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Abstract

A. Jonsson has constructed wavelets of higher order on self-similar
sets, and characterized Besov spaces on totally disconnected self-similar
sets, by means of the magnitude of the coefficients in the wavelet ex-
pansion of the function. For a class of self-similar sets, W. Jin shows
that such wavelets can be constructed by recursively calculating mo-
ments. We extend their results to a class of graph-directed self-similar
sets, introduced by R. D. Mauldin and S. C. Williams.

1 Introduction.

Wavelet bases and multiresolution analysis on fractals has been studied in
several papers (see e.g. [14, 11, 15, 3, 9]). R. S. Strichartz [9] defines continuous
piecewise linear wavelets, and constructs a multiresolution analysis on several
fractals.

A. Jonsson introduces Haar type wavelets of higher order on self-similar
sets in [15]; i.e., piecewise polynomials of degree < m, which are continuous
on totally disconnected self-similar sets, and constructs wavelet bases using
multiple Haar type mother wavelets of higher order. Jonsson then character-
izes Besov spaces on a class of totally disconnected self-similar sets, by means
of the magnitude of the coefficients in the wavelet expansion of a function.
Following his method, we generalize this in Theorem 5.2, and Theorem 5.4,
to graph-directed self-similar sets, introduced by R. D. Mauldin and S. C.
Williams in [10].

Jonsson’s construction of the wavelet bases involves the Gram-Schmidt
procedure, which in general is difficult to apply, because the inner product in
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L?(u) is not easily calculated on fractals. However, for Haar type polynomials,
the Gram-Schmidt procedure can be reduced to calculating moments. W. Jin
[14] shows that, for a class of self-similar sets in R™, the moments can be
calculated recursively. We extend the result by Jin to a class of strongly
connected Mauldin-Williams fractals in Theorem 4.3.

2 Mauldin-Williams Fractals.

A digraph is a finite directed graph (V| E), in which every vertex has at least
one edge leaving it, and there is one edge with two vertices leaving it. We
allow several edges between vertices and edges from a vertex to itself, and
enumerate the vertices from 1 to ¢; i.e., V. ={1,2,...,¢}.

Let E;; be the set of edges from vertex ¢ to vertex j, and let F; be the set
of edges leaving the vertex i.

For ¢,j € V and positive integers k, let Efj denote the set of paths of length
k from i to j. When we leave out an index in Sfj and write EF, £, Eij, or &, we
mean that the index left out can take on any admissible value. For notational
purposes, we let the set of vertices be included in £. If e = ejes...€, and
€ = €165 ...¢,, are paths, we write e€ for the path ejes...e,€1€5...En.

By an infinite path, we mean a sequence e* = ejes ..., such that the re-
striction e*|n = ejesy ... e, of €* to the first n characters, is a path. Let £* be
the set of all infinite paths, and let £ be the set of infinite paths with initial
vertex 1.

Define t(e) = j for a path e that terminates at the vertex j, and let t(¢) =4
for a vertex 1.

A similitude with contraction factor r is a transformation T : R" — R™,
such that |T'(z) — T(y)| = r|x — y| for all x,y € R™, for some fix 0 < r < 1.

Definition 2.1. The ordered pair (V, E),{Te}ecr), is a Mauldin- Williams
graph (MW-graph), if (V, E) is a digraph, and T, is a similitude with contrac-
tion factor 0 < r, < 1 for each e in F.

We use the notation T, =T, 0T, 0...0T, and re = re,Te, - Te,,, for
e=eiey...ey €E™.

Given a MW-graph, it is shown in [10] that there exist a unique collec-
tion {K;}icv, of non-empty compact sets, which we will refer to as Mauldin-
Williams sets (MW-sets), such that

K =J Te(K;). (1)

i=1e€E,;
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Iterating (1) we get that K; = Uceem K., where K. = T, (Ky)).

We call K = U;ev K; a Mauldin-Williams fractal (MW-fractal), which is
called the graph-directed construction object in [10]. For a more on Mauldin-
Williams graphs, see for example [13, 16, 10].

To a MW-graph we associate a matrix A(t), for ¢ > 0, by defining the
(i,7)-th entry of A(t) to be a;;(t) = X cp,, Te, With a;; = 0 if Ej; = 0.

If A is a square matrix, then the spectral radius p(A) of A, is the largest,
in absolute value, eigenvalue of A. It can be shown that there exists a unique
d > 0, such that p(A(d)) = 1. This d is called the dimension of the MW-graph
and we call A(d) the construction matriz. Let H? denote the d-dimensional
Hausdorff measure, and H? |F the restriction of H? to the set F.

A MW-graph is strongly connected if for every pair of vertices ¢ and j in
V', there is a directed path from i to j.

Theorem 2.2. [10] If a strongly connected MW-graph has dimension d, then
HY(K;) < oo foralli € V.

It is not necessary that the MW-graph is strongly connected for the Haus-
dorff measure to be finite. It does however depend on the structure of the
graph; see [10] for details.

A MW-graph satisfies the open set condition (OSC) if there exist non-
empty open sets {U;}iev such that for each i € V' Ueep,;Tc(U;j) C U;, with
disjoint union.

Theorem 2.3. [8] If a strongly connected MW-graph has dimension d, then
0SC <= HY(K;) >0 for alli € V <= H*(K) > 0.

The proof of the implication = of the left <= can be found in [10],
while the converse is proven in [8], as is the right implication <.

We say that two sets E and F' are essentially disjoint (with respect to the
d-dimensional Hausdorff measure) if H4(E N F) = 0.

Proposition 2.4. [8] If a MW-graph is strongly connected, then the sets { K, :
e € E;} are pairwise essentially disjoint for all i € V.

Corollary 2.5. If a MW-graph is strongly connected, the sets {Kc} cex are
pairwise essentially disjoint for all k > 1 andi € V.

Assume that the MW-sets {K;} are pairwise essentially disjoint, and let
wi = HYK;. Then p = > icy i has support K, and u|K; = p;. Each measure
1; is invariant in the sense that

ni(A) =37 3 (171 (4) (2)

j=lecE;;
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for all Borel sets A C R™. By (2) it follows that

| @ dn) =30 3 ot [T da), 3

j=lecE;;

for all Borel measurable functions f : R® — R. Furthermore, we have that

/K f(z)dpg(z) = f(Te(x)) dp;(x) for all e € &;, (4)

e
K;

and especially u;(K.) = rdu;(K;). Since diam K. = r. diam K, we also have
that
pa(K.) = (diam K,) (K ) (diam K;) . (5)

Definition 2.6. Let 0 < d < n and let u be a non-negative Borel measure on
R™ with supp(u) = F. Then p is a d-measure on F' if there exists constants
c1,¢2 > 0 such that c;7? < u(F N B(x,r)) < cor? for all closed balls B(x,r),
with £ € F' and 0 < r < 1. If there exists a d-measure on a closed set F' we
say that F' is a d-set.

Remark. We can replace 0 < r < 1 with 0 < r < rg, where rg > 0, in Defi-
nition 2.6 without altering the meaning. The restriction of the d-dimensional
Hausdorff measure to a d-set F' will act as a canonical d-measure on F' (see

[17])-

Proposition 2.7. If a strongly connected MW-graph has dimension d, then
the MW-graph satisfies the OSC iff the MW-fractal K is a d-set.

PrOOF. If K is a d-set, then, by Theorem 2.3, the OSC is satisfied, since
the Hausdorff measure acts as a canonical d-measure on any d-set. Let pu =
SN2 u;, where p; = H|K;, and put M = max; p;(K;), m = min; u;(K;),
D = max; diam K, ro = min; diam K; and ryjn = min.cg r.. We will use rg
in Definition 5 according with the remark above.

Leti €V, x € K; and 0 < r < ry. First we show that u;(B(x,r)) > cor?
for some ¢y > 0. We can find e € &, for some integer p > 1, such that
Tmin < diam K. < r, and with z € K.. Then K. C B(z,r), so by (5) we

have that

Trdninm
Mz’(B(xaT)) > ,Ui(Ke) > wa-

Next we will show that p;(B(z,7)) < c¢;r? for some ¢; > 0. If e* = ejey... €
&* is an infinite path, then K« = Ny >1 K-y, is a singleton. If z € K, there is
at least one infinite path e* € £* such that z = K.-. Choose exactly one such
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infinite path e, to each y € B(z,r) N K; and let p, be the smallest positive
integer such that

Tmin” < diam K, =Tey ... Te, diam Kt(epy) < (6)

ylPy

Let I be the restrictions of all such infinite paths with initial vertex ¢, that is

I= U {eylpy}s

yEB(z,r)NK;

where we have chosen e, and p,, as explained above.

Note that, if e.|p1, ew|p2 € I, and e, |p1 = e.|p1, then p; = py because oth-
erwise po would not be the smallest possible integer satisfying (6). Therefore,
by Corollary 2.5, { K, }eer is a collection of pairwise essentially disjoint sets.

The number of elements in I is bounded by a constant ¢ > 0, where ¢ does
not depend on r. To see this, let {U;} be the sets in the OSC and assume each
Uj contains a ball with radius R. If U, = T¢, o... 0T, (Uye)), then {Ue}ecr
is a family of pairwise disjoint sets, where each U, contains a ball with radius
Tey -+ Te, I > Rrypinror. Then there must be a constant ¢ > 0 so that the
number of elements in [ is less then c.

It now follows, since B(z,7) N K; C Uees K, that

pi(Bla,r) < Y pa(Ke) = Y rdHY (K (o)

ecl ecl
M _cM
d d (3 d d_ . .d
< E Te, ---Te (diam Kje)) o < g =ar
eecl 0 0

Hence each pu; is a d-measure on K;. It is easy to see that y is a d-measure on
K =Uiev K. O

3 Sets Preserving Markov’s Inequality.

We use the notation N = {0,1,2,...}, and write 2™ = 2" 252 ... 2" for
z € R™ and m € N". Let P, denote the set of real polynomials in R™ of total
degree at most m.

Definition 3.1. A closed set F© C R"™ preserves Markov’s inequality if for
every fixed positive integer m there exist a constant ¢ > 0, such that for all
polynomials P € P,, and closed balls B = B(z,r), € F, 0 < r < 1, we have
that

max |VP| < Emax\P\. (7)
FNB r FNB
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Remark. We can replace 0 < r < 1 with 0 < r < rg, where g > 0, without
altering the meaning of Definition 3.1.

The space P,, has dimension Dy = (”Zm) as a vector space, and if F

preserves Markov’s inequality and w is a d-measure on F', then P,, will have
the same dimension Dy as a subspace of L?(u) (see [4]).

We let || f]|, denote the standard LP-norm with respect to p, and || f|l, r
the LP-norm with respect to p|F.

If each MW-set K; preserves Markov’s inequality and 1 < p < oo there
exists constants ¢, co > 0 such that

1l|Plloc, . < [pi(K) PPl . < 2] Plloo k. » (®)

for all e € & and P € P,,. To show (8) we will use that, if a set F' preserves
Markov’s inequality, then there exists a constant ¢ > 0 such that ||Plleo,r <
c||P||p,r, for all P € Py, (see [17]). If e € &;;, (4) gives us that

[1Plloo,rce = 17 0 Teloo, i

<o [ peran)” (et [ pran)”

/,(,](K])/ 1/p 1 1 / 1/p
=C\ —F— PPd i < — PlPd i
(ﬂi(Ke) K. 1P du ) c (Ni(Ke) K. 1P du )

The right inequality in (8) is trivial.

Proposition 3.2. Let {K;} be the MW-sets associated with a MW-graph. If
K; is not a subset of any n — 1 dimensional subspace of R™ for any i € V,
then each K; preserves Markov’s inequality.

Remark. The MW-graph in Proposition 3.2 does not need to satisfy the OSC,
nor be strongly connected.

Theorem 3.3. [7] FF C R"™ preserves Markov’s inequality if there exists a
constant ¢ > 0 so that for every closed ball B = B(x,r), where x € F and 0 <
r <1, there are n+ 1 affinely independent points a; € FNB,1=1,...,n+1,
such that the n-dimensional ball inscribed in the convex hull of ay,...,an41
has radius no less then cr.

We will use Theorem 3.3 (see [7] for a proof) to prove Proposition 3.2.
Proposition 3.2 is known for IFS, cf. [6].

PROOF OF PROPOSITION 3.2. Let i = mineeg e, D = max; diam K; and
ro = min; diam K;. Suppose x € K; and that 0 < r < rg. Since z € K; there
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exists e € £ such that x = Nj7_; K|, Let p be the smallest positive integer
such that rp,;,r < diam K., < r. Since K,, is not a subset of any n — 1-
dimensional subspace of R", there exists n + 1 affinely independent points
y"t € Ky, l=1,...,n+ 1. Assume we can inscribe a ball with radius ¢, in
the simplex spanned by {y1",...,yn% 1} and let ¢o = min,, ¢,,. Suppose that
t(elp) = j and define a; = e|p(ylj) forl =1,...,n+ 1. Then a; € K, C
B(x,r) N K; and we can inscribe a ball with radius r* > r¢ 7e, - ... - 7¢,c; in
the simplex spanned by {ai,...,ant1}, since T,y is a similitude. Therefore
we can inscribe a ball in the convex hull of ay,...,a,41, with radius r* >
COTeyTey = -+ * Te, = codiam K,/ diam K; > cormint/D = cr. By Theorem
3.3, K; preserves Markov’s inequality. O

4 Moments and Wavelets.

In this section we will describe one way of constructing a wavelet basis for
L?(p), introduced in [15], and show that moments can be calculated recursively
for a class of strongly connected MW-fractals.

The key assumptions in the construction of the wavelets are: (i) the MW-
sets are d-sets, (ii) they preserves Markov’s inequality, and (iii) u(K) =
> ecr M(K.), where  is a d-measure on K. A strongly connected MW-graph
that satisfies the OSC and has essentially disjoint MW-sets fulfils (i) and (iii),
while Proposition 3.2 helps us determine that (ii) is fulfilled.

Example 4.1. An example of a strongly connected MW-fractal is the Hany
fractal, introduced in [2] and further studied in [1]. All twelve similitudes in
the MW-graph describing the Hany fractal (Figure 2) have contraction factor

1/3.
y |
A4 4
- =K
SN

Figure 1: The first four iterations in the construction of the Hany fractal.
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In Example 4.5 we give another example of a MW-fractal that is given by
a strongly connected MW-graph. An example of a MW-fractal that is not
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Figure 2: The digraph for the Hany fractal.

strongly connected but still fulfils (i)—(iii) is the von Koch snowflake domain.
However, the boundary of the snowflake; i.e., the closed von Koch curve, is
a strongly connected MW-fractal, as are all fractals that are an essentially
disjoint union of n copies of a self-similar fractal.

For i € V let S{ = P,,, and S}, be the space of functions f, as a subspace
of L?(p;), such that f is a polynomial in P, on each K., for e € £F, except
perhaps in points belonging to several different K.. Note that the set of all such
points has zero py-measure. We then get a nested sequence S§ C S% C Si...
of subspaces of L*(y;). Let W§ = S and Wi, = Si,, © S} for k > 0,
where © denotes the orthogonal complement. Then W} will have dimension
D} = Dy|E;| — Dy. Suppose that we have an orthonormal basis ¢!, ... »P1
in W} each with support in K; and define

o _ JU’I(KG) —1/2 t(e),o -1
=l WO w
fore € & and 0 = 1,..., D,, where D, = Di(e). Then {4/ }.cer will form
an orthonormal basis in W,ﬁ+1 for k > 1. Let ¢¢,..., (i)iDO be an orthonormal
basis in Wi = Si. To simplify the notation, we let £° = V with &) =
{i}, and ¥¢ = ¢ for i € V. Then {¢)7 : k > 0,e € €, 1 < 0 < D.}
together with {¢! : 1 < I < Dy} will form a orthonormal basis in L?(u;)
since L?(u;) = @0 Wi Since the MW-sets K; are assumed to be pairwise
essentially disjoint, we have that L2(u) = D> D, W} Therefore

q Do S D.
D ILLEDIDIPILAL0S ©)
i=1 =1 k=0 ecek o=1

is a valid representation for f in L?(u), where 87 = [ fyZ¢du and af =
[ f dp. Furthermore, this representation also holds in LP(u) for 1 < p < oo,
see [15] for a proof of this in the case of an IFS.
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Lemma 4.2. With the notation above, there exists a constant ¢ > 0, not
depending on the wavelet basis, such that

192 Nlp < cu(K)YP=Y2 for alle € €. (10)

Remark. By (5), Lemma 4.2 remains true if we replace u(K.) in (10) with
diam(K.)<.

PROOF OF LEMMA 4.2. Assume that e € &;. Since ¢77 is a polynomial on
each K; for € € E; we can use (8) twice to show that there is a constant ¢y > 0
not depending on the wavelet basis such that ||477||, < co.

17 < > 187 e < 2 D>, mw(Ke)? 97 |l oo, k2
EEE; eek;
< Y (K p(Ke) 207 o,k
éEEj
<o 3 [ Nloe.xce = coll¥?7l2 = co.
éCE,

Then, by using (5) and (4), we get that

Ko\-12
ozl = [ 1(5) W e TP

5
~( /

p(Ke)\ P2 4 Jonp —p/2..d
TP < Bu(K,)P
,U(KJ ) ’re”,l/] ||p —= OM( ) Te
< cu(Ke)d(l/p_l/Q)p. O

)

For F C R", and multi-indices m € N and z € R", we define the moments
of u over F by

M (F,m) ::/zmduz/z{mzénz---z:f"du,
F F

and call |m| = m; + ma + ...+ m, the order of the moment. Recall that the
Dy is the dimension of P, seen as a subspace of L?(u). Let Py,..., Pp, be
the monomials of degree < m and define g, = P,X;, k = 1,2,..., Dy, where
X; denotes the characteristic function on K;.

Enumerate all e € E; so that E; = {e;o,...,ei, |, where k; = |E;| — 1
and let gj-k = P, on K., and 0 elsewhere, for j = 1,2,... k;, and k =
1,2,...,Do. Then {g;}) together with {gi,}; form a linearly independent
set in St which we will orthogonalize using the Gram-Schmidt procedure and
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obtain orthonormal basis for S§ and W{. We use the standard inner product
< f,9>= [ fgdpand L?norm | f|2 =< f, f >'/2. Let

k—1

i gi i % Y 7 i hl
¢’1:17.1 andhk:gk—z<gl,¢l > ¢ Wheregbk:th
91 |2 P AR
fork=2,3,...,Dy. Then {¢Z}kD:°1 will be an orthonormal basis in Sg. Contin-

uing the Gram-Schmidt procedure on the remaining functions g;- x> We obtain
an orthonormal basis {¢%; : j = 1,2,...,k and k = 1,..., Do} for W{. In
this construction we need to calculate all moments of order < 2m over the
MW-sets K;, and over the sets K., for e € E.

If B = [b;;] is a n x n matrix we define the matrix norm by

|B|| = max > |by].
j=1

1<i<n

The similitudes T, : R® — R"™ can be written as T.(z) = A.z + b., where
A, = [aci;] is an n X n matrix, and b, € R™.

Theorem 4.3. Suppose a strongly connected MW-graph, that satisfies the
OSC, has construction matriz A = A(d), essentially disjoint MW-sets, and
similitudes Tp(z) = Az + be. If

A Al <1 11
1Al max | A < 1, (11)

then the moments of all orders over K; can be calculated recursively.

If we know the moments over all K;, then we can calculate the moments
over K, for all e € E by using (4). Note that the condition (11) implies that
lAc]l < 1 for all e € E since ||Al| > p(A4) = 1.

Example 4.4. The dimension of the Hany fractal is d = In((7++/17)/2)/1n 3.
If the similitudes are given by T.(z) = Ac(z) + be, then |A.|| = 1/3 for all
edges e. The construction matrix is

35" (3) VT Ty
A:{ $3d ?d}: 7+%m 7+gﬁ

1) 461 |mm A
Hence it follows by Theorem 4.3 that the moments can be calculated recur-

sively.
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Example 4.5. In this example we will illustrate the method described in this
section. Let K = K; U K5, where K; is the Sierpinski gasket with vertices
(0,0), (1,0) and (1/2,1/2), and K5 is K; reflected in the z-axis. We consider
K as a MW-fractal given by the digraph (V, E) in Figure 4 together with the
similitudes

Tu(2) = 2/2+ (1/4,1/4)  Ty(2) = /2 + (1/2,0)

T.(z)=—2/2+(1/2,0) Tu(z) = —2/24 (1/2,0)
Te(2) =2z/24 (1/4,-1/4) Ty(z) = 2/2+(1/2,0),

where z = (z,y). Let us begin the construction of an orthonormal basis for

L?(K). We do this with polynomials of at most degree one, which means that
(18) in Theorem 5.2 below, will be valid for 0 < o < 2.

y % v Lo

‘o
4“?::’»
b 4 »
“:’P

v

Figure 3: The first four iterates in the construction of K.

a C e

SN
Gy

b d f

Figure 4: The directed graph generating K.

It is easy to see that (11) is satisfied, so we can calculate the moments
recursively. We need to calculate the moments of order < 2 over K;. Let p
be the restriction of the d-dimensional Hausdorff measure to K, where d =
In3/1n2, such that u(K;) = 1. Let M;(k,1) be the moment

Mk = [ oty du
K

i
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and let the M; = (M;(1,0), M;(0,1), M2(1,0), M3(0,1)) be the moments of
order 1. Note that M;(0,0) = p(K;) = 1. Using (12) we have that

1 1 1
Ml(l,O):/ :cdp:f/ xoTcdquf/ QL'OTad[L#**/ xoTydu
K1 3 Ko 3 K1 3 K;

s | cereiane g [ wrvynane [ erea

3 Ky Ky
1 1 5
= ——M>(1,0 —M;(1,0 —.

Doing this for every moment of order 1, we arrive at the equation system
(I — Fl)Ml = Rl, where

owl= ool

W= ool O

I = and R; =

ool O wl—

ol owl- O
RISt l=Sler

Solving this equation system we get that M; = (1/2,1/6,1/2,-1/6). In a
similar way, the moments of order 2 are

M, = (M1(250)7M1(17 1)5M1(072)7M2(2’0)7M2(17 1)aM2(Oa2))
= (11/36, 1/127 5/108, 11/36, —1/12, 5/108).

Let X; be the characteristic functions on K;. Put g1 = X1, go = xX; and
define h; = ¢ and let the first function in the Gram-Schmidt procedure be
1 = h1/||h1]|2 = X1. Continuing the orthonormalization procedure, we let

ho = go— <92,¢% >¢% :xxlel/ xdp
K1

1
= .13X1 - XlM(LO) = (x - Q)Xl,
and since
2 Lo 2 1
[[h2llz = (x_§) dp= [ (x —x‘f‘z)dﬂ
K1 Kl
1 1
= M1(2,0) - Ml(l,O) + *Ml(0,0) = 7=,
4 18
we let ¢} = ha/||hall2 = 3v/2(x — 1/2)X;. Continuing, we get the functions

_ . 3 ; 3 ;
P =X, ¢5= NG 2z -1)X;, ¢5= NG (6y + (=1)") X
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Then {¢}}; will be an ON-basis for Sf, so that {¢}}; ; is the required basis
for Sp = S5 @ S3. In a similar way we can produce an ON-basis {4} }
Wi = Wi @& W32, where Wi = S%\ Si.

i, for

To prove Theorem 4.3, we need the following lemma; see e.g. [14] for a

proof.

Lemma 4.6. If D = [d;;] is an n x n matriz such that d;; > 0 and d;; >
Z#j |dijl, i=1,2,...,n, then D is non-singular.

PROOF OF THEOREM 4.3. Observe that the moment of order 0 over K; is
M(K;,0) = p(K;). Assume that m = (mq,ma,...,my,) # 0 and that all
moments of order less then |m| are known. By (3), we get that

q
M(Kl,m):/ ZmdM:Z Z'r'g/ ZmOTed/j,
Ki Kj

j=1le€E;;
’ (12)
q n n
d my
=3 [T (3 oere ) ™
j=1le€E;; Kig=1 " 1=1
By the multinomial theorem, we have that
- M my! PP Pn P1 P2 P
_ 1 2 n 1 n
(Zaeklzl) —Z o0 1 %ek1%ek2 " Gekn?l #2° " Zn s
=1 b1:p2:- - Pn:

where the sum is taken over p; + p2 + ... 4+ p, = my and p; > 0. Thus,

expanding [, _, ()2, aerizi)™* yields a polynomial of degree equal to |m| =

my + mg + ...+ my,. Using that (a + )™ = lTikO ("}’“)amk—lbl = am +
s (MF)am e letting @ = Y7L @erizi and b = bey, it follows that

H (ZaeklZl + bek)mk = H (Zaeklzl)mk + P(e,m)

k

n n n n

1 I=1 k=1 I=1

where P(e,m) is a polynomial of degree at most |m| — 1.

There are p moments of order equal to |m|, where p is the number of combi-
nations of my, ma, ..., m, such that m; + mo+...4+m, = |m|. Enumerate the
moments over K; of order |m| from 1 to p, denoting them M, for 1 < s < p.
Let m be the enumeration of the moment m; i.e., M;,, = M(K;,m). Then,
by (12), we get that

q n n m
M, :Z Z TZ/K' H (;aeklzl) kdu+R(i,m),

j=1lecE;; J k=1 =
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where R(¢,m) is a sum of moments of order less then or equal to |m| — 1.

Now, consider the product

ﬁ (Xn:dklzl)mk, (13)
1 =1

where m = (my, ma, ..., my), and [dy] is an nxn matrix. Let s be the number
of the moment over K;, given by s = (s1,82,...,8,); l.e., Mys = M(K;,s). If
A (s, [dri]) is the sum of all coefficients of terms in the expansion of (13) with
polynomial part 27232 - - - z5», then |Ap, (s, [dr1])] < Am (s, [|dri]]), and

322 8, [drt]) ﬁ (idkz)Mk

k=1 k=1

Hence it follows that

P P n n m
> [Am(s, [acn]) Z s, llaewl]) = ] (Z \aekl|> '
s=1 s=1 k=1 I=1
Then
p n n n
> laemsl < T (Zmem) < JLhaam = aa, a4
s=1 k=1 [=1 k=1

where aems = Am (S, [aeri]). We now get that

q p
:Z Z dzaemk k+RZ m ZZ’%gmk jk+R<va)a
=1 k=1

(SO k=1 j=1
_ d
where Yijmi = ZeeEij TeQemk. Put

M= (M117M12a cee 7M1p7M217M22a e ,MQP)7

R(/m|) = (Ri1, R12,..., Rip, Ro1, Raa ..., Ryp),
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where Ry = R(k,1), and

Y1111 Y1112 ... Yillp Y1211 Y1212 ... Yiqlp
Y1121 Y1122 ... <o V1g2p
Yiipl  Y11p2 - - e Yiipp Yigpp
r Y2111 Y2112 - .- cee Y211p Y2211 ... V2qlp
[m| — .
L Yalpl  Yqlp2 -+ Yqlpp Ve2p1 -+ --- TVgqpp |

Note that diag(Tjm|) = (Y1111, V11225 - - Vilpp> V22115 - - s Vaqpp)- We are then
left to solve the equation system

(I = L} )M = R(|m]),

where [ is the identity matrix. The vector R(jm|) is known by assumption,
so we need to show that (I — I'|y,) is non-singular, which we will do using
Lemma 4.6. If z; = HY(K;), we have that

q
x; E r;f: g ngigg g rgzj::ci,

ecE;; ecEy; j=1le€kE;;

and since x; > 0 we have that > . rd < 1. First we show that the diagonal
elements of (I — ') are greater then 0. Using that [[A.|| < 1 and |m| > 1,
we have that

|’Y7.zmm| = Z rgaemm S Z 7ng|04e7nm|
ecE;; ecE;;
< DA™ < Y <,
ecE;; e€E;;

which proves that the diagonal elements (1 — v;imm) > 0. Next we investigate
the second condition in Lemma 4.6. We need to show that

Yo = vkl < (1= Yiimm)-

(3:k)#(i,m)



134 MATS BODIN

We get, by (14), that

P q
Yiimm T Z | - 'Yijmk| < ZZ | Z Tgaemk|
(4,k)#(i,m) k=1j=1 e€E;;
q

<22 Tf(iaemkl) qu: > rd A

1€€Ei]’ J=1 eeEij

q
> rdlAe] < max| Ay D

j=1le€E;; j=1le€E;;
< || Al max [|Ae|| < 1.
eck

<.
Il

M=

So by Lemma 4.6, (I — I'|y,) is non-singular and the proof is complete. O

5 Besov Spaces.

The Besov spaces B2(F) by Jonsson and Wallin, are defined on d-sets F' C
R™, see [17] for a thorough treatment.

A net of mesh r is a subdivision of R™ into equally sized half open cubes Q
with side length r; i.e., cubes of the form Q = {z = (z1,...,2,) ER" : q; <
x; < a;+r}. Let N, be the net with mesh 27% with one cube in the net having
a corner at the origin and define M, (F) = {Q € N, : QNF # (}. Suppose p is
a d-measure on F' C R™, with F' preserving Markov’s inequality, 1 < p, q < oo,
a > 0, and o] denotes the integer part of o. For Q € N, (F) let Pgo(f) be the
orthogonal projection of L!(u,2Q) onto the subspace Pla of L?(u,2Q), that
is Po(f) = 2251<(a] T sz fm;dup, where {7;}; is an orthonormal basis in the
subspace P of L?(u,2Q). Here 2Q denotes the cube with the same center
as (@ but with sides two times that of Q.

Definition 5.1. Let vy be an integer and suppose f : FF — R is given. Define
the sequence {4,}52, by

p 1/[)_ —rva
<Qe%u:(F) /2Q |f = Po(f) dﬂ) =2"YYA,. (15)

Then a function f € LP(u) belongs to BE(F) if

1/
1Al = 151+ (0 42) 7 < oo (16)

v>vg
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If p or g equals infinity, we interpret the expressions in Definition 5.1 in
the natural limiting way.

Let J, = {e € £ : 277 < diam K, < 27“"!} and let v; be an integer.
Define ||{87}|| for a sequence {87 }ecy, > by

I8} = (32 (2rerartei 3 3 ser)™) " an

v>uy ecJ, o=1

Theorem 5.2. Let 1 < p,q < oo, a >0, f € BLYK), m > [a] and [ has
the representation (9). Then

Do \1/p
(D> Jadlr) ™ + IHB2H < el fllgoay (18)

i€V i=1
where ¢ does not depend on [ or the wavelet basis.

Remark. Note that the m in Theorem 5.2 refers to P,, in the wavelet con-
struction in Section 4.

Lemma 5.3. If Q € N,_> there exists a constant ¢; > 0, independent of v
and Q, such that there are at most ¢1 of the e € J, with K. N Q # (.

PROOF. Let 19 = max.eg e and define I = {e € J, : K. NQ # 0}. To
each e € Ig define e* to be the shortest path e* € Ig with K. C K.« and
let M ={e*:e € Ig}. Then {K.}ccnm is an collection of pairwise essentially
disjoint sets. If e € I then K. C 2@, and since p is a doubling measure, we
have that

S ulK.) < p(2Q) < pu(Bla,8yi2™)) < e27
eec M

for any x € Q@ N K. By (5) it follows that there is a constant ¢z, such that
w(K.) > c327%? so the number of elements in M is bounded by cp/c3. If
e € M and there is e; € Ig such that K., C K., then e; = e€ for some path €.
Since 277 < diam K., < r(l)e‘ diam K, < r(‘)€|2_”+1, there is a constant k such
that |é] < k. Therefore the number of elements in I is less then ¢; = cqca/cs
if ¢4 is the number of elements in £*. O]

PRrROOF OF THEOREM 5.2. We give the proof for 1 < p,q < oo, since only
minor modifications are needed for the other cases. Let ¢ denote constant that
can differ from line to line. Let 17 be an integer such that max; diam K; <
2-ni+l To each e € J,, v > vy, choose exactly one Q. € N,_, such that



136 MATS BODIN

K.NQ. # 0, and let Py, = Py (f). Then K. C 2Q. and since 97 is
orthogonal to Py, whenever m > [a], we have that

187] = |/fwsdu| - |/<f—PQc>wsdu|

< ([ v-raran)”( [y a)”

1/p /
SC(/ |f_er|de) ()P =1/2),
2Qe

/

Then, by the remark after Lemma 4.2, we have that
o —vd(1/p' —1/2) p
o7 < o OTI( | 1S~ P du)
2Q.

The right side is independent of o, and p’ is the dual index to p so it follows
that

D,
S|P < c2mvde/2-D / I — Pa.Pdp.
o=1 2Qc

By Lemma 5.3 a cube Q € N, _5(K) can intersect only a finite number ¢; of
the K, for e € J,, where ¢; is independent of v and ). By this we get that

D,
SOS B < iz 3 / P

ecJ, o=1 ecJ,

<oy 27VHPRTN N / |f = Pol"dp
QEN, _»(K) "’ 2@

< CQ*Vd(p/Qfl)27(1172)0@141?;72

where A, is given by (15). Then it follows that

De q/p\1/q 1/q
Iy = (32 (2rerarte 0 S S g ) ) e YD a)

V> ecJ, o=1 v>r—2

It is clear that |a}| < c||f]|, and then (18) follows if we let vy = 11 — 2 and
F = K in Definition 5.1. O

Next we will prove a partial converse of Theorem 5.2. We can not expect
a complete converse to be true, since the functions in the wavelet basis do not
need to be in B2I(K), see [15].
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Theorem 5.4. Let o > 0 and 1 < p,q < oo. If the sets {K,}eer are pairwise
disjoint and f € L*(p), then

ez < <( (S50 kil) ” + 1), (19)

i€V i=1
where ¢ does not depend on [ or the wavelet basis.

We will prove this using a characterization of B29(K) using atoms; see e.g.
[15], and [5] (see [12] for details). We write 7, instead of NV, when we consider
the elements as closed cubes. Suppose that F' is a d-set with d-measure p,
a>0and 1 < p,q < oo. Let k be the integer such that k < o« < k+1. A
function a € C*(R™) is an («,p)-atom if there exist a closed cube @ in R"
with supp(a) C 3Q and that

|[Dla(@)| < s(Q)* VY, z € R, |j < k,
where s(Q) denotes the side length of Q. We write ag for an atom associated
to Q.

Definition 5.5. Let v be an integer. Then f € B24(F) if there are («, p)-
atoms ag and sg € R such that

f=2 > sqaq, (20)

v=vp QE™,

with convergence in LP(u) and that

( i (> ISQIT’)Q/p)l/q < co. (21)

v=vg Q€Em,

The norm of f is the infimum of (21) taken over all possible representations
of f on the form in (20).

Suppose g € C®(R"), e = ejea... e € 5{37 and g.(x) = go T, *(z). Let

x* =T, }(z) so that g.(z) = g(2*) and let u € R™ be a unit vector. Then for

e
some unit vector v € R™, we have that

o Gelo ) —ge(e) gl b)) — (o)

D = =1i
(Dage)(a) = Jim 2751 lim )
i ge(x* + r;lr;zl — ~r;€1hv) —g(x*)
h—0 h (22)
= re_llre_gl o re_levg(x*) = re_llre_; o re_kl(Dvg)e(x)
diam K;
= . (Dvg)e(x)

T diam K,
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Let 1 = (l1,...,1,) be a multi-index. Then, by iterating (22), there is a
sequence of unit vectors vi,va..., vy such that

diam K ;

Dl . _ J
(D'ge)(z) (diamKe
(diam K;
diam K,

)" (DuDus . Dy g)ele)

il )
) Dy, Dy, ... Dy, g(z")

We then get that

|(D'ge)(2)] < e(diam &)~ max [D™g(a")] (23)

|m|=(1|

Let d(A,B) = inf{|Jz — y| : « € A,z € B} be the distance between two
sets.

Lemma 5.6. Suppose that the sets {K.}ecp are pairwise disjoint and that §
is the minimum distance between any two of these sets. If e = ejea... €41 €
EFFL where k > 1, then

A(Ke, K\ K¢) > re,Tey . Tep 0.

k
PROOF. Since K = Ugcgr+1 Kz, with a disjoint union, we have that d(K., K\
K.) = min{d(K., K;) : ¢ € Ek¥T1 & # e}. Suppose that € = 16y...6141 €
EFF1 and let I be the smallest integer such that e;y; # &4 so that é =
€1€9...€1€141...€ky1. If 1 =1, then d(K,, Kz) > 6. If | > 1 we have that

d(K€>K5) = d(T€1€2~--€z (K€z+1~-€k+1)7Te162---€z (K51+1~--€k+1))
> TeyTey oo T d(K, Ko, ) 2T Teyon Te,0

€141
O

Assume that the sets {K.}c.cp are pairwise disjoint and let § be as in
Lemma 5.6. If P € S, meaning that P is a polynomial of degree < m on
each K. with e € Ej. We let P be defined for € R" with d(z, K;) < 6/2
by extending P to such x by letting P coincide with the polynomial defined
by P on K. whenever d(z,K.) < ¢/2, and P(z) = 0 if d(z, K;) > §/2.
For e = ejes...ep1 € Eij, let Po(z) = Po T, (x), so that P.(z) = 0 if
d(x,Ke) > 1y + ... 7e,0/2. Now, choose ®/ € C5°(R") such that &7 (z) = 1
on K; and ®/(z) = 0 if d(x, K;) > 6/2 and define ®.(z) = &/ o T, !(z) and
®; = & for j € V. Then ®.(z)P.(z) = (DI P).(z) € C§°(R") and (®/ P). # 0
only if d(x, K¢) < (6/2)re, ... Te, = (ddiam K, )/(2diam K;). Then, since
0 < diam K, we have that diam(supp(®.)) < 2 diam(K.).
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Lemma 5.7. If1 is a multi-index, e € € and j € V, there exists a constant
c > 0 such that

1D (@erd) e < eldiamKe) M (p(£)) /2 (24)

and

IDY(®7¢7) oo < e(diamK ;) =M (u(K;)) 2, (25)
where ¢ depends on Kj, oI n, m and 1.

Remark. We can of course replace the right side of (25) with just a constant
¢, but choose to express us this way in order to simplify the notation later in
this section.

PROOF OF LEMMA 5.7. If P € 87, d(z,K,) < §/2, 29 € K, and z € B =
B(xg,0/2) we have, by the remark after Definition 3.1, that

|D'P(z)| < max |D'P(z)| < ¢ max |D'P(x)]
z€B ©€K,;NB

<c¢ max |P@)| = ¢||P|loo k.
QZEKJ'[-TB

Therefore, by (8),

| D'y ()] < el ook, <l |l k. < el

2., = ¢, (26)

which gives us (24) for e € V. Similarly we have that |D'¢](z)| < ¢ which
implies (25). Inequality (24) follows from (23) and (26), since

n(Ke) ) -1/2
1(K;) ’

for e € 5z] O

D{@e7)(w) = DM (@) ()

PROOF OF THEOREM 5.4. Assume that the right side of (19) is finite and let
v1 be an integer such that max; diam K; < 27"1+1. To each K., e € J, and
v > vy, we associate exactly one Q. € m,_o with Q. N K, # 0. For Q € m,_o,
we define Ig = {e € J, : Q is associated to K.}. Lemma 5.3 holds if we
replace N, _s with m,_5, so there is a constant ¢; not depending on v or Q
such that Ig contains no more then c; elements. Define the partial sum fy as

Dy o N—-1 D,
IN=D00 A+ > Y > BT

i€V =1 v=vy ecJ, o=1
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Combining Lemma 5.3 with the fact that, for a fixed k&, the functions 7 have
disjoint support for different e € £, and using the inequality

(3 ww) <nr > at, (27)
m=1 m=1

we get that
D. D. »
DIDIATHCES DD WAITAEI])
ecJ, o=1 ecJ, o=1
D.
<ATIDPTEN N B P S (o)
ecJ, o=1

where D = max.cp D.. By the remark after Lemma 4.2, [|17]|5 < 2v4(/2=1),
If ¢’ is the dual index to ¢ and M > N > 1, we have that
M-1

M-—1 D, D, 1/p
= tulle =1 3 S mzvtl < 3 ([ 130 S vzl an)

v=N eeJ, o=1 v=N eed, o=1

M—-1 D, 1/p
<e 3 (X S Isrieetn)

v=N e€J,o=1

Mt D. 1/p
<Y e (grieDger 3N o)
v=N

= ecJ, o=1

Ny A1/d N De a/py\1/q
< C( Z 27uaq> ( Z <2ud(p/271)2uap Z Z |ﬂg‘p) )

v=N v=N ecJ, o=1

< 27N |{BZ}

Thus {fn} is a Cauchy sequence in LP(u), which implies that the wavelet
series (9) of f converges to f in LP(u). Therefore, by defining 17, ¢’ and ®J
as discussed earlier, we can represent f as

Dy S [es) D,
F=Y Y aiei+> > N prauyr.
i€V =1 k=0ec&k o=1
For @ € m, define

Do D.
fa= 3 [Yaiwei] + 33 prer,

eV =1 eclgo=1
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where []g means that it is present only if @ is associated to K, and put
fo=0if I = 0.
Let kg = max|yj<ja]+1 2*("’2)|”||D1fQ||OO and

o fo2~=2a=d/p) [koif kg # 0
2o if ko = 0.

Then ag is an (o, p)-atom with k = [o] + 1. If we let sg = kg2 ~2(@=4/P) we
have that fo = sgaq and that f = 3777 >, sqaq. By Lemma 5.7,
we get that

Dy D.
D fo()l < X2 [ - lafllD'@opl]  + D2 3 16710 e

eV =1 eclg o=1

Dg
< e[ lail(aiam k) Mpu(r) 2]

i€V l=1

D.
+e Y Y182 |(diam Ko) M (k)2

eclg o=1

< C(Z {i ‘OLHQV\H}Q T Z i |ﬁg‘2u\l|2ud/2)

eV o l=1 eclg o=1

Q

Since the number of elements in I is bounded by a constant independent of
Q@ and v, we can use (27) and get that

D D,
HleQ”oo < 02V|1\(Z [i'a“p}Q +2ydp/2 Z Z'B;”p)l/P.

i€V I=1 eclg o=1

By this we can estimate k¢, using (27), with

Do ‘ D. 1/p
ko <e( [ Doldl] +2r2 30 Do lecl)
=1

eV = eclg o=1
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so that
Z ol = Z k%g(v—2)(ap—d)
QeEmy, 2 QEm,_2
Do D.
< c( % [Zmﬂp} 1Y g 33 \6Z|p)
Qem,_—2i€V  I=1 @ QET, 2 e€lg o=1
Do D.
— c( Z Z [Z |a§'|p} 4 grapgud(p/2-1) Z Z |ﬂg|p>'
Qem,_2i€V =1 Q ecJ, o=1

Using (27) or that (a 4+ b)" < a” +b" for 0 <r < 1, we get that

(Y 1sel) <e ¥ (Z{§|af|p]Q)"“’

QEm, 2 Qem,_o 1€V =1
D.
vapovd(p/2—1) o a/p
+o(zerpaorn 5 5% o)
ecJ, o=1
Hence, we get that
o Do
q/p . Na/p
SO dsal) = e((X0Dladlr) "+ 1487 HI)
v=r1 QET,_2 i€V =1
and (19) follows. O
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