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Abstract

Wilczynski’s definition of Lebesgue density point given in [19] created
a new tool for the study of the more subtle properties of the notion
of density point and the density topology, their various modifications
and most of all category analogues. In the paper we develop further
properties of the A4-density topology on the real line, introduced in [22].
The topology is a generalization of the Lebesgue density topology and is
based on the definition given by Wilczyriski. We consider the properties
of continuos functions with respect to the A4-density topology and prove
that the topology is completely regular but not normal.

Let S be the o-algebra of Lebesgue measurable subsets of the real line
R, and I the o-ideal of null sets. We shall say that the sets A, B € S are
equivalent (A ~ B), if and only if A\(AAB) = 0, where \ stands for Lebesgue
measure on the real line. Recall that a point x € R is a density point of a set
A € S, if and only if

lim AMAN [z —h,z+h))
h—0 2h

=1. (*)

The notion of density point has been studied and developed extensively
since the notion of the density topology 7 was introduced by Haupt and Pauc
in 1952 [9]. It is interesting that the related notion of approximate continuity,
as defined by Denjoy in 1915 [5], had been known far earlier and utilized in the
study of the theory of integration. The properties of the density topology were
discovered gradually by Goffman and Waterman (8], Goffman, Neugebauer and
Nishiura [7] and Tall [17]. The theory seemed to be mostly complete in late
seventies. However, in 1981 W. Wilczynski in [19] reformulated the notion
of density point. It was a turning point in the development of the theory of
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density topologies. Wilczyriski no longer employed the notion of measure in
his version of the definition, replacing it with the notion of a null set.

He observed that the condition (x) in the definition is equivalent to each
of the following:
AMAN[z— L z+1])

lim 5 =1
or

lim A(n- (A—2)N[-1,1]) =2
or

{X(n'(A*l’))ﬁ[*lvl]}neN converges in measure to X[_1 1.

With this last condition in hand and the Riesz theorem, he could give the
definition of a density point of a set A € S, in terms of convergence almost
everywhere of characteristic functions of dilations of the set A.

A point x € R is a density point of a set A € S, if and only if ev-
ery subsequence {X(n,,(4-2)n(-11} men Of {X(n(a-enni-111} e contains
a subsequence {X(nmp-(A—r))ﬁ[—Ll]}peN’ which converges to X|_; ;] I-almost

everywhere on [—1, 1] (which means except on a set belonging to I).

The above definition, as proved in [14] (Corollary 1 p. 556), is equivalent
to the following (for the detailed discussion see [20] p. 680-681):

A point z € R is a density point of a set A € S, if and only if for any

sequence of real numbers {t,}, .y, decreasing to zero, there is a subsequence

{tn,. }men such that the sequence {X L (A—z)n[-1 1}} of characteristic
") meN

tnm
functions converges I-almost everywhere on [—1,1] to X[_; j).

Wilczynski’s definition created a new tool for the study of the subtler
properties of the notion of density point and the density topology, their various
modifications and most of all category analogues (see [13], [14], [4] and [16]).

Recently, the notions of simple density point and complete density point
have been introduced with associated 7; and 7. density topologies, respec-
tively, essentially different from density topology 7 (see [1] and [21]). Actually,
we have the inclusions

.71, &7,

where 7,, is the natural topology on the real line.

Following this approach, in [22] we gave a new generalization of density
point, leading to a new density topology 74, that extends the sequence of
inclusions to

T.G1.GTs & T & Ta,

We consider the following families of sets:
a) Aj_1,1)- the family of subsets of interval [-1,1] of Lebesgue measure two,
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b) Aseg ={E € S:A(ENJ)=A(J) for some segment J centered at 0},

¢) Ag- the family of measurable subsets of [—1, 1] that have Lebesgue density
one at 0.

We have Aj_; 1) C Asey C Ag-

Definition 1. We shall say that x is an A4-density point of A € S| if for any

sequence of real numbers {t,}, .y, decreasing to zero, there is a subsequence

{tn,, }rmen and a set B € Ag such that the sequence {Xﬁ,m_,ﬁ)m[_m]}

meN
of characteristic functions converges I-almost everywhere on [—1,1] to Xp.

(In other words, for any sequence of real numbers {t,}, .y, decreasing to zero,

there is a subsequence {t,,,}, oy and a set B € Ay such that the sequence

{Xt L (A—z)n[-1 1]} of characteristic functions converges on [—1,1] in
nm ) men
measure to Xp.)

By analogy, we define a notion of As.,-density point and A[_; 1)-density
point of A € S. The family A[_, 1) corresponds precisely to the definition of the
Lebesgue density point. The set of all A4-density points, A.4-density points
and Lebesgue density points of A € S are denoted by ® 4, (4), ®4,., (A) and
® (A), respectively.

Proposition 1. For each A€ S, ®(A) C Pa,, (A) C 2a,(4).

It was proved in [22] that the definition of 44-density point leads to the
above mentioned topology, defined as the family 74, = {A € S: AC D4, (A)}.
The T4, -topology is stronger than the density topology 7. However, it has
similar properties, in particular:

e For an arbitrary set A C R, Intz, (A) = AN ®4,(B), where B is a mea-
surable kernel of A.
A set A € Ty, is T4, -regular open, if and only if A = ® 4, (A).
T ={ACR: Ais Ts,-nowhere dense set}
={ACR: Ais Ty, -first category set}
={ACR: Ais Ty,-closed Ty, -discrete set}.
A o-algebra of 74,-Borel sets coincides with S.
o If £ C R is 74,-compact set, then E is finite.
The space (R,74,) is neither first countable, nor second countable, nor
Lindeldf, nor separable.
o (R,74,) is a Baire space.
We shall now investigate further properties of the 7 4,-topology. The following
proposition is of great importance.

Proposition 2. If 0 is an Ag-density point of a set A, then

a) liminf, o+ 2EU=0 5 0 gnd liminf), s 2400 5 g,



202 WoJciECH WOJDOWSKI

b) limsup,_,, %ﬁh’h]) =1.

PROOF. The proof of a) is given in [22]. We shall prove b). If 0 is an Ag4-
density point of a set A, then there exists a decreasing to zero sequence of real

numbers {t, }nen such that a sequence {X( of characteristic

%n-A)n[—u]}neN

functions converges I-almost everywhere on [—1,1] to X5 for some B € A,.
Since limg_,00 A ((k - B) N [—1,1]) = 2, we can find an increasing sequence

of natural numbers {k;},.y such that A ([(k; - B) N [-1,1]] A [-1,1]) < 5 for

every ¢ € N. The sequence {X(i. A)n[-1 1}} converges in measure to Xp
tn ? neN

on [—1, 1], thus given the sequence {k;},.y, we can find an increasing sequence
of natural numbers {n;}, y such that

MG An-wsllaol-m 5D <

for every i € N, or equivalently

A ) 4y [=1l) & [ 2y [-1a]]) < 5

for every i € N.

Let us consider a decreasing to zero sequence of real numbers {ki ~tni} .
¢ i€N

For every 7 € N we have

() ) [-1]] 2 [-11])
(7)) n -1 2 [(w-2)n[-1.4]])

+

aa([(k-B)n[-1a]]a[-1a]) < Lo L L

i.e., the sequence of characteristic functions {X } con-
4 ((ﬁ)'*‘)”[—lv” ieN

MAN[=hh]) _ 1 O

verges in measure to two. Hence, limsup;,_,, o7

In [22] we proved the following assertion.
Proposition 3. There exists a set A such that ®(A) G @ 4,(A).
We may say more.

Proposition 4. There exists a set A such that ®(A) G P4, (A) & Pa,(A).
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PRrOOF. To prove that there exists a set B such that 4 _(B) & ®4,(B), we
shall follow the proof of Proposition 2 in [22], defining the set B as described
below.

Let {(an,bn)}nen be a sequence of intervals such that api1 < bpi1 < an,
lim,, o0 @, = 0 and 0 is a right density point of the set Upen(an, by). We put
D = Upen(an, by). Now, let {¢,, bnen be an arbitrary sequence of real numbers
decreasing to 0, ¢; < 1, such that lim,_, % = 0. We define the set B € S
as

B = (= Ullen D) ensrscall) U e D) O (entrsen)]

To prove that there exists a set C' such that ®(A) & ®4  (A4), we shall
follow the proof of Proposition 2 in [22] again and define the set C' as follows.
Let D = (0,3), and {c,}nen be an arbitrary sequence of real numbers de-
creasing to 0, ¢; < 1, such that lim,_, . % = 0. We define a set C € S
as

€= (= Ul D)0 (eusnrenl) U Ullen - D)0 (erencall

Finally the set A = B U (C + 2) satisfies ®(A)

Da,,.,(4) G Pa,(A), since
2€ 04, (A)\P(A) and 0 € B, (A)\ P (A

C
=
). O

We shall now discuss some properties of the continuity of real functions
with respect to the 74,-topology.

Definition 2. We say that the real valued function f is 74,-topologically
approximately continuous at a point zg, if and only if for every number € >
0, the set {x:|f (x) — f (x0)] < €} is a T4,-neighborhood of zg; i.e., there
exists a set A, € S, Ay, C {z : |f(x) — f(xo)| < €} such that x is a
T 4,-density point of A, .

Definition 3. We say that the real valued function f is 74,-restrictively
approximately continuous at a point zq, if and only if there exists a set £ € S
such that xg € @ 4,(F) and f(zg) = limx—%o fx).

€

Remark 1. It is clear that every 7T4,-restrictively approximately continuous
function at a point zg is 74,-topologically approximately continuous at the
point xg.

Proposition 5. There exists a function that is T4, -topologically but not Ta,-
restrictively continuous at zero.
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PROOF. We shall start with the continuity at zero from the right. Let {cp, }nen
be a sequence of real numbers decreasing to zero such that c,41 < ﬁcn and
C1 = 1. Let

f(CL’) _ Zf:l (Zfio %X(%v%](I))X(C71+170n,](x) for z € (07 1}
0 for x = 0.

Equivalently put

| —

=

Xk, 2 (2)

1
2iF1

[\

N

g(z) =)
=0

and let

f(l') _ Zf:;l g(iI)X(anA,Cn](I) for x € (Oa 1]
0 for x = 0.

The function f is right Ag-topologically continuous at zero. Indeed, consider
the sequence

1

Bi={we0,1]: /() -0l < o

}JceN.

By definition of f

Cn
Ek = U (C7L+17 2?], IC € N
neN

and it is a simple observation that for every k € N, Ej has 0 as an A4-density
point (even A,-density point).

The function f is not right 74,-restrictively continuous at 0. Suppose,
to the contrary, that there exists a set E € S such that g € ®4,(FE) and
limyep, 4—o f(z) = 0. Then, since zg € @ 4, (E), we can find k € N such that
lim inf;_¢ AENO) L

t 2

On the other hand, since lim,ep, y—o f(z) = 0, we can find ¢ > 0 such

that f(z) < 5 for all z € EN(0,c¢). Hence, EN (0,¢) C {z: f(z) < 3¢} and

MEN0,4]) A({z:f (2)< 55 }N(0,1))
t t

liminf,_,g < liminf; g < 2% from definition of f,

a contradiction. Now the function

flz) x>0
h(z) =<0 x=0
f(=z) =<0

is T 4,-topologically but not 7 4,-restrictively continuous at zero. O
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Remark 2. The existence of a function that is 74 -topologically but not 74,-

restrictively continuous at zero, can be proved with the use of the Jedrzejewski

condition (W) from Theorem 4 in [10]. By the theorem, the 74,-topological

continuity from the right of a function at 0 is equivalent to its 7 4,-restrictive

continuity from the right at the point 0, if and only if

(W) for every descending sequence of sets Ej such that each Ej is an Ty -
neighborhood of 0 from the right, there exists a sequence of real numbers
{ar} ey, decreasing to 0 and such that U2 ((ak_H, ax) N Ek) is also an
T 4,-neighborhood of 0 from the right.

We shall show that the condition (W) is not fulfilled in case of 74,-topology.

Consider the sequence

Ep = U(cnﬂ, 2k] kEeN,
neN

defined in the proof of the above proposition. For every k € N, F, € S is an
T 4,-neighborhood of 0.

Let {ax},cy be an arbitrary sequence of real numbers decreasing to zero.
We shall show that zero is not an A4-density point of U2, ((ak_H, ag) N Ek)
from the right and thus zero is not an Ag-density point of

(U ((ar41, ax) ﬂEk)) U <— <U ((ax41, ax) ﬂEk))) :
k=1 k=1

Indeed, we have Ej1 C Ej. Let ¢,, be the first element of the sequence
{en}nen less or equal to ag. Then

A (U;il ((ap+1,ap) N Ep) N[0, h})
lim hinfo ;

A (U;o L ((apt1,ap) N Ep) N0, an])
<lim mf
Cny,
A (U;o k ((aps1,ap) N EL) N0, an])
=lim 1nf
Cny
(U (@pinsa)) N BN [0,60,))
<lim mf
Cny
E g 1
<lim ot 2O D) e 2, L

k—o0 Cny, k—o00 Cp, k—oo 2K
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Hence, by Proposition 3 in [22], zero is not an 44-density point of the set
Ure; ((ak+1,ak) N Ek) € S from the right, i.e. (Jpo, ((akﬂ, ax) N Ek) is not
an Ag-neighborhood of 0 from the right.

Remark 3. Let us recall that for the 7-topology the notions of 7-topological
continuity and 7 -restrictive continuity coincide. Thus the notion of 7 -continuity
is used.

Remark 4. It is a simple observation that every 7 -continuous function is
T 4,-restrictively continuous; the converse is not true. Indeed, the first part
is a consequence of Remark 3 and 7 C 7 4,. The characteristic function of
the set (—AU A) U {0}, where A is defined in Proposition 2 in [22], is T4,-
restrictively continuous, but not 7 -continuous at 0.

Theorem 1. For a real function f, defined on R the following conditions are
equivalent:

(i) f is measurable.

(i) f is Ta,-topologically continuous almost everywhere on R.

(iii) f is Ta,-restrictively continuous almost everywhere on R.

PROOF. (i) = (ii) Suppose that f defined on R is measurable. Then, by the
Denjoy-Stepanoff theorem, it is 7-continuous almost everywhere on R; i.e.,
T-topologically continuous almost everywhere on R; hence 74,-topologically
continuous almost everywhere on R, since 7 C 7 4,.

(#9) = (i) Suppose that f is T4, -topologically continuous almost every-
where. Let a,b € R, and B = {z : a < f(z) < b}. We shall show that B
is Lebesgue measurable. Let C be the set of 74,-continuity points of f. We
have B = (BNC)U (B —C) and A(B — C) = 0. The proof is completed
by showing that B N C is measurable. If x € BN C, and y = f(x), we take
€>0, e <min(b—y,y —a). Then {x: |f(z) — y| < €} is a T4,-neighborhood
of x; i.e., there exist a set A, € Ta,, Az C f H(f(z) — ¢ f(x) + €)} such
that = is a Ag-density point of A,. Of course, A, C B, and we may assume
A, € BNC), by Theorem 1 (2) of [22], since A(B—C') = 0. Finally, we obtain
BNC=U,cpnc Az €Ta, CS.

(i) = (iii) Suppose f defined on R is measurable. Then, by the Denjoy-
Stepanoff theorem, it is 7-continuous almost everywhere on R; i.e., 7 -restric-
tively continuous almost everywhere on R; hence 7 4,-restrictively continuous
almost everywhere on R since 7 C 7 4,,.

(#91) = (ii) Suppose that f is T4,-restrictively continuous almost every-
where. Then, by Remark 1 it is 74,-topologically continuous almost every-
where. O

Corollary 1. For every measurable real function f, the set of Ta,-topological
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continuity points, the set of Ty, -restrictive continuity points and the set of
T -continuity points differ by a null set.

Remark 5. In the proof of part (i) of the above theorem we used a classical
argument referring only to the Denjoy-Stepanoff theorem and to the inclusion
T C T 4,. However, since T4, C S and ® 4, is a lower density operator, we
could rely on Theorem 6.39 from [11] or use recent results of Bartoszewicz and
Kotlicka given in more general settings (see [3] Theorem 2.2).

Proposition 6. There exists a set A C [0,1] such that zero is an Aq-density
point of AU (—A) and such that there are a sequence of real numbers {t, }nen
decreasing to zero and ¢ diﬁerent sets from S\ I associated with (assigned to)
different subsequences {t }meN in Definition 1.

PROOF. Let {w;};en be a sequence of all rational numbers from interval (3,1)
and {c, }nen an arbitrary sequence of real numbers decreasing to 0, ¢; < 1,

such that lim,, . “2** = 0. Put D; = [0, 11U (w;, 1]. We define a set A by

o0 n
= U U n(n LICES I 1,) N (Cn(n271)+i+1,Cn(nz—l)_"_i).
n=111=1

Every natural number k can be uniquely expressed as a sum k = @ + 1,
where n € Nand 7 = 1,2,..., (W — @) = n. We shall write ¢ as

a function of k; i.e., i(k). We have in particular W = @ + n and

Z(WTU”) = n. We may rewrite the definition of set A as

U ¢k Diry) N (Ch1, cr)-

The i(k), as a function of k, takes the consecutively values, 1,1,2,1,2, 3,
1,2,3,4,... .We shall show that zero is an A4-density point of AU (—A).
Suppose that {t,}nen is an arbitrary sequence of real numbers decreasing
to zero. As in the proof of Proposition 2 in [22], we choose two subsequences
{tn, }ren and {cm, }ren such that ¢, <t,,., r € N and there are no elements
of {¢m} ey mor Of {t,}, .y between ¢, and ¢, . Again, we consider the

sequence %
a € [0,1].
There are two possible situations:

a) limy o0 (cmrk . t,Ll ) =a # 0; i.e., limg_ o (Cm%k . #) = 1. In this

nry T

Crmp
and find a subsequence ¢ +—* convergent to some
reN "o ) keN

case we consider the behavior of the sequence Cmy, %wi(mrk). Since it is
g :
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bounded, it contains a subsequence Cm,,, * 7 Wi(m,, ) convergent to some
S »

c€Ea- [%7 1], and X( converges a.e. to XaA([o 3] ufe)) Thus, we
3| Ule,

T,

L _.A)N[0,d]
kp

obtain B on [0, a], as

1 c
BN[0,a] = .([07,@ 7,1).
p.a) = a- ([0 2] 0[]
If
al) a =1 we are done; B € A,y C Ag.
If

a2) a < 1, as in the proof of Proposition 2 we obtain
1
BnN[0,al- ([0, 5} U [g,l]) and BN (a,1] = (a,1].

And, again, B € Asey C Aqg.

1

b) limg_ oo (cmrk . = 0. In this case we have two possible situations

. tnrk’

again:
Cmp, —1 .
bl) The sequence { r— } is bounded from above. We take a sub-
g keN
Cmyp, —1 . Compy —1
sequence { — } such that lim, ... —=%— = b < oo, and proceed
"Tkp peEN "Tkp

similarly as in a). We find a subsequence ¢, 1 - ——w. of
Tkpg t""kp (mrkp 71)
. s

1
w
tnr i(mr
kp kp
a.e. of X( \ ~A)n[07b] t0 Xp.(j0, 1)ufe.1))- Thus we obtain as the set B

.

Crm. —1 * convergent to some ¢ < b and obtain convergence
Tkp —1)

B= {b- ([o %} U [%,1])] n o, 1].

And, again, B € Asey C Ag.
b2) The sequence {Cmtri’fl} is not bounded from above. We take a
keN

nry

Conpy —1

t

Cmp 1
k
p

t

subsequence { } N such that lim,_, . = 00. As every D;
pE

contains the interval [0, 1], we have [0,1] C ——- A, for p appropriately large,
nr
and the sequence X( ) ‘A) converges to X[g 1) a.e. on [0, 1] and we obtain B

=
on [0,1], as BN[0,1] = [0,1]. And, again, B € A,y C Ay. Finally, zero is an
Ag-density point of (—AU A).

Now, let d € [%, 1] and {wy, }ieny be a subsequence of {wy,},en conver-
gent to d. As a sequence {t, }nen, we take {¢,}nen. The set [0,1] U (d,1] €
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Ayg is associated with the subsequence {C(ni+1)7% }z N and we obtain the se-
2

convergent a.e. to
)AA) n[O,l])

on [0, 1]. O

quence of characteristic functions X ( ( (

1
C(ni+l)n,;
2

X [0,4]uia.

We shall prove now that the Ag4-density topology is completely regular.
Following the approach from [2| and [18] we start with the Lusin-Menchoff
condition for the 44-density topology.

Theorem 2. Let E € S and F be a closed subset of E such that F C ® 4,(F).
Then, there exists a closed set P such that F C PN ®4,(P) C EN®4,(F)
(i.e., F CIntr, (P) C Intz, (E)).

PROOF. Let

}andEO:FU GRn.

n=1

1
R, = {x € BN ®a,(E); ——— < dist(a. F) <

S|

For any n € N there is a closed set P, C R,, such that A (R, \ P,) < 5. Put
P =FUl,>, P,. Obviously, P is a closed set and F C P C Ey C EN® 4, (E).
We will show that F' C ® 4, (P). It’s enough to show that for every z € F, x
is an Ag-density point of P from the right. (The proof that x is an A4-density
point of P from the left is analogous.)

Let € F. For every n € N, [z,z + 1] N Uz;lle = (). Since z €
® 4, (E), for any sequence of real numbers {t,},en decreasing to zero, there
exists its subsequence {t,, }men and a set B € Ay such that the sequence

{X L (B—2)n[-1 1]} of characteristic functions converges I-almost every-
’ meN

tpm

where on [—1, 1] to Xp. Equivalently, for any sequence of real numbers {t,}pen
decreasing to zero, there is its subsequence {t,, }men and a set B € Ay

such that the sequence {X 1 (B—z)n[-1 1]} of characteristic functions
tpm ’ meN

converges on [—1, 1] in measure to Xp.
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Consider t,, € (=15, ]. Then

ntl’n
A(((t,,lm (B x)) n[-1, 1]) A ((t:m (P - x)) A[-1, 1]))
—A((tplm (B -2) L1\ (tplm (P-w)n[-L1)
A((tpl (B\ P) - x)) n[-1, 1})
=A((tp1m (B \ P)~2)) N [-1,1])
(7 (( ) &\ B) —2))n[-11)
Pm k=n
<>\(((n+ 1) (( [j (Ri\ Py)) —x)) N [_1,1])
k=n
ot (V) —2)) < 4 )Y e = 2
k=n k=n
Clearly, the sequence
A(((plm (E-2))Nn[-1,1]) A ((tplm (P—z))N[-1, 1]))
converges to zero as m — oo, and, consequently, the sequence of characteristic
functions {Xﬁ-(P—z)m[—l,l]} N converges in measure to X on [—1, 1]. This
means that = € D4, (P). Sinégex was an arbitrary point of F, we have F C
P4, (P). O

Theorem 3. Let E be a T4,-open set of type F,. There exists a Ta,-
continuous and upper semi-continuous function g such that

0<g(xz)<1forxeE, and g(z)=0 forx ¢ E.
PROOF. We may adapt here the proof from [[2] Theorem 6.5]. O

Theorem 4. T4, topology is completely regular.

PROOF. Since 74, includes the natural topology, it is a T}-topology. Let F
be a Ty4,-closed set and z¢ ¢ F. There is a Gs-set P such that FF C P,
AP\ F)=0and 25 ¢ P. The complements of P and {zo} are 74,-open and
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of type F,. From the above theorem it follows that there are 74,-topologically
continuous functions g; and go such that

0<gi(z) <lforxz¢ P, gi(x) =0 for x € P,

and
0 < ga(x) <1 for x # g, go(x) =0 for = x.

Put ( )
_ g1 \r
9(z) = 91 (x) + g2 ()

The function g (z) is clearly 74 ,-topologically continuous, g(zp) = 1 and
g(x) =0 for x € F. Thus the topology 74, is completely regular. O

Theorem 5. The T 4,-topology is not normal.

ProOF. We shall adapt the argument given by Foran in [6] for the density
topology. Let X and Y be two disjoint, countable, dense sets. Suppose that
there are 7 4,-open sets U and V such that X C U, Y C Vand UNV = 0.
We will show first that U and V' cannot have disjoint 7 4,-closures. Take
z1 € X. Since 21 € U = Intr, (U) = U N P4,(U), by Remark 1 in [22]

)\(Uﬂ[xl—h,x1+h]) — 1 and we

and Proposition 2 we have limsup,,_,,

2h
can find a closed interval I; with A(I;) < 1, such that A(I; N U) > $A(Lh).
Since Y is dense and V' = Intz, (V) =V N @4,(V), we can by analogy find
a closed interval I, C I with A(I2) < % such that A(l,NV) > 2 A(I2).
Then, again, since X is dense we can find a closed interval I3 C I, with
A(I3) < 3 and M(I3NU) > 3\(I3). Consecutively, by induction we can select
a sequence {1, }nen of closed intervals with I,,11 C I, A(I,) < % and, if n is
even, (I, NU) > 27 A(In) and, if n is odd, A(I, NV) > 25 A(L,). Then
NI, contains a single point xy and, clearly, the upper Lebesgue density of
U at x( from the right is 1 or the upper Lebesgue density of U at zy from
the left is 1, and the upper Lebesgue density of V' at xg from the right is
1 or the upper Lebesgue density of V' at xg from the left is 1. This implies

that zo belongs to both clz, (U) and to clz, (V), since by Proposition 2 we

have lim inf; o+ w > 0 and liminf, o+ w >0

MEW)0le.o+hl) MEWle—hal) o g
h

and liminfj,_, o+ > 0 and liminf}, g+
points x from Int7, (R\U) and from Intr, (R\ V), respectively.

Let us consider now the two 74,-closed sets R\ V' and Y. We shall show
that they cannot be contained in two disjoint 74,-open sets. To see this,

suppose that R\ V C Uy and Y C V; with Uy, V; 74,-open. Then X C U C
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cr,,(U) CR\Vand Y C Vi Cclg, (V1) CR\U; C V would imply that
both 74,-open U and V; contain X and Y, respectively, and have disjoint
T ,-closures, which cannot happen in accordance with the first part of the
proof. Thus, the 74,-topology is not normal. O

Theorem 6. Every T4,-topologically continuous function is of the first class
of Buaire.

PROOF. (communicated by W. Wilczyniski) Let f : R — R be a T4,-topologic-
ally continuous function. Suppose the theorem is false. Then by D. Preiss [15]
there exist a perfect set F' and two real numbers a, b (a < b), such that the
sets Ty = {x : f(z) < a} and Ty, = {z : f(x) > b} are dense (in natural
topology) in F (i.e., T NF = F and Ty N F = F) (compare [14]). Observe
that T7 and T3 are Ag-open. We shall show (following Foran [6] pp 283-284),
that they cannot have disjoint A4-closures. (77 and T3 replace Foran’s sets
U and V, and F the real line R.) We define a descending sequence {I,}nen
of closed intervals, such that if n is odd, A(1, N T1) > A(T1) - ;45 and, if n is
even A\(I, NTy) > A(T1) - niﬂ It is possible, since 77 and T, are dense in F
and 77, as well as T» by Proposition 2, as A4-open set, has upper density 1 at
each of its points. Let {zo} = N2, I,. Then, the upper A4-density of T; at
x from the right or from the left is 1, and the upper density of T5 at xg from
the right or from the left is 1. Also z¢ € F, since F is closed and I, N F # (),
for n € N.

We shall show that x¢ € cla, 71 and zg € clg, 1. Let G 2 xo be an
Ag-open set. Then, by Proposition 2, both unilateral lower densities of G
at zo are greater than zero. Thus, GNTy # 0 and zg € cly, T1. Similarly,
xo € cla, To. Hence, cla, Ty Nclg, T # 0. Now the Ag-continuity of f is
equivalent to the property that for every B C R, cla,(f1(B)) C f~1(B).
Hence

cla, (Th) = cla, (f 71 ((=00,a))) € f7H (00, a])

and

el () = el (f7H((b,00))) € f7H([b, 00))

and therefore f~!((—o0,a]) N f~1([b,00)) # 0, a contradiction. Finally f is of
the first class of Baire. O

Theorem 7. Every 74,-topologically continuous function is a Darbouz func-
tion.

PROOF. It is a simple consequence of Theorem 6 and Theorem 1.1 of [2]. O
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Theorem 8. The family of Ta,-connected sets coincides with the family of
sets connected in the natural topology.

PROOF. We can follow here the proof of Theorem 3,7 from [20]. O

Acknowledgement. The author thanks the referee for helpful remarks and
editorial comments.

References

[1]

2]

3]

4]

7]

8]

19]

[10]

[11]

V. Aversa and W. Wilczynski, Simple density topology, Rend. Circ.
Mat. Palermo, Serie II-Tomo, LIII (2004), 344-352.

A. M. Bruckner, Differentiation of Real Functions, Lect. Notes in
Math., Vol. 659, Springer-Verlag, Berlin, (1978).

A. Bartoszewicz and E. Kotlicka, Relationship between continuity
and abstract measurability of functions, Real Anal. Exchange, 31(1)
(2005,/2006), 73-96.

K. Ciesielski, L. Larson and K. Ostaszewski, I-Density Continuous
Functions, Memoirs of Amer. Math. Soc., 107, No. 515, (1994).

A. Denjoy, Mémoire sur les dérivés des fonctions continues, Journ.

Math. pures et Appl., 1 (1915), 105-240.

J. Foran, Fundamentals of Real Analysis, Marcel Dekker, Inc.,
(1991).

C. Goffman, C. J. Neugebauer and T. Nishura, The density topology
and approzimate continuity, Duke Math. J., 28 (1961), 497-506.

C. Goffman, D. Waterman, Approzimately continuous transforma-

tions, Proc. Amer. Math. Soc., 12 (1961), 116-121.

O. Haupt and H. Pauc, La topologie de Denjoy envisagée comme
vraie topologie, C. R. Acad. Sci. Paris, 234 (1952), 390-392.

J. M. Jedrzejewski, On limit numbers of real functions, Fund. Math.,
83 (3) (1973/74), 269-281.

J. Lukes, J. Maly, L. Zajicek, Fine topology methods in real analysis
and Potential Theory, Lecture Notes in Math., Vol. 1189, Springer,
Berlin, 1971.



214

WoJciECH WOJDOWSKI

[12] J. C. Oxtoby, Measure and Category, Graduate Texts in Mathemat-
ics, Vol. 2, Springer, Berlin, (1980).

[13] W. Poreda , E. Wagner-Bojakowska and W. Wilczynski, 4 category
analogue of the density topology, Fund. Math., CXXV (1985), 167
173.

[14] W. Poreda, E. Wagner-Bojakowska and W. Wilczynski, Remarks on
I-density and L-approximately continuous functions, Comm. Math.
Univ. Carolinae, 26(3), (1985), 553-563.

[15] D. Preiss, Approzimate derivatives and Baire classes, Czech. Math.
J., 21(96), (1971), 373-382.

[16] D. A. Rose, D. Jankowié and T. R. Hamlett, Lower Density Topolo-
gies, Ann. New York Acad. Sci., Papers on General Topology and
Applications, 704 (1993), 309-321.

[17] F. D. Tall, The density topology, Pacific Math. J., 62(1) (1976),
275-284.

[18] E. Wagner-Bojakowska, Remarks on 1-density topology, Atti Sem.
Mat. Fis. Univ. Modena, IL (2001), 79-87.

[19] W. Wilczynski, A generalization of the density topology, Real Anal.
Exchange, 8(1) (1982-83), 16—20.

[20] W. Wilczyniski, Density Topologies, Handbook of Measure Theory,
E. Pap, ed., Elsevier Science B. V. North Holland, Amsterdam,
(2002), 675-702.

[21] W. Wilczynski, W. Wojdowski, Complete density topology, to ap-
pear.

[22] W. Wojdowski, A generalization of density topology, Real Anal. Ex-
change, 32(2), (2006/2007), 1-10.



