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ON SOME PROPERTIES OF SETS
BLOCKING ALMOST CONTINUOUS
FUNCTIONS

Abstract
We define operators £( - ) and N( -) for blocking sets for almost
continuous functions. Using the language of these operators we give
new proofs for some classical theorems and prove some new theorems.
Finally, we make some remarks regarding uniform limits of almost con-
tinuous functions.

1 Preliminaries

Let I = [0,1]. We will consider the AC subclass of Darboux real functions
defined on the interval I (a function f: A — R is AC (almost continuous) if
whenever U C A x R is an open set containing the graph of f, then U contains
the graph of a continuous function g: A — R). For properties of this and
other Darboux-like classes of functions see e. g. the survey [4]. In particular it
is known, that if f: I — R € AC then f [ J is almost continuous as a function
from J for every interval J C I. It is also known, that for every finite set
F C T and open neighborhood G of f there exists continuous function ¢ C G
such that g [ F = f | F.

For every set A C IxRand x € I, by A, we will denote {y € R | (z,y) € A}.
By bd(A) we will denote border of A. We will say that set A is left-open (right-
open) iff for every (z,y) € A there exists open neighborhood U of (x,y) such
that ([0,z] x R)yNU C A (([x,1] x R)NnU C A).
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For an a € R and a set A C R by |a — A| we will denote distance between
a and A.

We will use the symbol A for denoting the topological closure of set A.
We will also use the symbol F for denoting family of all limits of uniformly
convergent sequences of functions from F C R

A closed set B C I x R is blocking if f N B = () for at least one function
f: I —Rand gN B # § for every continuous function g: I — R. Obviously, f
is almost continuous iff f N B # @ for every blocking set B (see e. g. [8]).

2 Properties of blocking sets

There are known examples of sets blocking almost continuous functions which
have some pathological properties (see e. g. [12]). To investigate general prop-
erties of such sets we define two operators.

Definition 1. Let B C I x R be a blocking set. Define:

e £(B) = {{a,b) € I xR | (3h: [0,a] — R) (h(a) = b & hN B =
() & h is continuous)};

o N(B) = (Ix R)\(BUE(B)).

Note that B, £(B), N (B) are pairwise disjoint and BUE(B)UN (B) = IxR.
Thus every blocking set B divides the plane into three parts B, £(B) and
N (B)—we will show below that these parts have some nice properties.

Definition 2. Let B be a blocking set. Define also:

o Apgp(B) = {{(a,b) € IxR| there exists an open set G such that (a,b) €
G & GC&EB)};

e ANn(B) = {{a,b) € IxR | there exists an open set G such that (a,b) €
G & G CN(B)};

o ANg(B) = {{a,b) € IXxR | there exists an open set G such that (a,b) €
G & ([0,a) x R)NG C N(B) & ((a,1] x R)NG C E(B)}.

Theorem 1. Let B C I x R be a blocking set. Then:
1. {0} x R Cc BUE(B);
2. {1} x R C BUN(B);

3. £(B) is open;
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4. N(B) is left-open;

5. if for every open neighborhood G of (x,y) there exist (x1,y1) € GNE(B),
(z2,y2) € GNN(B) such that 1 < zo, then (z,y) € B;

6. if (x,y) € B then (z,y) € Age(B) U Axn(B) U Axe(B);

Tof fr1 = R, f € AC, (1, f(21)) € E(B), (w2, f(z2)) € N(B) and
Ty < T2, then there exists x € (x1,z2) such that (x, f(z)) € B.!

PROOF. (1), (2) These facts are easy consequences of definitions.

(3) Let (p,q) € E(B). Since (p,q) ¢ B, there exists a rectangular open
neighborhood G of (p, ¢) such that GNB = . Let h: [0, p] — R be continuous,
hN B = 0 and h(p) = ¢q. There exists (s,t) € bd(G) such that s < p and
h(s) = t. For every point (a, b) from ((s,1] x R) NG we can extend h by linear
segment [(s,t), (a,b)] C G to the continuous function h’: [0,a] — R. Hence
(a,b) € E(N), so ((s,1] x R)Nn G C £(B).

(4) Suppose {p,q) € N(B). Since (p,q) € B, there exists a rectangular
open neighborhood G of (p, ¢) such that GNB = . If ([0,p] x R)NG ¢ N(B)
then there exists (s,t) € GNE(B) such that s < p. Because £(B) is open, we
can assume that s < p. Let h: [0,s] — R be a continuous function such that
hN B = and h(s) = ¢. We can extend h by the segment [(s,t), (p,q)] C G
to the continuous function h’: [0,p] — R such that A’ N B = (), contrary to
(p.q) € N(B).

(5) Suppose (z,y) € B. Then there exists a rectangular open neighborhood
G of (z,y) such that GNB = . Take {x1,y1) € GNE(B), (x2,y2) € GNN(B),
x1 < x9. There exists continuous h: [0,z1] — R such that h(z1) = y; and
hn B = (. If we define h': [0,z2] — R as extension of h by linear segment
[{(z1,y1), {2, y2)] C G then I’ is continuous. Since {xa,ys) € N (B), then h' N
B # 0, s0 [(x1,y1), (x2,y2)]N B #  and G N B # (). This is the contradiction.

(6) Suppose (z,y) € B. Then either (z,y) € £(B) or (z,y) € N(B). If
(x,y) € E(B) then, since £(B) is open, (x,y) € Age(B). If (z,y) € N(B)
then, since A/ (B) is left-open, there exists a rectangular open neighborhood
G of (z,y) such that ([0,z] x R)NG C N(B) and GN B = (. Now suppose
(x,y) ¢ Axn(B) U Axg(B). This means that in every open neighborhood
of (z,y) we can find points from £(B) and N(B) to the right of z. Take
(x2,y2) € GNN(B), xz2 > x and (z1,y1) € ([0,22) X R)N G N E(B). Now,
analogously to (4), the linear segment [(x1,y1), (2, y2)] intersects B, contrary
to GNB = 0.

1As an easy corollary we have that f € AC iff for every blocking set B and (z1,y1) €
E(B), (z2,y2) € N(B) such that 1 < x2 there exists « € (z1,2) such that (z, f(x)) € B.
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(7) Let (z1, f(x1)) € E(B), (x2, f(x2)) € N(B), 1 < z2. Let h: [0,21] —
R be a continuous function such that h N B = () and h(z;) = f(z1). Suppose
that for every = € (x1,x2), (z, f(z)) ¢ B. So, for every x € [x1,z3], there
exists open neighborhood G ;. (s, of (z, f(x)) such that G, ¢(z)yNB = 0. Let
G = Uxe[xhxz] G (z,f(x))- Since f | [x1,22] is almost continuous, there exists
continuous function g: [z1,22] — R such that g(z1) = f(x1), g(z2) = f(x2)
and ¢ C G. Since GN B = (0, we can extend h: [0,2;] — R by g to the
continuous function A': [0, 22] — R such that h'(z2) = f(z2) and K’ N B = 0.
So (g, f(z2)) belongs to £(B) rather than AM'(B). This is a contradiction. [

Note that analogous facts remain true for functions from I to I.

Remark 1. Let B C I x R be a blocking set. Suppose (x,y1) € E(B) and
(z,y2) € N(B). Then there exists y € (y1,y2) such that (x,y) € B.

We will use Theorem 2 in the next part of the proof to analyze uniform
limits of sequences of almost continuous functions.

Theorem 2. Let f: 1 — R be almost continuous and B C I x R be a blocking
set. For every a,b € L, if a < b, {(a, f(a)) € E(B) and (b, (b)) € N(B) then
at least one of the following statements holds:

1. there exists x € [a,b] and left or right-open neighborhood U of (z, f(x))
such that fNU C B;

2. there exists x € [a,b] such that for every open neighborhood V' of (x, f(x))
there exists x1 < xa such that (x1, f(z1)) € VNE(B) and (2, f(z2)) €
V NN(B).

(In the second case we will say that f breaks through B at {(z, f(x)).)

PROOF. Suppose, contrary to our claim, that neither (1) nor (2) hold. Denote:

Ber = {(z,f(x)) | there exists an open set Vi, f(y)y such that
(z, f(2)) € Vig,p@)) & Via g2 N C E(B)U B}

Byn = {{z,f(x)) | there exists an open set Vi, r(,), such that
(z, f(2)) € Viep@)) & Via gy N f C N(B)U B}

Byg = {(z,f(x)) | there exists an open set Vi, f(,)y such that
<.T,f(£[')> € Wz,f(z)) & ([va] X R) N ‘/(z,f(z)} mf C N(B) UB
& ((x, 1] X R) n V(x,f(x)) Nnfc 5(3) U B}



PROPERTIES OF SETS BLOCKING ALMOST CONTINUOUS FUNCTIONS 377

First, note that sets Bgg N ((a,b) x R), Byy N ((a,b) x R) and Byg N
((a,b) x R) are pairwise disjoint. Indeed, suppose there exists = € (a,b) such
that (z, f(x)) € Bgg N Byg. So, there exists an open neighborhood Vi (4
of (x, f(x)) such that ([a, 2] X R)NV(, sy Nf C (E(B)UB)N(N(B)UB) = B,
contrary to the negation of (1). Analogously we prove that Byy N Byg = 0
and Bgg N Byy = 0.

Next, note that f [ [a,b] C Bgg U Byny U Byg. Indeed, it is easy to see
that {(a, f(a)) € Bgg and (b, f(b)) € BynyUBnE. Now, take z € (a,b). There
exists an open neighborhood U of (z, f(x)) such that either ([a,z) x R)yNU N
fCé&B)UBor (a,x) x R)nU N f C N(B)U B. (If it is not the case,
since ([a,2) x R)yNU N f ¢ N(B) U B, we can find z; < x such that point
(1, f(z1)) € E(B)NU. Next, since ((x1,2) x R)NUN f ¢ E(B)U B, we find
a point (z2, f(z2)) € ((z1,2) x R)NN(B)NU. We can find such points for
arbitrary set U—contrary to the negation of (2).) Using the same arguments
we show that there exists an open neighborhood V of (z, f(x)) such that either
((z,))xR)NVNf C E(B)UB or ((z,b) xR)NVNf C N(B)UB. Let G =UNV.
Since f is bilaterally dense in itself, the case ([a,2) x R)NGN f C E(B)UB
and ((z,b) x R)N G N f € N(B) U B contradicts to the negation of (2). In
any other case there exists an open neighborhood Vi, ¢(4)y of (z, f(x)) as in
the definition of Bgg or Byy or Byg. It is equivalent to (z, f(z)) € Bgg or
(z, f(x)) € Byn or (z, f(x)) € BNE.

For S(, ,) being an open square with the center (z,y) let 3-S(, .y denote
the open square with the center (x,y) and with the diagonal 3 times that of
Sz, For every x € [a,b] let Sy, ¢(»)y be an open square with the center
(z, f(x)) such that:

3 Sta,f@) € Via,f(@))
3 S(a.f(a)) C (a,b] xR, for x> a
3 Ste.fay C la,b) x R, forz < b

Note that for # > a the square S, f()) does not contain points with
abscissa a. Respectively, the square S, r(,)) does not contain points with
abscissa b for x < b. Note also, that if Sy, 3y N Scq) # (0 then either Sapy C
3- S(c,d) or S(c,d} c3- S{a,b>~

For every x € [a,b] let R, () = (21, 2) X (¥1, yu) be an open rectangular
neighborhood of (z,y) such that R, )y C Sia,f@)ys f(@1) € (Y1, yu) forz > a
and f(x,) € (y1,yy) for x <b.

Then for every x € [a, b] the set R, f(,)y fulfills the following conditions:

(01) if (r, f(r)) € Vi, sy NE(B) for an r < x then (x, f(z)) € Bpr and for
every t > x; there exists z < ¢ such that (2, f(2)) € Rz () NE(B);
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(02) if (r, f(r)) € Vig, f(a)) N E(B) for an r > x then (z, f(x )) €B E UBNE
and for every t > x there exists z € (,t) such that (z, f(2)) € Rz, f(2))N
£(B);

(81) if Rig f(a)yN((r,z) xR)Nf C E(B)UB for an r € (21, x) then (z, f(x)) €
Bpg and there exists z < r such that (2, f(2)) € Rz, f(2)) NE(B);

(82) if Riy p(o)yN((2, 2 ) xR)Nf C E(B)UB for anr € (z,x,) then (z, f(x)) €
BprUBNE and there exists z < 7 such that (z, f(2)) € R 52y NE(B).

Let H = Uxe[a,b} Rz, f(x))- H is open and f C H, so there exists a contin-
uous function g: [a,b] — R such that ¢ C H. Let R be a finite subfamily of
{Ris,j(z) | © € [a,b]} such that g C |JR.

Since only the R, ¢(4)), contains points with abscissa a and only the R, ¢(v))
contains points with abscissa b, R4 ra)) € R and R, ¢v)) € R. Moreover,
since R is finite and 3 - S(; r(z)) C ([a,b) x R) for every x < b,

sup {@ € [0,8] | (z,5) € [ JR\ {Roson})} <t (%)

Let C = {z € [a,b] | R € R) ({x,9(x)) € R & (Fz1 < x) (1, f(21)) €
E(B)NR)}, and let s = sup C. Since (a, f(a)) € £(B) and (a, g(a)) € R4, f(a)),
there exists > a, 21 € (a,z) such that (z,g(x)) € Ry (), (1, f(21)) €
E(B) N Ryq,f(a))> 50 s > & > a. Analogously, the condition (x) implies s < b.

Since R is finite and g is continuous, so there exists R, () € R and
p1 < s such that (s,9(s)) € R, r(p)y and (p1, f(p1)) € E(B) N Ry (p))-

Let Rq #(q)) € R be an open rectangle such that (s, g(s)) € Ryq f(¢)y- Since

(5,9(5)) € Rip, o)y N Rig, 100> Biporo)y N Rig,pa)) # 0-
We have two cases:

L R sy € 3 Stap(a) € Vigsay, 1f diameter of S, sy is less than
diameter of Sy (q));

2. Rig.f(q)) €3 Sip,f(p)) C Vip,f(p)) Otherwise.

Case 1. Then (pi, f(p1)) € E(B) N Vig f(q)- There exists ¢; < s such
that (g1, f(q1)) € R<qf y NE(B). Indeed, if p1 < ¢ then (p1, f(p1)) €
([a, q] x R) N Vig (g N 5( ) o {q, f(q)) € Bgr and there exists ¢; < s such
that (g1, f(q1)) € 5( ) N Rg #(q)) (see the condition (o1)). If p1 > g, then
<p17f(p1)> € ((qvb] ><]R)mvv(q,f(q)) ﬂg(B) and s > g, SO <q7f(Q)> € BEEUBNE
and there exists ¢; < s such that (g1, f(q1)) € E(B) N Ryq f(q)) (see the condi-
tion (o03)).

Now, since ¢ is continuous and s < b, there exists s; > s such that
(51,9(51)) € Rg,f(q))> 50 81 € C, a contradiction.
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Case 2. There exists 1 > s such that (g1, f(q1)) € N(B) N R f(q))-
Indeed, suppose by contradiction that no ¢; > s fulfills the claim. Since g
is continuous and s < b, there exists s; > s such that (s1,9(s1)) € Rq, f(q))
and s1 # ¢. By supposition, ((s1,b] X R) N Ry pqy NN(B)N f =0, so
((51,0] x R)YN Ryq ¢y N f C E(B)UB. If 51 < q then there exists z < s; such
that (z, f(2)) € E(B) N Ryq, f(q)) (see the condition (ey)). If s; > ¢ then there
exists z < s1 such that (z, f(2)) € E(B) N Rq f(q)) (see the condition (e2)). In
any case, s; € C. Since this is a contradiction, there exists q; > s such that
(g1, f(q )> € N(B) N Rg,s(q))-

Since (g1, f(q1)) € N(B) N Ryq,(q)y» 50 (q1, f(q1)) € N(B) N Vip 5(p))- But
(p1, f(p1)) € E(B) N Vip 4y and p1 < g1—it is impossible, since (p, f(p)) €
BgpgUByy UByNE. O

3 Some new proofs of old theorems and a proof of the
new one

We will show below that some classical theorems can be proved in a shorter
way by using the theory of operators £( - ) and N(-).

Theorem 3 ([1]). Every DBy function f:1— R is almost continuous.

PROOF. Suppose f: I — Ris DB; and there exists blocking set B C IxR such
that f C £(B) UN(B). Recall that f, as a Darboux function, is bilaterally
dense in itself.

Denote:

E'={zel|(z, f(z)) € £(B)}
N'={z el (z,f(x)) € N(B)}

By Theorem 1, we have E'NN'=0,0€ E', 1 € N' and E'UN’' =1. Let
K be the set of all x € I such that for every open neighborhood G of x there
exist x1,x9 € G with 21 < 29 and 1 € E/, 5 € N'.

Note that for z1 < x9, 1 € E’, 9 € N’ there exists « € [x1, x2] such that
z € K (E. g. sup (E' N[z1,22]) € K), so K # 0. It is also easy to see that
K is closed. Since f is Baire class 1, there exists p € K such that f [ K is
continuous at p. Since (p, f(p)) € B, (p, f(p)) € Axg(B) UAnN(B)UAgg(B).
During the rest of the proof we will suppose (p, f(p)) € Ang(B); the proof in
other cases is analogous.

Since f | K is continuous at p, there exists an open neighborhood G of p
such that [0,p) "GN K C N" and (p,1]]NGNK C E’. We will show that
[0,p]NG C N’ and (p,1]NG C E'.
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Indeed, suppose there exists p; < p such that p; € GNE’. Then p; € K, so
p1 is contained in a component (a,b) of T\ K. Since b€ K and b < p, b€ N'.
Since (b, f(b)) € N(B), N(B) is left-open and f is bilaterally dense in itself,
there exists by € (p1,b) such that by € N’. But now there exists k € K such
that p1 < k < by, contrary to [p1,b01] C (a,b) C I\ K. Analogous arguments
work for the right side of p.

Since [0,p]NG C N’ and (p,1]NG C E', p ¢ K. This is a contradiction. [

Theorem 4 ([2]). The Cesdro-Vietoris function ¢: 1 — R defined by:

¢(x) = limsup Gitaxt - +an

n—oo n

(where the a; are given by the unique nonterminating binary expansion of x)
s almost continuous.

PROOF. Suppose there exists a blocking set B C I x I, such that ¢ C £(B) U
N(B).

First, observe that ¢ is Darboux. Let s = sup {z | {z, ¢(z)) € £(B)}. Since
(0,9(0)) € £(B), £(B) is open and ¢ is bilaterally dense in itself, so s > 0
and (s,¢(s)) € N(B). By theorem 1 (4) there are a, b and ¢ such that
a < s, b< ¢(s) <cand (a,s) X (byc) C N(B). Let s’ € (a,s) be such that
(s',¢(s")) € E(B). Take ¢/, b’ and ¢ such that s’ < a’ < s, b < ¢(s') < ¢ and
(s',a") x (', ") C £(B). Then we have the vertical strip W = [¢/, a’] x R such
that every vertical line lying in W contain a point of £(B), a point of N (B)
and therefore a point of B. (See Remark 1.)

The rest of the proof is a modification of Brown’s (Vietoris) proof. Let
By = BNW and {W,}, be a descending sequence of open neighborhoods of
By such that By = ﬂneN W,,. We will define an ascending sequence n, no, . . .
of natural numbers and dyadic decimal 0.a1a2 - - Gny Gny4+1 - - GpyQngt1 - - - Si-
multaneously.

Take any dyadic rational £y = 0.a1as---a; € (§',a’) and ny > 0 such that
(&o,m0) € W1 NW. Define @ as a square neighborhood of (£y, 1) which has
radius ¢ < % and lies interior to W1 N'W. Now, take k > i such that if we
put ;41 = ajy2 = --- = a; = 0, then:

1. 50 < 0.0,10,2 .- ~ak111 IEER Y 60 + q; and
2. My < g, with M}, denoting 4928k and
3. % <q.

Condition 1 implies that regardless of how 0.ajas - --ay is continued it will
differ from &y by less than ¢q. Then define ax+1 = agy2 = --- = an, = 1, such
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that (¢, M,,) € Q, with & denoting 0.ajas - - - a,, . (This can be accomplished
since |M;11 — M;| < ZJ%I < g for each i > k.)

If we have defined &,, = 0.a1a2---an,, € (¢',a’) such that (&,, M, ) €
W, MW, we can repeat the process, starting from the point (£, 7m) of W10
W with 1, > 0, and define a,,, 1, an,, +2,--.,0n,,,, first using consecutive
0’s and then using consecutive 1’s, so that (£,11, Man) eWp NW.

Define &, = 0.a1as - - - . Since consecutive 0’s and then consecutive 1’s were
used in proceeding from ay,, to a,,,, in the above induction, for each i between
n, and n,y1; we have M; < max {Mnr, My, ., }, so ¢(&,) = limsup, ., M; =
limsup,._, ., M,,,.. Therefore, the point (,, ¢(&,)) is the limit of some subse-
quence (§,, My, ) of (§my My,,). Since (&, , My, ) € Wi, and (), ey Win, =
By, (£u,®(£L)) € By C B, contrary to ¢ N B = (). O

The next theorem is connected with a problem: “Given a Darboux function
f: 1 — 1, does there exists almost continuous function g: I — I with g C f?”
(see [10]). This problem has been solved by H. Rosen in more general case
of extendible functions (see [13]). Here we will present an easier and shorter
proof for the case of almost continuous function.

Theorem 5. For every Darbouz function f: 1 — I there exists almost contin-
wous function g: I — I with g C f.

PROOF. Let:

C_(zg) = {y € T | there exists a sequence {z,}, C [0, zo], f(zn) — y}
Ci(z9) = {y € I | there exists a sequence {x,}, C [zo,1], f(zn) — y}

It is easy to see that f = J,; ({z} x (C_(z) UCy(2))). It is also known
that for every Darboux function f and = € I, f is bilaterally c-dense in itself,
sets C_(x) and C (x) are closed intervals and by well-known Young theorem,
set {z €1 | C_(x) # Cy(x)} is countable.

Now we will show that for every blocking set B at least one of the following
conditions holds:

1. there exists « € I such that C_(x) N C4(z) C By;
2. the set {zx €| (C_(z) U C4(z)) N B, # 0} has cardinality c.

Suppose that there exists blocking set B such that neither (1) nor (2)
holds. Then for every x € I there exists y € (C_(x) NC4(z)) \ By and the set
{z €| (z, f(x)) € B} has cardinality less than c.

Denote:

E'={zel|(x, f(z)) € £(B)}
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N'={z el] (z,f(x)) € N(B)}
B'={zel|(z, f(z)) € B}

Sets E', N’ and B’ are pairwise disjoint, 0 € E'UB’, 1 € N'U B’ and
E'UN'UB =1

Let K be the set of all € T such that for every open neighborhood G of
x there exists x1, 12 € G with 1 < w9, 71 € E' and x5 € N'. It is easy to see
that K is closed.

Note that K C {z €l| (C—(z) UCL(x))N B, #0}. Indeed, for every
open neighborhood G of x € K, if we take 21 < x2, (x1, f(x1)) € £(B) and
(wa, f(z2)) € N(B), then (by a slight change in the proof of Theorem 1 (5))
there exists x5 € (z1,22) and y3 € (f(x1), f(z2)) (we can assume that f(z1) <
f(x2)) such that (x3,ys) € B. Having sequences {(z7, f(z7))},, C £(B), 2T —
x and {(z%, f(z%))}, C N(B), x5 — x, we can build a sequence {(z%,y5)}, C
B such that [yf — }(z)] < max {|f(z}) — f(z)],|f(z8) — f(@)|}. Snce B is
compact and {(z%,y4)}, C B then there exists a subsequence of {(z%,y%)},
which converges to some (x,y) € B. Thus y € (C_(z) U C4+(x)) N By.

Note also that for x1 < x2, x1 € E’, 9 € N’ there exists x € [z1, 23] such
that € K. Indeed, x = sup (E' N [z1,22]) € K. Since f is bilaterally dense
in itself, (z, f(z)) € BUN(B). If x € B, then (z,22] N N’ is dense in z (the
cardinality of B’ is less then ¢). If z € N’ then [x1,2) N N’ is dense in = (f is
left side dense in itself and N (B) is left-open). As a corollary we have K # ().

Now, we will show that K is dense in itself. Let z € K. There exists
y € (C_(x) NC4(x)) \ By, so by Theorem 1 (6) (z,y) € Agr(B) U Axn(B) U
Ang(B). The proof for these three cases is analogous, so suppose (z,y) €
Ang(B). Take an open rectangular neighborhood (a,b) x (¢, d) of (z,y) such
that (a,z) X (¢,d) C N(B) and (z,b) X (¢,d) C E(B). Since x € K, there
exists 21 € (a,0) N E’ and x5 € (a,b) N N', £y < x5. Either 21 < z or x5 > x.

If 21 < z then (x1, f(z1)) € E(B). Since y € C_(z) and (z,y) €
ANg(B), there exists @' € (wq,x) such that (a/, f(z")) € N(B). Now we
have (z1, f(z1)) € E(B), (2/, f(2')) € N(B) and z; < 2/, so there exists
" €z, 2| N K.

Analogously, if zo > x then we can find 2’ € (z,z2) such that (2, f(z')) €
E(B), so there exists «” € [/, x2] N K.

So, K C{z el | (C_(z)UCy(x)) N B, # 0}. But K is closed and dense
in itself, so K has cardinality ¢. This is a contradiction with the negation of
condition (2).

Now we can construct by transfinite induction a function g such that g C f
and g N B # 0 for every blocking set B. Let A = {z €1 | C_(z) # Cy(x)}.
(By Young theorem, A is countable.) Let {B,},.. be an ordered family
of all blocking sets B such that the set {x € I | (C_(z) UC,y(z)) N B, # 0}
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has cardinality ¢. For every a < ¢ choose (x4,yq) € By such that z, €
I\ (AU{zg | B < a}) and y, € C_(zo) N Cr(zy). Define g by

(@) Yo if £ =z, for an o < ¢;
=9 yec. (z) N Cy(z) otherwise.

It is easy to see that g C U, ({z} x (C=(z) N C4(x))) C f and g is almost
continuous. O

It is known, that if f: T — R is almost continuous, then max(f, g) is almost
continuous for every Darboux upper semicontinuous function g: I — R ([9]).
We don’t know if the converse statement is true, but we can prove the following
fact.

Theorem 6. Suppose f: 1 — R. If max(f,c) € AC and min(f,c) € AC for
every real number ¢, then f € AC.

PROOF. Suppose, max(f,c) € AC and min(f,c) € AC for every ¢ € R and
there exists a blocking set B with BN f = (). Let

s=supfa €1 | (2, f(a)) € E(B)}.

Thenelthel"( , f(s)) € E(B) or (s, f(s)) € N(B).

If (s, f(s)) € £(B) then s < 1 and there exists a rectangular right-open
neighborhood [s,x1) X (y1,y2) C E(B) of (s, f(s)). Fix t € (s, 1) such that
(t, f(1)) € N(B). Suppose £(t) < £(s) (f(t) > f(s)) and consider g =
min(f, £(s)) (g = max(f, £(s))). Since g € AC and {s.g(5)) = (s, £(s)) € £(B)
and (t,g(t)) = (¢, f(t)) € N(B), by Theorem 1 (7) there exists x € (s,t) such
that (z,g(x)) € B. This is the contradiction, because g(x) # f(z) (since
N B2 0) and g(z) £ f(s) (since {z, (5)) € [5,1) x (y1,92)  E(B)).

The case (s, f(s)) € N(B) is analogous if we take into consideration left-
open rectangular neighborhood of (s, f(s)) contained in N'(B). O

Note that in the above proof we use only the following property of the
family C' of constant functions: for every (x,y) € I X R there exists right-open
(left-open) set G = [x,22) X (y1,y2) (G = (x1,2] X (y1,¥2)) and a function
¢ € C such that (z,y) € G and ¢ | [z,22) C G (¢ | (z1,2] C G). So, we can
formulate the general corollary.

Corollary 1. Suppose C' is a subfamily of continuous real functions such that
UJC is dense in the plane. If f: 1 — R is such that max(f,g) € AC and
min(f, g) € AC for every g € C, then f is almost continuous.

Note that, in particular, C' can be countable.
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4 Uniform limits of almost continuous functions

The problem of characterization of uniform limits of AC functions has been
posed by K. Kellum in [7]. This problem remains still open ([5]) and it seems
to be the most interesting unsolved problem concerning almost continuous
functions. We will apply Theorem 2 to obtain some partial results concerning
this problem.

First, recall two notions defined by Bruckner, Ceder and Weiss.

Definition 3. Let f: I — R.
o f isin class Uy if for every interval J C 1 the set f(J) is dense in the

interval [infye s f(x),sup,e s f(2)];

o f isin class U if for every interval J C 1 and every set A C 1 such that
cardinality of A is less than ¢ the set f(J\ A) is dense in the interval

[infzes f(x),sup,es fla)].

Note that D = U ([3]).

Of course, AC C U. An example showing that AC # U was found by
Kellum ([7], see also [6]). The next definition is connected with necessary and
sufficient conditions for a function f: I — R to be in AC.

Definition 4. Let B be a blocking set and € > 0.
o «(B,¢) is the class of all f: 1T — R for which at least one of the following

conditions holds:
1. the set {x € 1| |f(x) — Bz| < €} has cardinality c;
2. there exists x € I such that [f(z) — ¢, f(z) + €] C B,.
e (B(B,¢) is the class of all f: T — R for which at least one of the following
conditions holds:
1. the set {x € I | |f(x) — Bz| < €} has cardinality c;
2. there exists x € I such that [f(z) — e, f(x) + €] N B, has non-empty

interior.

We say that f is in class a (respectively f isin 3) iff f € a(B,¢e) (respectively
f € B(B,¢e)) for every blocking set B and ¢ > 0.

T. Natkaniec proved in [11] that o C AC and, under CH, AC C 3 (we will
show later that @ = AC C 3 in ZFC)2. He also proved the following theorem.

2The definition of the class a given by Natkaniec is slightly weaker than used in this
paper, since for a function f to belong to o he requires f € a(B,¢) for sufficiently small
€ > 0 and every blocking set B. Author does not know if both definitions are equivalent.
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Theorem 7. Let f: 1 — R and € > 0. Suppose that {x €1 | |f(z) —q| < e}
is ¢-dense in 1 for every rational q. Then f fulfills the first condition from the
definition of the class o(B,¢).

In the particular, if f € U = D and the graph of f is dense in the plane,
then f € AC.
The first from the following definitions belongs to Kellum?:

Definition 5. Let f: I — R.

o f € AACy (f is away-almost continuous) iff {x | |f(x) — By| < e} is
non-empty for every blocking set B and € > 0;

o feAACf fNB #0 or {z | |f(x) — Bs| < &} has cardinality ¢ for
every blocking set B and € > 0.

Obviously AAC C AAC. It is also easy to see that AC C AAC.

During Miniconference in Real Analysis in Auburn in 1999 Kellum formu-
lated conjecture that f is in AC iff f € U N AAC.

Note the alternate definition of AAC.

Remark 2. A function f is in AAC iff for every ¢ > 0, every set J C
I of cardinality less than ¢ and every open neighbourhood G of the set f U
Uzens ({2} x [f(2) — €, f(z) +¢€]) there exists a continuous function g: 1 —
R such that g C G.

Theorem 8.
1. AC C a5
2. @ C fFNAAC;
3. AAC CUNAAC,.
Lemma 1. Suppose f: 1 — R is bilaterally c-dense in itself, c € I and either
1. {c, f(c)) € E&(B) and |f(c) = N(B), | <e, or
2. (¢, f(c)) e N(B) and |f(c) — E(B),| <e.

Then the set {x € 1| |f(z) — Bs| < &} has cardinality c.

3QOriginally the class AACqo was called AAC. We decide to change its name to AACy to
obtain duality with classes U and Up.
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PROOF. We will prove this lemma only for the case (1).

Take y € R such that (¢,y) € N(B) and |y — f(c)| < e. By Theorem 1 (3)
and (4), there exists 7 > 0 such that (c—7,c+7) x (f(c) =3, f(c)+F) C E(B)
and (¢ —7,¢] X (y — 1,y + 7) C N(B). Since f is bilaterally c-dense in itself,
the set A= (c—7,¢c] x (f(c) — 5, f(c) + 5) N f has cardinality c.

For every (a, f(a)) € A, |f(a) = (y— %,y + )| < &, so since (a, f(a)) €
E(B) and {a} x (y — §,y+ ) CN(B), |f(a) — Ba| < & (see Remark 1). [

PrROOF OF THEOREM 8. (1) Suppose f € AC and there exists blocking set
B CIxRand e >0 such that f & a(B,¢).

First note, that there exist a,b € I such that a < b, {(a, f(a)) € £(B) and
(b, f(b)) € N(B). To choose a € [0,1) with {(a, f(a)) € £(B) assume (0, f(0)) &
E(B). Since f ¢ a(B,¢e) and {0} x R € BUE(B) (see Theorem 1 (1)), there
exists yo € R such that (0,y0) € £(B) and |f(0) — yo| < €. Take 7 > 0 such
that [0,7) X (yo — 7, yo + 7) C E(B) (by Th. 1 (3), £(B) is right-open). Since
f is bilaterally c-dense in itself and cardinality of f N B is less than ¢, the
set A=1[0,7) x (f(0) =5, f(0)+ )N fN(E(B)UN(B)) is not empty. Take
(a, f(a)) € A. We will show that (a, f(a)) € £(B). Indeed, if {(a, f(a)) € N(B)
then, since |£(a) — (yo — 5,90+ 3)| <  and {a} x (yo — 330 + 3) C E(B),
lemma 1 implies f € a(B,€). So (a, f(a)) € £(B). Analogously we can find
b € (a, 1] such that (b, f(b)) € N(B).

By Theorem 2, there exists ¢ € [a,b] such that f breaks through B at
(¢, f(e))-

Since f € a(B,¢), there exists y. € R such that (¢, y.) &€ Band |f(c) — y.| <
€. Theorem 1 (6) shows that (¢, y.) € Agpg(B) UANN(B) UANg(B). All cases
are analogous, so assume (c,y.) € Axg(B). Fix 7 > 0 such that (¢ — 7,¢] x
(Yye — T,ye + 7) C N(B) and (¢,c+ 7) X (Yo — T,y + 1) C E(B). Since f
breaks through B at (¢, f(c)), there are x1 < zo with (z1, f(21)), (x2, f(x2)) €
(c=7,c4+7)x(f(c) =5, f(e)+3) and (z1, f(z1)) € E(B), (w2, f(22)) € N(B).
Now, we have x1 < c or 23 > c.

In the first case (z1, f(z1)) € E(B), {1} X (ye — 5,y + §) C N(B) and
|f(@1) = (ye — 5,y + 3)| <&, so lemma 1 implies f € a(B,¢).

In the second case (2, f(x2)) € N(B), {x2} x (ye — §,y. + ) C E(B)
and | f(z2) = (ye — 3,¥e + 3)| < €, and again lemma 1 gives f € a(B,e). A
contradiction.

(2) Suppose {fn}, C a uniformly converges to f. Let ¢ > 0and B C IxR
be a blocking set.

Fix n € N such that |f, — f| < §. Since f, € a(B, §), we have two cases:

e The set C = {z | |fu(z) — By| < §} has cardinality ¢. Then for every

2 € C we have | f(2) - Ba| < 1f(2) ~ fal@)| + | falx) - Bul < c.
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e There exists ¢ € I such that [f,(c) — 5, fu(c) + 5] C Be. Because f(c) €
(fa(e) = 5, fnle) + 3), s0 (¢, f(¢)) € B and (fu(c) = 5, fulc) + 35) C
Ben(f(e) =&, f(c) +¢).

In both cases f € 5N AAC.

(3) We will only show that AAC C U.

Suppose f € AAC and f € U. Since every function in the class U is ¢-dense
in itself ([3]), then there exist an interval J = [a,b], a set A of cardinality
less than ¢, y € [f(a), f(b)] (without lost of generality we can assume that
f(a) < f(b)) and € > 0 such that a,b & A, (y — 3¢,y + 3¢) C (f(a), f(b)) and
F(I\NA)N(y—3e,y+3¢) = (. Since cardinality of A is less than ¢, we can also
find ¥/ € (y — e,y + ) such that y' & f(A). Now, for every (x, f(x)) define
open set Siy ()

Sta.f(a)) = [0, aTer) x (f(a) — 2¢, f(a) + 2¢)

Stwso) = (a;b, 1 % (f(b) = 2, f(b) + 2¢)

Stz f@)y = [0,a) x (f(x) — 2¢, f(x) + 2¢ for x € [0,a)

Sta,payy = (b, 1] x (f(z) — 2¢, f(x) + 2¢) for z € (b, 1]

S, sy = (a,0) x (f(x) — 2¢, f(x) + 2¢e)for € (a,b) \ A

Sz.#()) = (a,b) x U, where U, is an open interval containing f(x) and

not containing 3’ for z € (a,b) N A.

Since V' = {J,c1 S(a,f(z)) 18 an open neighbourhood of f fullfilling all as-
sumptions of Remark 2, there exists continuous function g: I — R, g C V.
We have built V' such that g(a) < 3/, g(b) > 3’ and ((a,b) x {y'}) NV = 0.
So, g cannot take the value 3’ between a and b; this contradicts the fact that
g has the Darboux property. O

Corollary 2. AC C SN AAC.4

Corollary 3. AC =a.

ProOF. This is a consequence of inclusions « C AC and AC C a. O
Finally, we would like to state a problem.

Problem 1. Does the equality AAC =U N AACy hold?

4Using technique from the proof of Theorem 2 it is possible to show that AAC C 8, but
such proof is much longer than the one presented above.
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