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CLOSED GRAPH FUNCTIONS

Abstract
In this article we prove that if a function f : X — R is the point-
wise (discrete) [transfinite] limit of a sequence of real functions f,, with
closed graphs defined on complete separable metric space X then f is
the pointwise (discrete) [transfinite] limit of a sequence of continuous
functions. Moreover we show that each Lebesgue measurable function
f R — R is the discrete limit of a sequence of functions with closed
graphs in the product topology T4 x Te, where Ty denotes the density

topology and 7. the Euclidean topology.

We say that a function f: X — Y, where X and Y are topological spaces,
is a function with closed graph, if the graph of the function f, i.e. the set

G(f) ={(z,y) e X xY;y = f(2)},

is a closed subset of the product X x Y.

Let R be the space of all reals with the Euclidean topology T.. In the
paper [10] Kostyrko proves that every function f: (X,Tx) — (R, T.) (shortly
f+ X — R) defined on a normal topological space X, with a closed graph is
the limit of a sequence of continuous functions f,, : X — R, i.e. it is of the
first class of Baire.

It is also obvious to observe that the uniform limit of a sequence of functions
fn : X — R with closed graphs, has the closed graph ([6]).

In this article I prove that on a separable complete metric space (X, p)
the pointwise (resp. discrete) limit of a sequence of functions f, : X — R
with closed graphs is the pointwise (resp. discrete) limit of a sequence of real
continuous functions on X.
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Theorem 1. Let (X, p) be a complete metric space. If a function f : X — R
is the pointwise limit of a sequence of functions f, : X — R with a closed
graph then f is of the first Baire class.

Proof. By Theorem 1 from [8] it suffices to prove that for every nonempty
perfect set A C X and for each positive real n there is an open set I such that

INA#Q and oscina f <.

Let A C X be a nonempty perfect set and let  be a positive real. For each
point x € A there is a positive integer n(x) such that

|fo(@) = f(2)| < g for n > n(x).
Forn=1,2,..., let
A, ={z € A;n(z) =n}.

Since A with the restricted metric p/(A x A) is a complete metric space and

A= GAn,

n=1

there is a positive integer k such that the set Ay is of the second category
in A. Consequently, the interior (in the space A) int4(cl(Ax)) of the closure
cl(Ag) of the set Ay is nonempty and there is an open set J such that

0 #cl(Ax N J) =cl(J N A).

Consider a function f,,, with m > k. Since the graph G(f,,,/A) of the restricted
function f,,/A is closed, the set D(f;,/A) of all discontinuity points of the
restricted function f,,/A is nowhere dense in A (see [1, 7]). So there is an
open set I C J such that

INA#( and oscmAfm<ﬂ

4

and the restricted function f,,/A is continuous at every point of the set I N A.
For each positive integer j > k and for each point x € I N Ay the inequality
|fj(z) — f(z)] < Z is true. So, for j >k and 2 € I N Ay we obtain

155(@) = (@) < 1£5(@) = F@] +17(@) = @) < {4 g = 7

Since the restricted function f,,/(INA) is continuous and the set TN Ay is dense
in I N A, the restricted functions f;/(I N A), j > k, must be also continuous.
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Of course, if w € I N A is a point then, by the continuity of f,,/(I N A) at
u, there is an open set J C I such that v € J and f,,/(J N A) is bounded.
Consequently, for j > k the functions f;/(J N Ay) are bounded. Since the
set J N Ayg) is dense in J N A, the restricted functions f;(J N A), j > k, are
bounded and consequently continuous on J N A.

Moreover for z,y € I N A and for j > k the inequality

5@~ 5] < 1) Fn @) @)~ o ) om0~ 5] < D404 = 2

is true. We will show that osc;na f < %” <n. If oscrna f > %” then there are
points u,v € I N A such that |f(u) — f(v)| > %7. But

7 = )] = |l fiw) = T f50)] = Jim 1fy(0) = (0] < 2,

and this contradiction finishes the proof.

Now we will describe the discrete convergence of sequences of functions
with closed graphs.

A sequence of functions f,, : X — R discretely converges to a function
f ([4]) if for each point * € X there is a positive integer n(x) such that
fu(z) = f(x) for n > n(x).

It is known ([4, 8, 9]) that a function f : X — R defined on a separable
complete metric space X is the discrete limit of a sequence of continuous
functions f,, : X — R if and only if for each nonempty closed set A C X there
is a nonempty open set G C X such that GNA # () and the restricted function
f/(GN A) is continuous.

Theorem 2. Let (X, p) be a separable complete metric space. If a function
f X — R is the discrete limit of a sequence of functions f, : X — R
with closed graphs then f is the discrete limit of a sequence of real continuous
functions defined on X.

Proof. Let A C X be a nonempty perfect set. For each point € A there
is a positive integer n(z) such that f,(z) = f(x) for n > n(x). Forn=1,2,...
put

A, ={z € A;n(x) = n}.

Since (A4, p/(A x A)) is a complete space and

A= GA,“

n=1
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there is an integer k > 0 such that the set Ay, is of the second category in A.
So there is an open set J C X such that

JNA#D and cl(AxNJ)=cl(ANJ).

Consider a function f,, with m > k. The set D(f,,/(I N A)) of discontinuity
points of f,,/(JNA)) is nowhere dense in J N A, so there is an open set I C J
such that TN A # @ and the restricted function f,,/(INA) is continuous. Since
the graphs G(f,/A) are closed and for j > k we have

fi(@) = fm(x) for 2 € Ay NI and cl(INA)=clINAg),
the restricted functions f;/(I N A), j > k, are continuous and

fj/(I N A) = fm/(I N A)

Consequently, the restricted function f/(I N A) = f,,/(I N A) is continuous
and the proof is completed.

Now we consider the transfinite convergence. Let w; be the first un-
countable ordinal. We will say [12]) that a transfinite sequence of functions
fa: X = R, a < wi, converges to a function f if for each point x € X there
is a countable ordinal §(x) such that f,(z) = f(z) for countable ordinals

a > f(x).
In the proof of next theorem we will apply the following lemma.

Lemma 1. Let (X, p) be a separable complete metric space and let F C X
be a nonempty closed set. If a transfinite sequence of functions fo : X — R,
a < wi, with closed graphs converges to a function f then there are an open
set U with UNF # 0 and a countable ordinal 3 such that

falx) = f(z) for z € UNF and wy >a > f.

Proof. There is a countable set A C F' such that cl(4) = F. Let 8 < w;
be an ordinal such that

falz) = f(x) for x € A and w; > a > (.

Since the graphs of restricted functions f,,/F are closed in the product space
F xR, there is an open and dense in F' subset B C F' such that

fa(z) = f(z) for € B and w; > a > f.
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As an example of such open set B we can take the interior (in F') of the set
of all continuity points of the restricted function fzy1/F.

Let B = UNF, where U is open in X. Then the set U satisfies all
requirements and the proof is completed.

Theorem 3. Let (X, p) be a separable complete metric space. If a transfinite
sequence of functions fo : X — R, a < wy, with closed graphs converges
to a function f then there is a countable ordinal B such that fo, = f for all
countable ordinals o > (3.

Proof. Let B be a countable basis of open sets in X. By the above
Lemma and the transfinite induction we find a transfinite sequence of open
sets U, € B, a < ap, and a transfinite increasing sequence of countable
ordinals (), o < ay, such that

X=|J U,

a<og

Va=Ua\ |J Us #0

B<a

and
fa(z) = f(z) for x € V,, and B > B(a).

Since g is a countable ordinal, there is a countable ordinal v > §(«) for all
a < ag. Obviously, f, = f for all countable a@ > -y and the proof is completed.

The referee observed the following direct proof of Theorem 3 not needing
any metric.

It is assumed that the space X has a countable base of open sets. By
assumptions, the graph G(f) of the function f is the increasing union of closed
sets

Gg={(z,y) € X X R;Vaxpfalx) =y}, where 8 < wy.

As X x R has a countable base there is # < w; such that G(f) = G and
hence f = f, for all a > 3.

Now we consider the pointwise and discrete convergence of sequences of
functions with closed graphs in the case of the density topology.
A point € R is said an outer density point of a set A C R if

lim te([x —h,x +h]NA)
h—0t 2h

:]_7
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where . denotes the Lebesgue outer measure on R.

If a set A C R is measurable (in the Lebesgue sense) then each outer
density point of A is said a density point of A.

The family Ty of all measurable sets A C R such that each point z € A
is a density point of A, is a topology said the density topology ([3, 13]). The
space (R,Ty) is completely regular but it is not normal ([13]).

Now we will consider functions f: (R,Ty) — (R, Te).

Theorem 4. If the graph G(f) of a function f : R — R is closed in the
product topology Ty X T, then f is measurable.

Proof. By Davies lemma from [5] it suffices to show that for each mea-
surable set A C R of positive measure and for each positive real n there is a
measurable set B C A of positive measure such that oscg f < 7.

Suppose, on the contrary, that there are a real > 0 and a measurable set
A C R such that u(A) > 0 and oscp f > n for every measurable subset B C A
of positive Lebesgue measure pu(B).

There is a closed interval [c, d] such that

d—c< g and pe(f~1([c,d]) N A) > 0.

Let H € Ty, H C A, be a nonempty set such that every measurable set
B c H\ f~ (e, d]) is of measure zero. As f has a large oscillation on the set
H, there is a point © € H with f(z) € R\ [¢,d]. Let

Yy = sup{iréf f;BC Anf~Y([c,d]) and z is an outer density point of B}.

Obviously
y € le,d] and (z,y) € R*\ G(f).

We will show that (z,y) € cl(G(f)) with respect to Ty x T,. For this let a
set U € T; and an open interval V' be such that € U and y € V. From
the definition of y it follows that there is a set B C f~!([c,d]) such that x is
an outer density point of B and infg f € V. Then z is also an outer density
point of the set BN U and

inf f < inf f <.
inff < jnf £ <y
Consequently, inf gy f € V and there is a point u € U N B with f(u) € V.

So, (x,y) € cl(G(f)) relative to the topology Ty x T, and the graph G(f)
is not closed. This contradiction finishes the proof.
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Since measurable functions are almost everywhere approximately continu-
ous and the sets of measure zero are nowhere dense and closed in the density
topology Ty, we obtain:

Corollary 1. If the graph of a function f: R — R is closed in the product
topology Ty x T, then the set D(f) of all Ty-discontinuity points of f is closed
and nowhere dense in Ty.

Functions f : R — R with closed graph in the topology Ty x T, may be
nonborelian.

Example.

Let C be the ternary Cantor set and let (I,), be an enumeration of all
components of the complement R \ C such that I, N I,,, = 0 for m # n. Let
B C C be a nonborelian set. For n = 1,2,... let f, : I, — [n,00) be a
continuous function such that if x is an endpoint of I, then limy, 5. f(t) =
0o. Then the graph of the function

falx) for xz€el,,n>1
flz) = 1 for xzeB
0 for ze€C\B

is closed in the product topology Ty X T., but f is non-Borel.

Theorem 5. If f : R — R is measurable then there is a sequence of func-
tions g, : R — R with closed graphs in the topology Ty x T, which discretely
converges to f.

Proof. By Lusin Theorem there are closed (in T¢) sets A,, n > 1, such
that the restricted functions f/A,, are T.-continuous,

A, CApyqr for n=1,2,... and p.(R\ UAn):O.

n=1

The set -
A=R\ U A,
n=1

is an Gjs-set of measure zero. So for each integer n > 1 there is an Gs-set
FE, D A of measure zero which contains all endpoints of components of the
complement R \ A,. By Zahorski Lemma ([3]) for n > 1 there are approxi-
mately continuous functions f,, : R — [0,1] (i.e. f, are continuous as appli-
cations from (R,Ty) to (R,T.)) such that f,(x) =0 for z € E,, fo(x) >0
otherwise on R and f,, are T.-continuous at points = € F,,.
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Let (Ix.n )i be an enumeration of all components of the complement R\ A4,
such that I, N I; = 0 for k # j. For n > 1 define

B f(x) for z€eA,UE,
gn(@) = max(k, f,%(z)) for zely,\E,, k>1.
Then the graphs G(g,) are closed in Ty X T, for n > 1 and the sequence (g, )n
discretely converges to f.

Remark 1. Since the pointwise limit f of a sequence of approximately con-
tinuous functions f, : R — R is of the second Baire class and since there are
nonborelian measurable functions, Theorems 1 and 2 are not true for the case
the topology Ty x Ts.

Theorem 6. Assume that Continuum Hypothesis (CH) is true. For each
function f: R — R there are functions f, : R — R with closed graphs in the
topology Ty x T., where a < wy, such that the transfinite sequence (fo)a<w,
converges to a function f.

Proof. Enumerate all reals in a transfinite sequence (aq)a<w, such that

aq # ag for a # B.

For a < wy let
Ay ={ap; 8 < o}
and let g, : R — [0, 1] be an approximately continuous function such that

fie(95"(0)) =0 and A, C g, (0),

and g, is continuous at each point x at which g, (z) = 0. Then the function

falz) = { g%(x) if ga(2) £ 0

f(x) otherwiseon R
has the closed graph G(f4) in the topology Ty x T. and
falz) = f(z) for z € A,.

Evidently, the transfinite sequence (fq)a<w, converges to f. This completes
the proof.

In connection with the last theorem remember ([11]) that a function f :
R — R is the limit of a transfinite sequence of approximately continuous
functions f, : R — R if and only if it is of the first Baire class.
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