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MAXIMAL CONVERGENCE SPACE OF A
SUBSEQUENCE OF THE LOGARITHMIC
MEANS OF RECTANGULAR PARTIAL
SUMS OF DOUBLE WALSH-FOURIER
SERIES

Abstract

The main aim of this paper is to prove that the maximal operator
of the logarithmic means of rectangular partial sums of double Walsh-
Fourier series is of type (H#, L) provided that the supremum in the
maximal operator is taken over some special indices. The set of Walsh
polynomials is dense in H#, so by the well-known density argument we
have that ton om f (xl,wz) — f (acl,x2) a. e. as m,n — oo for all f €
H#(D Llog™ L). We also prove the sharpness of this result. Namely,
For all measurable function § : [0, +00) — [0, 4+00), lim;—c () = 0 we
have a function f such as f € Llog* L§(L) and the two-dimensional
Nérlund logarithmic means do not converge to f a.e. (in the Pringsheim
sense) on I2.

1 Introduction.

The rectangular partial sums of the Walsh-Fourier series S,, ., (f), of the func-
tion f € L, (IQ), 1 < p < oo converge in LP norm to the function f as
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448 GYORGY GAT AND USHANGI GOGINAVA

n,m — oo, [16, 23]. In the Ly (I?) case this result does not hold [10, 17]. But
in the one-dimensional case the operators S,, are of weak type (1,1) [22]; that
is, the analogue of the estimate of Kolmogorov for conjugate function [12].
This estimate implies the convergence of Sy, (f) in measure on I to the func-
tion f € Ly (I). However, for double Walsh-Fourier series this result [6, 19]
fails to hold.

Classical regular summation methods often improve the convergence of
Walsh-Fourier series. For instance, the Fejér means oy, ., (f) of the Walsh-
Fourier series of the function f € Ly (I?), converge in norm L; (I?) to the
function f, as n,m — oo [14, 23]. These means present the particular case of
the Norlund means [11].

In 1992 Moricz, Schipp and Wade [15] proved with respect to the Walsh-
Paley system that

n—1

3

1
Sik(f) — f

1

1
o = —
n,kf nk vl

a.e. for each f € Llog™ L(I?), when min {n,k} — co. In 2000 Gat proved
[2] that the theorem of Mdricz, Schipp and Wade above can not be improved.
Namely, let § : [0, +00) — [0, +00) be a measurable function with the property
lim;_, 6(t) = 0. Gat proved [2] the existence of a function f € L;(I?) such
that f € Llog™ LJ, and o, xf does not converge to f a.e. as min{n,k} —
oo. That is, the maximal convergence space for the (C,1) means of two-
dimensional partial sums is Llog™ L(I?).

We consider the method of Noérlund logarithmic means ¢, ., (f), which
is weaker than the Cesaro method of any positive order [11]. In [3] it is
proved, that these means of double Walsh-Fourier series in general do not
converge in 2-dimensional measure on I? even for functions from Orlicz spaces
wider than the Orlicz space Llog™ L(I?). In the one-dimensional case [4] it
is established that the means ¢, (f), of Walsh-Fourier series is of weak type
(1,1), and this fact implies their convergence in measure on I. In particular,
from this theorem [4] follows the similarity of convergence of Sy, (f) and ¢, (f),
in contrast to convergence of Fejér means o, (f). United these results with a
statement from [20] we obtain, that the partial sums of double Walsh-Fourier
series converge in measure for all functions from Orlicz space if and only if their
Norlund logarithmic means converge in measure. Thus, not all classic regular
summation method improve the convergence in measure of double Walsh-
Fourier series. Thus, the behavior of convergence in measure of logarithmic
means of quadrilateral partial sums of double Walsh-Fourier series differs from
the behavior of the Fejér means and is like the usual quadrilateral partial sums
of double Walsh-Fourier series.
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The main aim of this paper is to prove that the maximal operator of
the logarithmic means of rectangular partial sums of double Walsh-Fourier
series is of type (H#, L1) provided that the supremum in the maximal oper-
ator is taken over special indices. The set of Walsh polynomials is dense in
H#, so by the well-known density argument we have that tan om f (21, 2%) —
f(z!,2?) ae. as m,n — oo for all f € H#(D Llog* L). We also prove the
sharpness of this result. Namely, for all measurable function ¢ : [0, +0c0) —
[0, +00), lim; . 6(t) = 0 we have a function f such that f € Llog™ L4&(L)
and the two-dimensional Norlund logarithmic means do not converge to f a.e.
(in the Pringsheim sense) on I2. In the paper of Getsadze [7] the Nérlund log-
arithmic summation method is studied in a more general context (for arbitrary
bounded ONS).

2 Definitions and Notation.

Let P denote the set of positive integers, N := P U {0}. Denote by Z, the dis-
crete cyclic group of order 2, that is Zy = {0,1}, where the group operation
is the modulo 2 addition and every subset is open. The Haar measure on Zs
is given such that the measure of a singleton is 1/2. Let I be the complete
direct product of the countable infinite copies of the compact groups Z5. The
elements of I are of the form « = (29, 21,...,2g,...) withz; € {0,1} (k € N).
The group operation on I is the coordinate-wise addition, the measure (de-
note by u) and the topology are the product measure and topology. The com-
pact Abelian group I is called the Walsh group. A base for the neighborhoods
of I can be given by

L()=1 Li(z)={yel:y= (2o, ), Tn1,YnsYntls---)},

(rel,neN).

These sets are called the dyadic intervals. Let 0 = (0:¢ € N) € I denote
the null element of I, I, := I, (0) (n € N). Set I,, :== I\I,. Let A,, be the o-
algebra generated by the sets I, (z)(x € I) and E,, the conditional expectation
operator with respect to A,, n € N(f € Ly). For t = (t},t?) € I?,b =
(b1,b2) € N? set the two-dimensional dyadic interval I := I, (t') x I, (?).
If b € N, then I2(t) := L,(t*) x I,(t?). For n = (ni,ns) € N? denote by
En = E(n, n,) the two-dimensional expectation operator with respect to the
An = A(nl,ng) = Anl X Anz-
For ke Nand z € I let

ri(z) == (=1)"* (z € I,k €N)
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denote the k-th Rademacher function. If n € N, then n = Y n;2%, where
i=0
n; € {0,1} (i € N); i.e., n is expressed in the number system of base 2. Let
In| := max{j € N:n; # 0}; that is, 21"l <n < 2in+1,
The Walsh-Paley system is defined as the sequence of Walsh-Paley func-
tions.

. Inl—1
wn () = T 0 @)™ = 1oy () (-1) = ™™ (@ e LneP).

k=0

The Walsh-Dirichlet kernel is defined by

n—1
z) =Y wy (x)
k=0
Recall that

Dyn () 2n ifx e I, (1)
n(T) = —
2 0, ifzel,.

The rectangular partial sums of the 2-dimensional Walsh-Fourier series are
defined by

M-1 1
Sun(fiat,a? wi (21) w; (2%),
=0 J

2

<
Il
o

where the number
f(i,j) = /f (xl,xg) w; (:1:1) w; (x2) du (331,:132)
12
is said to be the (7, j)th Walsh-Fourier coefficient of the function f.

The norm of the space L,(I?) is defined by

1/p

1£1, = /|f (! 2?)Pdp('2?) | (1 <p<oo),

and for p = oo we have || f|lc = sup ess |f(z)]. The space weak-L; (I?)
consists of all measurable functions f for which

||f||weak7L1(I2) := sup AHles('f‘ > A) < +o0.
A>0
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The hybrid Hardy space H# (I 2) is based on the maximal function

# (2%, 2%) = su _ zt u? u?
f ( ) ) P (T (22)) /f( ) )d“( )7

n>1 Nes
n(z?)

defined for all f € Ly (I?) and (2',2?) € I?. Thus H# (I?) represents the
collection of functions f € Ly (I 2) which satisfy

1£ll, = /f# < .
12

The positive logarithm log™ is defined as

1 if 1
log™ (z) = { og(), if @ >

0, otherwise.

We say that the function f € L;(I?) belongs to the logarithmic space
Llog™ L if the integral

/ @t 2?) log* | f(a!,2?)|dp(a?, 22)
12

is finite.
The logarithmic means of partial sums of the double Walsh-Fourier series
are defined as follows

n—1m— 7£L' x
tnm’Lf (.171 .'L' _ ,] f )
(n—1) —3)’

where I, = 3 1. Let
k=1
1 n—1 Dk
— d K, D
Y= k an Z ’“

For N = (N1, N3) and z € I? let
th(l‘) = tNthf(l'l,.’L'Q), FN(x) = FN1 (xl)FNz (xQ)
For the function f we consider the maximal operator

t#f = sup |tan om f|.

n,meN
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3 Formulation of Main Results.
Theorem 1. Let 1 < p < +oo. Then
[# 11, < e llfll, (F €L?(1%)).
Moreover, if f € H# (I?) > (Llog* L (I?)), then
mes {11 > 2} < S| f#]],.
Corollary 1. Let f € Llog* L (I?). Then
tyn g f (24,22) = f (2%,22) a.e. as min (n,m) — oo,

Theorem 2. For all measurable function ¢ : [0,+00) — [0, +00), lim; o 6(t) =
0 we have a function f such that f € Llog™ L§(L) and the two-dimensional
Nérlund logarithmic means does not converge to f a.e. (in the Pringsheim
sense) on I2.

4 Auxiliary Propositions.

Lemma 1 ([8]). Let A € N. Then

/ sup | K, (z)]dp (z) < ¢ < oc.
J n>24
Ia

Lemma 2 ([8]). The mazimal operator sup | [ f (x) |Fon (z + y)| du ()| is of
weak type (1,1) and of type (H,L). e

Define a subset of the set of the two-dimensional intervals Z x Z:

Tna(®) = {Lhpj(x") X Inya_j(2®) : = 0,1,...,a} (z€I*aneN).

It is easy to verify that
ﬂIn,a(x) = Inia(zh) X Inya(2?), M(ﬂzn,a(x)) —9~2n-2a
F € T, q(z) implies u(F) = 272"~ In paper [2, Lemma 1] one can find

that u(UZn.q(z)) = (a/2 +1)272"74, For t € I?, a,b,k € N define the sets
J’ib(t), Q’;b(t) recursively by

Jop(t) = {t}, Q04(1) = JTva(t).
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Suppose that the sets Jib(t), Qi,b(t) are defined for j < k. Then decompose
k=1
e\ U 2,0
§=0

as the disjoint union of dyadic squares of the form I} 1 ka(7). Take from each
dyadic rectangle an element to represent. The set of z’s corresponding to these
squares is J¥,(t). That is,

k-1
If(t)\ U Qi,b(ﬂ = U Il?+ka($)'

zeJk ()
Then, set
OF (1) = U U1b+ka,a(17)-
z€J¥ ,(t)
It is evident that
card(JF (1)) = (2* (2" — (1 +a/2)))". (2)

This gives the a.e. equality I7(t) = Uj=o Qi’b(t). By this we get

r= U U,

tr,t2e{0,1} J=0
i=0,1,...,b—1

For a,b,d € N (b > 2), b° := [b/2] — 1 define the functions fc‘ib by

(—1)wio+xfo 2¢ if there exists t € I2k < d,y € J(ib(t)
:f,b(x) = for which © € N Zp+ka,a(y),
0, otherwise.

Denoting by 15 the characteristic function of any set B C I? we have

d d
d __ oa zto+a2, .
@:b(x) =2 (_1) ’ ’ Z Z Z 1Ig+(k+l}a(y) (x) o ng(-r)7
k=0

t;,t7€{0,1} k=0yeJk (1)
i=0,1,...,b—1

where L
_ Zpo tZpo 9a
gk(m) - (_1) ’ »°2 ZA 113+(k+1)a(u)(x)'
ueNy

(This equality gives the definition of the set Ax, A = UAy.) The next lemma
is the base of the proof of the divergence result.
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Lemma 3. Let~y,a,b,d € P and~,b so large that C (2’”’ +3+ ‘;—5 + 2% + %) <

L where C is some positive constant discussed later and

8
d ~
RS U U Qs,b(t)a
t;,t7€{0,1} k=0
i=0,1,...,b—1
where
a—y
OF )= | U Toskari(@") X Ty er1yay(27).

w€Jy (8) I=Y

Then there exists a unique k < d for which
Y € Inphats(2") X Iy (kg 1)a—j (27)

for some z € JF,(t). Setting N := (20Thatd ob+(k+ha=i) € P2 ye have

ool =

[t (fe)W)] >

ProOF. The first part of the lemma is a straightforward consequence of the
definition of the sets Q’(;b(t). For the second part let

gr(x) = (=17t | 291, @+20 > 1

b (k+1ya (2) A
UENE, uFZ

2 irnya @) (@)
=: g'(z) + ¢*(2).

Clearly x € Il?Jr(kH)a(z) = Iyy (k1) (21) X Dy (pg1) (2%) and y € Tyypays(2h) X

Iyt (ks 1ya—;j (22) gives Fy(y — x) = Fy(0) > 20+kati—1obt(ktha=i=1 anqd con-
sequently

x(g)wl =2 | Fly — 2)dp(at, 2%) > 22,
Ib2+(k+1)a(z)

It is easy to see that
Dan_j = Don — wan_1 Dy,

for every k =0,1,...,2" — 1 and n € N. Consequently,

2" —1
Waon 1 Dk

F2n :Dgn — 77

lon
2" =1



RECTANGULAR PARTIAL SUMS OF DOUBLE WALSH-FOURIER SERIES 455

and by the Abel transformation we have

1
1 Ky 1
Fn <D n — — 7Kn .
| Fon| < 2+12n;:1 k+12n|2|

Next, we give an upper bound for the absolute value of tx(g?)(y).
Investigate

tn (6% W] < [tn (gD W) + [En (93) (W) + [tn (93) ()],

where
2 =90 § 1 2 =20 § 1
91 2 e 92 T2 er1ya (@)
u€Ay uEAN
ul=z'u?#£22 ut#£zl u?=22

2 _ oa
93 = 2 Z 1I§+(k+1)a(“)'
ueEA

wl#zl w2422
First, we discuss ty(¢g?). Recall that y € Ipikat (z1) x Iy (ks 1)arj (22). Then,
Fyn, (y' —2t) = Fn, (0) = Ny — 2. So,

lN1

N.
71 S F‘N1 (0) S Nl, D2b+(k+1)a—j (y2 - l‘2) =0 for l‘Q S Ib+(;€+1)a(u2).

It follows that

|tN(9%)(y)| < Z 9a . gbtkatj

12
UENL b+(k+1)a
ul=z u?#£22

gbtka_q Ny—1
1 K (y* — a? 1 K (y? — a2
X<l g 0P e 1N K )
Ny

s l
s=1 N2 s—2b+ka

=I+IT+1II

If one takes two different u, @ € A, u' = 21, u? # 22, 4! = 2!, 4% # 22, then
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Tyt ka(u?) N Ipyka(@%) = 0. Hence

Y KL = )]
<y Y Y e
uehy Tyt (kt1)a(u s=1 8
ul=z1 u?#£22
gbtka _q
. nig—b—(k+1a_L_ 5 | Ks(y? — u?)]
- lN S
u€EA 2 s=1
ul=z1 u?#2>
2b+ka 1
Ko (y? —t
— 9—a9j / l Z wdu(t)
UEAk Ib+ka uZ) N2 s=1 s
ul=z1 u?#£2>
1 obtka_q 9
; 1 K -1 .
< 2J—a/ Z wdu(t) <CYTr< 0277,
0 12b+ka -1 S
Similarly
ob+(k+1)a—j _q
K 2 _ .2
IT < Z 23/ l Mdu(:ﬂ)
wEAL Tyt (kt1)a(u?) “Na2 s=2b+ka s
ul=z u?#£2>
Qb+ (k+1)a—j _q
|Ks(y* — 1)

1
_ LSl b)) P
Z /1b+(k+1)aj(u2) IN, s:;ka 8

UEAk

ul=z' u?#£22

ob+(k+1)a—j_q

1

<
o In s=ob+ka §
a—j
<Clog2 < a <Cg'
~  logNy = b+ka ™~ b
Also, we get

nmr< Y 22 /I —|KN2( — )| dpu(t)

b e (u2) INa

ueAy
ut=z1 u?#£2>
1 C
< —||K —.
— lN2 H N2||1 —_ b

Consequently, [tx(g97)(y)| < C(277 + ¢). Since v < j < a — v, we also have
the same bound for |t (g3)(y)]-
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Next, we discuss [ty (g3)(y)|. If u € Ay, u’ # 2%, then we have Dy, (y* —
7)) =0 (i = 1,2). (Recall that N = (N1, N2) = (2b+’m+ﬂ 2b+(k+1)a=7) ) Thus

1|K< H ST K — o)
Yy — s\ Yy —
Py — )| < + By =)l
lNllN2 sz:; s ;lm §

+ [ Koverars (y' = ml)l)

gbtka__q ob+(k+Da—j g
y ( Kol =) T T I = o)

S S
s=1 g=2b+ka

+ |K2b+(k+1)a—j (y2 — $2)>

1
= (JE+ JF + T JE + TR + TR
In, N,

First, discuss the case given by J§J. We have the upper bound 2%

gb+ka _q ob+ka _q
2a Ks 1_ .1 Ks 2 _ .2
Z/ : Z |Ks(yt — ') Z |Ks(y” — = )|du(x1,x2)
uEAy b+(k+1)a(u) Nl AERp—t s s=1 $
ulsz;i=1,2
ob+ka_q ob+ka _q
¥ / S U = 0 SR =
2a )
ueAk2 I 4o (W) lNllN? s—1 s s=1
ulsz;,i=1,2
2b+lsa 1
|K (y' — 1) K (y* = 2)|
< /l l du(t?)
N4 s N1 s:l §

IA
Rl %=
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For the case given by J&(J3& + J£) we have

1,1 P K -]
> / 52T D o —du(a)
Iyt ga(ul) s

l
Cu€Ag N
u'#z;,i=1,2
gbt(k+l)a—j _q

xl/‘ LYy IR )
2 Tpt (kt1ya—yj(u?) lN2 5

S:2b+ka
1
+ Koty (v - U2)|> dﬂ(9€2)>
N2
1 2b+ka71 1
1 K],
< — ——dp(t")
b &
b+(k+1)a—j _q
I A K (t2)] 1
= — : | Ky cksya—s (£2) | dpu(£?
g | [ X T e ()

s=2b+ka

055

The same bound can be given for the case determining by (J + J¥)J{, and

for the case given by (J& + J£)(JF + JF) we have C’Z—s. That is, we verified
the inequality

2oy @y (%)
vl 222 - ¢ (274 5 +(5)).

In the sequel we give a bound for the logarithmic means of the other g;’s.

d
v (> )l < Z > 2| Fiy (y — )| dp(a’, %)
I=k+1 1= k+1u€Al 12 g1ya (W)
—y vl 2 Pl e?)
I=k+1 ueAl b+1n(“

<— | |Fy| < =.
*Qa/,z‘ N'*Qa

It remains to investigate \tN(Zf:_Ol 9)(y)|. We have y ¢ I, (u) for all
u€N,l=0,...,k—1 (and even for all I # k). Then we may suppose that
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for instance y? ¢ I, (u?) which gives
Dopy(kt+1)a—;j (y2 — x2) =0 for all 22 € Ib+la(u2)-

As a result of this we get

N2—1 2 2
1 D —x
FN2 (y2 - CCQ) = K(ﬂgbi»(lﬁ»l)afj,l(yg - .'172) Z %
2 s=1

Since 22 € Iy 41y (u?) and y? & Ip1a(u?), we have y? — 22 € I, \ 144 for
some 7 < b+ la. By this fact we have

D,(y* — 2%) = w,(y? — 2° (Zs 20+ STT) .

Moreover,

/. 2N 7 ) ! )
b+(z+1)a

( / TEN - x1>du(x1>>
Tyt (141ya(u

| Nt

X/ Wob+(k+1)a—j _ 1(y —1‘2)

Tot(41)a(u?) lNZ SZ;

1
x we(y? — 2 <2522’ 5’27>8du(m2).

If we want this integral with respect to the second variable to be different from
zero, then the following equalities must hold sy4 (k41)a—j—1 = Sb4(k41)a—j—2 =
* = Sp4+(i+1)a = 1. This means

2b+(k+1)a—j—1 + 2b+(k+1)a—j—2 et 2b+(l+1)a S s < 2b+(k+1)a;

that is,
gbt(kt+l)a—j _ ob+(+Da ¢ < b+ (k+1)a
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It is easy to have by the help of the Abel transformation
Qb+ (k+1)a—j—1

D,
2 ~

s=2b+(k+1)a—job+(I+1)a

gb+(k+1)a—j—1

K,
E — + Kbkt 1)a—j—1

g=2b+(k+1)a—job+(I+1)a

ob+(k+1)a—j—1

1
<C sup |Kj| Z -

btk §
§>2b+ka s=2b+(k+1)a—job+(l+1)a

<C sup |K;|log

s>2b+ka 1 — 20=Fkatj
<C K |llog———
= vt Ko T—5=a73

1
<C sup |Killog—F— <C sup |K,|
s>2b+ka 1—-2— s>2b+ka

This gives

]tmkzlgzxwl <
=0

2aFN1 (yl - xl)FNQ (y2 - 12) dx

=0 u€EN; Ig+([+1)a(u)
92¢1b+1a( )

2¢ FNI (yl - xl)FNQ (y2 - 12) dx

b+(l+1)a(u)

ueN;
y' Eloia(u!

=:T+1I.
We have the same bound for I and II. Namely,

1 1 1
recz [ Rl s KR < 02 <oy
Iij+kn lN2 S>2b+ka ZNQ b

So, at last we get

_ a? 1 2 _
ItN(fib)(y)IEZ2—0(2’*+b+b—2+ +5) 22 O

5 Proof of Main Results.
Using Lemma 2 the proof of Theorem 1 is the same as the proof of Theorem 2

in the paper of Simon [18]. Since the Walsh polynomials are dense in H# (I?)
Corollary 1 implied by a usual density argument [13].
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PROOF OF THEOREM 2. We give the definition of the sequences (a,), (bn),
(dn), (Bn), (0y). First, for all the elements of these sequences must hold

12w 1
Cc(2” 7er—+b—2+2an+b—)<§ (3)

Furthermore, these sequences are defined recursively in the following way (5y),
(00), (ag), (bo), (dp) are defined arbitrary, but satisfying (3). For n € N

n—1
Bpn = C max(n, Z Bk2%) for a suitable but fixed C' € N,
k=0
1
0y = [sup{t € R:4(t) > 3, H+1
1
(if {t:o(t) > T} = (), then let §, = do), (4)

an = max(2""", §,,1og"(28,)),
bn = CmaX(bn—l + (dn—l + )an—l + 27 Q(Ln) fOI' a Sujtable bUt ﬁxed

ap \ 9n 1
2 < CeN, and d,, € N be such that (1—2%) <2n+1.

Define the function f as f =307 Bufn =D rep ﬂnfa”, The proof of the
fact that f € Llog™ L&(L) is same as proof of Lemma 1 Gat in [2]. Set

Gan,bn,dn = U U Qan, by t

t}t?e{o,1} =0
i=0,1,...,bp—1

for all n € N and G := liminf Gambmdn = UgeN Mn>k Ganvbn-,dn' Since

U Ib+ka+] >< Ib+(k+1)a ](-12)

a ,y + 1
= U Iorrars@) X Drrrna—s (0%) | = somrmrmarn
Jj=a—v+1
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from (2) and (4) we have

dn dn
W(Ga, b.d,) 5#( U U Q0 b (t)> =W U U Q5.1
Lt

tlt2e{0,1} J=0 t},tfe{o,l} Jj=0

i

i=0,...,bp—1 i=0,...,bp—1

dn y—1
- 2"( U U U o, tka,+i (@ ) X Ibn+(k+1)anj($2)>

ti,t7€{0,1} k=07=0

i=0,...,bp—1
_1 1 1 + an/2 dn+1 dn ,y + 1
- - 2an - 2(2k+1)an
k=0
_1 . 1+ an/2 dn+1 v+ 1 22(171 _ 2—2and" -1 C
- Qan 9an 922an _ 1 = on’

Hence we can write that p(G) = 1.
It remains to prove the “divergence”. Namely, we verify that for a.e. x € I?

lim sup [¢(gn1 2n2) f(2)] = +00  (min(n2, n2) — 00).

This is the same, as [sup,,, ,,en t2n1,272) f(2)] = +00. Let y € G (recall that

w(I?\ G) = 0). Then there are infinitely many n € N for which (even for all,
but finitely many) y € Gamb d,- Then Lemma 3 gives that there exists a t €
I?, k < d,, such that y € Qa b, (t). Whereby, thereisa z € J% , (t), a unique
je{rny+1,...,a0 =7} for which y € Iy kan+5(2") X Ibn+(k+1)anfj(2:2)'
Set N := (Ny, Ny) := (2b"+k“"+j,2b“+(k+1)“n_j) € N2. By Lemma 3 we have

OO\'—‘

dn
tny Vo) far s, ()] >

In [9] one finds that || F, |1 < C for n € N which in the standard way (see e.g.
[17]) gives ||tn flloo < Cllflloo (f € L (I?), n € N?). This follows for 1 <i € N

ltn £

An—isbn—i

o < Clfar

Ap— 17 n—1i

o < C 20,

The definition of the function f7, gives that Ee po) f = 0. Hence, for

an,b

1 < s €N (Recall that N = (2%~ +k“W+J,2b nt(kthan=7) )

dots s
EN(fart b )W) = N (B, + (1) an bt (k+1)an) fart s s ) (¥) = 0,

Antss
because E .,
[bus1/2] — L)

by + (k4 1)a, < by, + (dyy + 1)a, < by < by .

= 0, and (Use (4), and recall that by, :=

+s n+s)fan+s bnts
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For all 1 < s € N this gives that t(Nl’Nz)fd"'“ (y) = 0. Consequently, by

an+5,b”+5
(4) we have
n—1
It(Nl,Nz)f(y)| > |t (N1,N2) ﬁn an, ( )| - Z |t(N1,N2)ﬁlf¢ilbl(y)|
=1
1 d; a;
> SBn CZﬂznfaz,b loo > 8ﬁn czﬂ 2% > —ﬂn > Cn.
This completes the proof of the Theorem 2. O
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