each neighbourhood U of x there is a nonempty open
set G C U such that f(y) < f(x)+e (f(y) > f(x) —¢) for each y € G [3].

Denote by C(f) the set of all continuity points of a function f : X — R,
by Q(f) the set of all quasicontinuity points of f, by A(f) the set of all
cliquishness points of f and by E(f) the set of all points of both upper and
lower quasicontinuity of f. It is well-known that C(f) C Q(f) C A(f), C(f)
is Gs, A(f) is closed [5], Q(f) C E(f) [3] and A(f)\ C(f) is of first category
[2].

Key Words: continuity, quasicontinuity, cliquishness, upper and lower quasicontinuity
Mathematical Reviews subject classification: Primary: 26A15; Secondary: 54CO08,
54C30
Received by the editors February 27, 2007
Communicated by: Brian S. Thomson
*This research was supported by Grant VEGA 2/6087/26 and APVT-51-006904.

339



340 JAN BORSIK

In the paper [2], the triplet (C(f),Q(f), A(f)) is characterized. In this
paper, we will characterize the quadruplet (C(f), Q(f), E(f), A(f)).

In [4] it is shown that if a function f : X — R is upper and lower qua-
sicontinuous at each point x € X, then f is cliquish. However, the inclusion
E(f) C A(f) does not hold. If f(0) = 0, f(x) = 2 for positive rational x,
f(xz) = 1 for positive irrational z, f(x) = —2 for negative rational z and
f(z) = =1 for negative irrational z, then 0 € E(f) \ A(f). However, the set
E(f)\ A(f) is small.

Theorem 1. Let f : X — R be a function. Then the set E(f) \ A(f) is
nowhere dense.

PROOF. Suppose that the set E(f)\ A(f) is not nowhere dense. Then there is
a nonempty open set K such that E(f)\ A(f) is dense in K. Let L = K\ A(f).
Since A(f) is closed the set L is nonempty open and E(f) is dense in L.

Let xg € L. Then there is an € > 0 and a nonempty open set M C L such
that the following holds.

If ) # G C M is open, there are y, z € G with |f(y) — f(2)] > 8. (¥)

Since E(f) is dense in L there is 1 € E(f) N M. Hence, there is a
nonempty open set Uy C M such that f(y) < f(z1) + € for each y € Uy.
Further there is o € E(f) N U; and hence there is a nonempty open set
Us C Uy such that f(y) > f(x2) — e for each y € Uy. Thus for each y € Uy we
have f(z2) —e < f(y) < f(z1) +e.

Let v1,v2,...,v,m € R be such that (f(z2) — &, f(z1) +¢) € UL, (v; —
g,v;+¢). Then Uy = /-, U2 N f~1((v; — €,v; + €)) and hence there is j € N
such that Uz N f~'((v; — €,v; +¢€)) is not nowhere dense in Us.

Therefore there is a nonempty open set J C Us and v € R such that
(v —e,v+¢)) is dense in J.

Put A={yeJ:|fly)—v|<e}, B={yeJ: fly) > v+ 3} and
C={yeJ: f(y) <v—3e}. Then A is dense in J and also BU C is dense
in J. If namely B U C is not dense in J, then there is a nonempty open set
P C J such that PN(BUC) = 0. Then f(y) € (v—3e,v+ 3¢) for each y € P
and thus |f(y) — f(2)| < 6¢ for each y, z € P, which contradicts to (*).

This yields that B is not nowhere dense in J or C' is not nowhere dense
in J. Suppose that B is not nowhere dense in J; the case C' is not nowhere
dense in J is similar. Then there is a nonempty open set 7' C J such that B
is dense in T. There is a point zg € E(f) NT. We have two possibilities:

a) If f(z0) < 2e+ v, then every nonempty open set U C T contains a point
z € B and hence f(z) > v+ 3¢ > f(z0) + €. This yields zg ¢ E(f), a
contradiction.
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b) If f(20) > 2¢ + v, then every nonempty open set U C T contains a
point z € A and hence f(z) < v+e < f(z9) —e. Again, z9 ¢ E(f), a
contradiction.

Therefore the set E(f) \ A(f) is nowhere dense. O
Since A(f) is closed, E(f) = X implies A(f) = X (see [4]).

Lemma 1. ([/1],/8)) If f1 : X — R is quasicontinuous (cliquish) [upper and
lower quasicontinuous] at x and fo : X — R is continuous at x, then fi + fa
is quasicontinuous (cliquish) [upper and lower quasicontinuous] at x.

Theorem 2. Let C, Q, E and A be subsets of R. Then C = C(f), Q = Q(f),
E =E(f) and A= A(f) for some f :R — R if and only if C C Q C ANE,
C is Gs, A is closed, A\ C is of first category and E \ A is nowhere dense.

PRrOOF. The sufficiency for this proof follows from our previous remarks and
Theorem 1. To prove the necessity, first note that the set A\ C'is a F, set of
first category, hence by [7] we can write A\ C' = {J,,cr Dn, where the sets D,
are closed nowhere dense and pairwise disjoint. Since every nowhere dense set
S C R can be written as S = S; U Sy, where S; is a nowhere dense perfect set,
S is countable and Sy and Sy are disjoint, we can write A\C' = [ J;cy(A:UB;),
where sets A; are nowhere dense perfect (maybe empty), B; are singleton (or
empty) and all A; and B; are mutually disjoint.

If A; is nonempty nowhere dense perfect we can write R\ 4; = J jen I]@,
where I} = (aé, b;) are pairwise disjoint intervals. We can assume that A; C
ClUjen 135) N CUUjen 135-1)-

If A; =0 put s;(z) =0 for each z € R. If A; # () define s, : R — R by

—47 if z € I3; for some j € N,

0 if AN (E ,
. ita € AN (E\Q)

27 ifee A;Nn(A\E),

4 otherwise

o0
and put s = > s;.
i=1 -
If © ¢ A;, then x € C(s;). Since the series > s;(x) converges uniformly
i=1
we obtain

R\ | A4; € C(s). (1)

i€EN
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Now, let x € A;. Then = ¢ J;; A; and hence z € C(s;) for each j # i

and
j#i
Let x € A;N(A\ E). Then s;(x) = 27% Let U be an open neighbourhood
of . Then there is j € N such that Uﬂ]} # (). The set G = UﬂIJi is a
nonempty open subset of U and s;(y) = s;(z) for each y,z € G, i.e.

Let H be an arbitrary open nonempty subset of U and let ¢ be such that
47" < ¢ < 27", Since A; is nowhere dense there is z € H \ A; and s;(z) <
47" < ¢ < 27" = g;(x). Therefore s; is not lower quasicontinuous at = and

A;N(A\E) C R\ E(sy). (4)

Let x € A; N (E\ Q). Then s;(z) = 0. Let U be an open neighbourhood
of z. Then there is j € N such that H = U N I5; # (. For each y,z € H we
have s;(y) = s;(z) and hence,

Ain(E\Q) C A ()

Moreover, for each y € H we have s;(y) = —47% < 0 = s;(x), thus s; is
upper quasicontinuous at x. Further, there is k¥ € N such that U N 1%, | # 0
and for each y € U NI, | we have s;(y) = 47" > 0 = s;(x), thus s; is lower
quasicontinuous at x. Therefore we have

Now, let G be an arbitrary open set. There is z € G\ 4; and |s;(2)] = 47,
hence we have |s;(z) — s;(z)| = 47%. This yields
AN (E\ Q) CR\Q(s:). (7)

Now, let x € A;N(Q\ C). Then s;(x) = 4=%. Let U be an open neighbour-
hood of z. Then there is j € N such that H = U N Iéj #+ (). For each y € H

we have s;(y) = 47" = s;(z) and

AN (Q\C) C Q(si)- (®)
Since liminf s;(y) = —47% and limsup s;(y) = 4’ we have
Yy—x y—x

Ain(Q\C) CR\C(si). (9)
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If B; =0 put ¢;(z) = 0. If B; = {b;} define a function ¢; : R — R by

4=, ife>b;orxz=>b; and b, € Q\ C,
bi(z) = 0’. ife=5and b; € E\ Q,

27, ifx="band b, € A\ E,

—47 if z < b;.

o0
and put t = > ;.
i=1

(o)
If x # b;, then x € C(¢;) and since the series Y t; converges uniformly we

i=1
obtain

R\ | JBi c C). (10)

€N

Now, let x = b;. Since B; are pairwise disjoint we have x € C(t;) for each
j # 14 and

B; C O(th). (11)

J#i

It is easy to see that

BiN(A\ E) C A(t:) \ E(t:), (12)
Bin(E\Q) C E(t:) N A(t:) \ Qt:), (13)
B;in(Q\C) CQ(t:)\ C(t:). (14)

If A =R we put u(z) = 0. Now, let A # R. Then AU CI(E) is a closed
set and hence R\ (AU CI(E)) = U;cps(ai, b;), where M C N and all intervals
(a;, b;) are pairwise disjoint. Since A # R and the set E \ A is nowhere dense
the set M is nonempty.

For each i € M let ¢}, d} be such that for each j € Na; < ¢, < df <
¢ <ci=0b; and lim ¢! = a;. Define a function u : R — R by

J—00



344 JAN BORSIK

min{1, dist(x, A)}, if 2 € (db;,ch;) \ Q
for some i € M and j € N,
min{2, 2dist(z, A)}, ifxe (déj,cgj) nNQ
for some i € M and j € N,
min{3, 3dist(z, A)}, if 2 € ([c},,d;]U(CIE\ A)\ E))NQ
for some i € M and j € N,
u(z) =40, ifre AUE,

max{—1, —dist(z, A)}, ifx e (dy;_;,¢5 1)\ Q
for some ¢ € M and j € N,

max{—2, —2dist(z, A)}, ifxze (dgj_l, cgj_l) nNQ
for some i € M and j € N,

max{-3, =3dist(z, A)}, ifz e ([¢f,,,d;]U(CHE\A)\E)\Q
for some ¢ € M and j € N.

Let z € A and let ¢ > 0. Then u(z) = 0. Since dist(x, A) is contin-
uous there is a neighbourhood U of x such that |dist(y, A)| = | dist(z, 4) —
dist(y, A)| < £/3 for each y € U. Hence for each y € U we have |u(z) —u(y)| =
lu(y)] < 3dist(x, A) < e. Therefore we get

Ac Cu). (15)

Now, let © ¢ A. Let a = dist(z, A) if A # ) and a = 2 if A = (. Then
U= (z—a/4,z+a/4) is a neighbourhood of z. Let G C U be an arbitrary
nonempty open set and let b = min{1, a} > 0.

Let z € Gand A # (). Then [z —z| < §. Let w € A. Then a = dist(z, A) <
|z —w| < |z —2[+ |z —w| < § + |z — w|. Therefore for each w € A we have
|z—w| > 3a and hence dist(z, A) > 3a. On the other hand, there is v € A such
that [v—z| < §a and hence dist(z, 4) < |[v—z| < |z—z|+|z—v| < ¢4+ Za = La.
Therefore, if G C U is a nonempty open set and A # (§ we have

11
Za < dist(z, 4) < T (16)

There are three possibilities:

a) P = (G\ C(E\ A)) N (dj;,ch;) # O for some i € M and j € N.
Then there are points 21 € PN Q and 20 € P\ Q. According to
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(16) we have u(z) = min{2,2dist(z1, A)} > min{2, 3a} and u(z2) =
min{1, dist(z2, A) < min{1, Ha}. We obtain

11 1
|u(z1) — u(z2)| > min{2, ga} — min{1, ga} > min{1, ga} =b.

b) P = (G\CUE\ A) N (ds;_y,ch;_1) # 0 for some i € M and j € N.
Then for z; € PNQ and 23 € P\ Q we have

11 1
|u(z1) — u(z2)| > max{—1, —ga} — max{—2, —ga} > min{1, ga} =b.

c) (G\CUE\ A) N (Users Ujen(ds¢h)) = 0. Since E \ A is nowhere
dense there are z; € (G\ C(E\ A))NQ and 22 € (G\ CI(E\ A4)) \
Q. We have u(z1) = min{3,3dist(z1, A)} > min{3, 2a} and u(z) =

max{—3, —3dist(z2, 4)} < —min{3, 2a} and hence

m@g—m@nzmmm&%@>a

Therefore u is not cliquish in z and

R\ ACR\ Au). (17)

Now, let x € E\ A and let U = (x — §,2 4+ §), § > 0, be a neighbourhood
of z. Then u(z) = 0 and there is 0 < §; < ¢ such that (z — 1,z +d1)NA = 0.
Since E \ A is nowhere dense there is an interval (¢,d) C (x,x + 1) such
that (c,d) NCL(E'\ A) = 0. This yields (¢, d) C U;cps(as,b;) and since (a;, b;)
are disjoint there is ¢ € M such that (¢,d) C (a;,b;). Since = ¢ (a;,b;) we

have < a; < ¢ < o+ 6. Since lim ¢§ = a; there is j € N such that
J—00
a; < ¢ <w+ 01.
For each y € (dj;,ch;) C U we have y(y) > 0 = u(z), i.e. u is lower
quasicontinuous at x. Similarly, for each y € (déj_l,céj_l) C U we have
u(y) < 0 =u(x), i.e. u is upper quasicontinuous at . Thus

E\ AC E(u). (18)

Finally, let ¢ (EU A). Let a = dist(z, A) if A # () and a = 3 if A = 0.
We have three possibilities:
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x € (db;, cy;) for some i € M and j € N. Then U = (z — a/4,z +a/4) N
(d§j7c§j) is a neighbourhood of x. Let G be an open nonempty open
subset of U.

If € Q, then u(z) = min{2,2dist(z, A)} and b = min{1, Fa} < u(x).

There is a point z € G\ Q and according to (16) we have 3a <

dist(z, A) < Ha for A # 0. Therefore u(z) = min{l,dist(z, 4)} <
min{1, Ya} = b < u(x), i.e. u is not lower quasicontinuous at .

If 2 ¢ Q, then u(z) = min{1, dist(z, A)} and b = {2, 2a} > u(z). There
is a point z € GNQ and u(z) = min{2, 2dist(z, A)} > min{2, 3a} =b >
u(z), i.e. u is not upper quasicontinuous at x.

x € (db;_y,ch; ) for some i € M and j € N. Then similarly as in a) we
can show that = ¢ E(u).

r & Uienm UjeN(d§-7c§). Let G be an open nonempty subset of (z —
a/4,x +a/d).

If x € Q, then u(x) = min{3, 3dist(x, A)}. For each y € G\ Q we have
u(y) < min{2, 2dist(y, A)} < min{2, LLa} = b < u(z) and u is not lower
quasicontinuous at .

If © ¢ Q, then u(x) = max{—3,—3dist(z, A)} and for each y € GNQ
we have u(y) < max{—2,—2dist(y,A)} > max{—2,—a} > u(z), ie.
u is not upper quasicontinuous at x.

Therefore we have

R\ (EUA) C R\ E(u). (19)

Define f : R — R by f = s+t + u. We will show that f is the desired

function.

1.

2.

Let € C. Then according to (1), (10) and (15) we have x € C(s) N
C(t) N C(u) and hence = € C(f),

C c (). (20)

Let x € Q\ C. If x € A; for some ¢ € M, then according to (10), (15)
and (2) we obtain z € C(t) N C(u) N C(3_,; 8;), according to (8) we
have z € Q(s;) and by (9) = ¢ C(s;). Therefore by Lemma 1 we have
z € Q) \ C(f).
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If x = b; for some ¢ € M, then by (1), (15) and (11) we have z €
C(s) N C(u) N C(X,4t5) and by (14) € Q(t;) \ C(t;). Hence, by
Lemma 1 again x € Q(f ) \ C(f) and

Q\Cce(f)\cf). (21)

3. Let z € ANE\ Q. If x € A;, then by (10), (
ze Ct)ynC(u)N C(E:Hé sj). Further, x € A(s;) by (5), z € E(s;) by
(6) and x ¢ Q(s;) by (7), therefore x € A( YNE(f)\ Q).
If z = b;, then (1), (15) and (11) imply z € C(s) N C(u) N C(X, 4, t5)
%I;Id(lf?))yieldstA( ) NE()\Q(t;). Hence x € A(f)NE(f )\Q( )

15) and (2) we have

ANE\QCA(f)NE)\ Q) (22)

4. Let z € A\ E. If x € A;, then by (10), (15) and (2) we have z €

C(t) N Cu) N C(X;285), by (3) @ € A(si) and by (4) = ¢ E(s:),
therefore x € A(f) \ E(f).

If 2 = b;, then by (1), (15) and (11) we have x € C(s)NC(u)NC (3,4, t5)
and by (12) z € A(t;) \ E(t;) and hence = € A(f) \ E(f) and

A\ E C A(f)\ E(f)- (23)
5. Let x € E\ A. Then according to (1) and (10) we have x € C(s) N C(¢),
by (18) we have x € E(u) and by (16) x ¢ A(u). Lemma 1 implies
z € E(f) \ A(f) and

ENACE(f)\ A(f) (24)
6. Let z € R\ (AU E). Then (1) and (10) imply z € C(s) N C(t), (19)

yields « ¢ E(u) and (17) implies « ¢ A(u). From Lemma 1 we deduce
R\ (AUE) C R\ (A(f) U E(f))- (25)

Finally, from ( 0), (21), (22), (23), (24) and (25) we conclude that C =

C(f), @ =Q(f), E=E(f) and A= A(f).
O
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Remark 1. Theorem 2 is not true for functions f : R2 - R. IfC =Q =
R2\ {(0,0)} and A = E = R?, then all the assumptions of Theorem 1 are
satisfied, however there is no function f : R? — R with C = C(f), Q = Q(f),
E = E(f) and A = A(f).

PROOF. Assume that there is a function f : R? — R such that C = C(f),R? =
A(f) = E(f). We will show that under this assumption, (0,0) € Q(f), which
is a contradiction.

Let U be a neighbourhood of (0,0) and let ¢ > 0. Let § > 0 be such
that T = {(z,y) € R? : /a2 +y2 < 6} C U and let W = T \ {(0,0)} and
a = f(0,0). Since (0,0) € E(f) there are nonempty open sets G1,Gy C T
such that f(G1) C (a —&/2,00) and f(G2) C (—o0,a + ¢/2). Therefore there
are (y1,21), (y2,22) € W such that f(y1,21) > a—e/2 and f(y2,22) < a+¢&/2.

If f(y1,71) < a, then |f(y1,21) — a] < /2 and there is an open neigh-
bourhood G € W C U of (y1,21) such that |f(y,z) — f(y1,21)| < €/2 for
each (y,z) € G. Therefore for each (y,z) € G we obtain |f(y,z) — £(0,0)] <
F,2) — F, 20| + [y, 21) — al < £/2+¢/2 = €, ie (0.0) € Q(f). 1t
f(y2, 22) > a, then similarly we can show (0,0) € Q(f).

Finally, let f(y2,22) < a < f(y1,21). The set W is connected and the
function f [ W is continuous, hence the set f [ W(W) = f(W) is connected.
Since f(ya,22), f(y1,21) € f(W) there is (ys,23) € W such that f(ys,z3) = a.
Since (ys3,z3) € C(f) there is an open neighbourhood G C U of (ys, z3) such
that | f(ys,23) — f(y,2)| < € for each (y,z) € G. Therefore for each (y,z) € G
we have |f(y,2) — f(0,0)] < [f(y,2) — f(y3, 23) + |f(y3,23) —a| < ¢ and
(0,0) € Q(f). O

Problem 1. Characterize the quadruplet (C(f),Q(f), E(f), A(f)) for real
functions defined on a metric space, or at least for R?.
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