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A SOLUTION TO PFEFFER’S PROBLEM

Abstract

We give an example of a non-integrable function f on [0, 1] × [0, 1]
such that Z β

α

(

Z δ

γ

f(x, y) dy) dx =

Z δ

γ

(

Z β

α

f(x, y) dx) dy

for each subinterval [α, β]× [γ, δ] of [0, 1]× [0, 1].

In [9, problem 6.2], Pfeffer posed the following problem:

Problem. Let f be a function on an interval A = [a, b]× [c, d], and∫ β

α

(
∫ δ

γ

f(x, y) dy) dx =
∫ δ

γ

(
∫ β

α

f(x, y) dx) dy

for each subinterval [α, β]× [γ, δ] of A. Is f integrable in A? If so is∫
A

f =
∫ b

a

(
∫ d

c

f(x, y) dy) dx?

In the above problem, “integrable” is understood to be in the sense of [8,
Definition 3.1]. For other equivalent definitions of this integral, see [4]. By
taking A to be the unit square [0, 1]× [0, 1], we give a negative answer to the
above problem.

Theorem. There exists a non-integrable function f on [0, 1]× [0, 1] such that∫ β

α

(
∫ δ

γ

f(x, y) dy) dx =
∫ δ

γ

(
∫ β

α

f(x, y) dx) dy

for each subinterval [α, β]× [γ, δ] of [0, 1]× [0, 1].
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Proof. We shall construct a sequence of subintervals of [0, 1]× [0, 1] similar
to that of [7, Lemma 4.1]. Then we construct the required function f . For
each positive integer n, we let an =

∑n
k=1( 1

2 )k, cn = 1
2 (an + an+1) and In =

[an, an+1]× [an, an+1]. Define fn : In → R by

fn(x, y) =



4
(an+1 − an)2

if (x, y) ∈ ((an, cn)× (an, cn))

∪((cn, an+1)× (cn, an+1))
−4

(an+1 − an)2
if (x, y) ∈ ((an, cn)× (an, cn+1))

∪((cn, an+1)× (cn, an))
0 otherwise.

Now define f : [0, 1]× [0, 1] −→ R by

f(x, y) =

{
fn(x, y) if (x, y) ∈ In for some positive integer n
0 otherwise.

By our definition of f , we have∣∣∣ ∫
[an,cn]×[an,cn]

f
∣∣∣ = 1 (1)

for all positive integers n. Since the two-dimensional Lebesgue measure of
[an, cn]× [an, cn] tends to zero as n→∞, it follows from [8, Proposition 4.10]
and (1) that f is not integrable on [0, 1]× [0, 1]. However, we shall prove that∫ β

α

(
∫ δ

γ

f(x, y) dy) dx =
∫ δ

γ

(
∫ β

α

f(x, y) dx) dy (2)

for each subinterval [α, β]× [γ, δ] of [0, 1]× [0, 1].
If [α, β]× [γ, δ] ⊂ [0, 1]× [0, 1] with

(
[α, β]× [γ, δ]

)
∩{(1, 1)} = ∅, then f is

Lebesgue integrable on [α, β] × [γ, δ], so (??) is true for all such subintervals
of [0, 1]× [0, 1]. It remains to verify that∫ 1

α

(
∫ 1

γ

f(x, y) dy) dx =
∫ 1

γ

(
∫ 1

α

f(x, y) dx) dy (3)

Let q be the minimum positive integer such that
(
(α, 1]× (γ, 1]

)
∩ Iq 6= ∅.

If ai ≤ x ≤ ai+1 for some i > q, then we have∫ 1

γ

f(x, y) dy =
∫ 1

ai+1

f(x, y) dy +
∫ ai+1

ai

f(x, y) dy +
∫ ai

γ

f(x, y) dy = 0.



A Solution to Pfeffer’s Problem 945

If x ∈ [aq, aq+1], then we have∫ 1

γ

f(x, y) dy =
∫ 1

aq+1

f(x, y) dy +
∫ aq+1

γ

f(x, y) dy =
∫ aq+1

γ

f(x, y) dy.

Thus we have∫ 1

γ

f(x, y) dy =

{∫ aq+1

γ
f(x, y) dy if x ∈ [aq, aq+1]

0 otherwise.

Similarly, we have∫ 1

α

f(x, y) dx =

{∫ aq+1

α
f(x, y) dx if y ∈ [aq, aq+1]

0 otherwise.

From the above computations, we have∫ 1

α

(
∫ 1

γ

f(x, y) dy) dx =
∫ aq+1

α

(
∫ aq+1

γ

f(x, y) dy) dx

and ∫ 1

γ

(
∫ 1

α

f(x, y) dx) dy =
∫ aq+1

γ

(
∫ aq+1

α

f(x, y) dx) dy.

So (3) is true. Thus f is the function with the desired properties.

Remark The above function f is neither M1 (see [2]) nor strongly ρ-integrable
(see [5]) on [0, 1] × [0, 1]. In particular, this function cannot be Henstock-
Kurzweil integrable on [0, 1]× [0, 1] (see [6]). If a function is integrable in the
sense of [8, Definition 3.1], then it is shown in [4] that it is also ρ-integrable
(see [3]) there with the same integral value. Must this function be strongly
ρ-integrable on this interval?
Acknowledgement. The author would like to thank the anonymous referee
for posing the following interesting open problems for the BV-integral. For
this integral, the reader may wish to consult [1] and references therein.

1. Assuming that the double integral and the iterated integrals exist, do
they have the same value?

2. Assuming that the double integral exists and the iterated integrals are
equal, is their common value equal to the double integral?
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