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ATOMIC DECOMPOSITION OF REAL-VARIABLE
TYPE FOR BERGMAN SPACES IN THE UNIT BALL
OF C™
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Abstract: In this paper we show that, for any 0 < p < 1 and a > —1, every
(weighted) Bergman space A% (B, ) admits an atomic decomposition of real-variable
type. More precisely, for each f € Ak (B,,) there exist a sequence of (p, 00)q-atoms a
with compact support and a scalar sequence {\} such that f = >, Agay in the sense
of distribution and >, [Ax|? < [|f]|D,a; and moreover, f = >, A\ Pa(ax) in AL (By),
where P, is the orthogonal projection from L2 (B,,) onto A2 (B,). The proof is con-
structive and our construction is based on analysis inside the unit ball B,, associated
with a quasimetric.
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1. Introduction

Let B,, be the unit ball of C*. Given o > —1 and p > 0, the (weighted)
Lebesgue space LE(B,,) consists of measurable functions f on B,, such
that

1
e = ([ 150 d0a(2)) <
where the weighted Lebesgue measure dv, on B,, is defined by
dve (2) = cao(1 = |2|*)® dv(2)

and ¢, = T'(n+ a+ 1)/[n!T(a + 1)] is a normalizing constant so that
dv,, is a probability measure on B,,. The (weighted) Bergman space A2,
on B, is then defined by

AG = H(Bn) N LE(By),

where H(B,,) is the space of all holomorphic functions in B,. When
a = 0 we simply write AP for Af. These are the usual Bergman spaces.
Note that for 1 < p < oo, A2 is a Banach space under the norm || ||, q.
If 0 < p < 1, the space A%, is a quasi-Banach space with p-norm || f||} .
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There is a well known atomic decomposition for AP with non-com-
pactly supported atoms established by Coifman and Rochberg [3]. How-
ever, to the best of our knowledge, an atomic decomposition of these
spaces with compactly supported atoms is presented in the literature
only for the case p = 1 (see e.g. [4]). Recently, the present authors [2]
proved an atomic decomposition of these spaces in terms of compactly
supported atoms with respect to Carleson tubes again for p = 1. But
the approaches in [2, 4] are both based on duality and therefore, are not
constructive and cannot be applied to the case 0 < p < 1.

The aim of this paper is to prove an atomic decomposition of AP
with compactly supported atoms for all 0 < p < 1, through using a
constructive method. This is the analogous of the one of Hardy spaces
in the complex ball presented in [7] (see [8, 9] for the more general and
complicated setting). However, our proof is based on analysis inside the
complex ball instead of the sphere for Hardy spaces (cf. [7]). This par-
ticularly includes the pointwise estimates for the Bergman kernel and its
derivatives in place of the ones for the Szegd kernel associated with Hardy
spaces, and some geometrical properties of the complex ball associated
with a quasimetric which are different from the ones of the sphere with
the nonisotropic metric involved for Hardy spaces. We remark that the
framework of this proof is suited for the more general domains such as
strictly pseudoconvex domains (see [8, 9] for the case of Hardy spaces),
but for simplicity, we focus on the case of the complex ball.

As a straightforward application of this atomic decomposition, we can
characterize the dual space of AP, as a Lipschitz type space of integral
form for all 0 < p < 1, as done in [7, Theorem 6] for Hardy spaces.
Further applications of this result to the regularity of small Hankel op-
erators and a factorization theorem on AP are in order, just to name a
few (see e.g. [9] in the case of Hardy spaces).

The paper is organized as follows. In Section 2, we present prelim-
inaries and, in particular we introduce local coordinates which reflect
the complex structure and define real-variable Bergman spaces. In Sec-
tion 3, we introduce several maximal functions associated with Bergman
spaces, the analogous of the ones for Hardy spaces. In Section 4, we state
the corresponding atomic decomposition and prove some auxiliary lem-
mas. Finally, Section 5 is devoted to the proof of the associated atomic
decomposition.

For two nonnegative (possibly infinite) quantities X and Y, by X <Y
we mean that there exists a positive constant C' such that X < CY, and
by X = Y that X <Y and Y < X. Here, the constant C does not
depend on the important parameters on which X and Y depend. Any
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notation and terminology not otherwise explained, are as used in [12]
for spaces of holomorphic functions in the unit ball of C™.

2. Preliminaries and notation

2.1. Homogeneous spaces. Define

1
o=l + L - e, € BAO)
1= ol 1= 1

o(z,w) =
|z| + |wl, otherwise.
Then p is a quasimetric on B,,, i.e.,
(1) o(z,w) =0 if and only if z = w;
(2) o(zw) = o(w, 2);
(3) there exists a positive constant K > 1 such that
(2.1) o(z,w) < K[o(z,u) + o(u,w)], V¥ z,w,u€B,,
(the quasi-triangular inequality with K = 2 in the present case).
For any z € B,, and r > 0, the set B%(z,r) = {w € B, : o(z,w) < r}
is called a g-ball of center z and radius r. Moreover, (B,,0,dv,) is a
homogeneous space for aw > —1, that is,
e for each z € B,,, the balls B¢(z,r) form a basis of open neighborhoods
of z and, also, v, (B%(z,r)) > 0 whenever r > 0;
e (doubling property) there exists a constant A > 0 such that for each z €
B,, and r > 0, one has

(2.2) Vo (B9(z,2r)) < Ava (BC(z,1)).

We refer to [1, 11] for the details.
The following are some basic properties of the quasimetric o which
will be used later.

Lemma 2.1 (cf. [11, Lemma 2.10]). Let o > —1. For z € B,, \ {0} and
0<r<3,
Vo (B"(z, r)) ~ r"max(r, 1 — |2|)]%,

where “x” depends only on o and n.

Lemma 2.2 (cf. [11, Lemma 2.12]). For z € B, and 0 < vy < 1, if
z0 = (r0,0,...,0) one has

|1 —roz1| > %g(z,zo);

|21 — 7ol < 0(2, 20);

Z?:2 |Zj|2 < 29(‘2720);

11— (z,20)| <1 =712+ o(z, 20).
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Lemma 2.3. Let @ > —1 and 0 < p < co. For every v > 0 there exists
a constant C > 0 such that for any f € H(B,),

C
fng—/ f(w)|? dva(w), VzeB,.
= TR Joegenoiay 0 )

This mean-value inequality with the quasi-metric ¢ should be well-
known, although we have no concrete reference. The proof can be done
as in [12, Lemma 2.24].

2.2. Local coordinates. For z € B,, and £ € C™ a unit vector, we
denote by 7(z,£) the distance from z to the boundary S, along the
complex line determined by . For each zy € B,, there exists a special set

of real coordinate basis {v1(20),71(20), - -, vn(20), Tn(20)} in R?" = C"
defined as follows, which we call 7-extremal. The first vector
“ ) if 20 7& 07
’Ul(Zo) = |Z0|
1, if 20 = 0,
where 1 = (1,0,...,0). v1(z0) is clearly the direction transversal to the

boundary S,,, in the sense that the shortest distance from zy to S,, is
attained in the complex line determined by vi(zp). The vector va(zo)
is chosen among the vectors orthogonal to v1(zg) in such a way that
7(z0,v2(20)) is maximal. The vector v3(zp) is chosen among the vectors
orthogonal to both wv1(2¢) and wvs(2p) such that 7(2¢,v3(20)) is max-
imal. We repeat this process until we obtain an orthonormal basis
{v1(20),--.,vn(20)} in C". Put

7i(20) =1vj(20), j=1,...,n.
Then {v1(20),71(20),---,vn(20), Tn(20)} is an orthonormal basis in R?".
For w € B, if
w — 29 = a1v1(20) + S171(20) + +++ + @ (20) + BnTn(20),

we denote by (a1, 1, ..., Qn, Brn) the real coordinates of w with respect
to this basis. Precisely, we define a mapping ©: B,, x B,, — R?" such
that if

w—z= 0111)1(2) + 517'1(2) R Otn’()n(Z) + ﬂn'rn(z)

then O(z,w) = (a1, 1, .., Qn, Bn). One can easily verify that this coor-

dinate mapping © is a C'*° diffeomorphism.
For a multi-index J = (j1, j2, js, - - - , jon) of non negative integers, let
d(J) =i+ + 5 4o+
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and |J| = j1 + -+ + jon. For any f € C*(B,,) and z € B,,, we define a
differential operator

aj1+"'+j2n

DJ - -
f( ) 8 ]16,6]2 . '804%2”_186%271

f(z +aqvi(z) + Bimi(z) +

B anvn(z) + ,BnTn(Z))’

whenever O(z,w) = (a1, 1, ..., Qn, Bn). Let  be a domain in B,,, we
say f € CN(Q) if for each z € Q and J with |J| < N, D/ f(w) exists and
is continuous in a neighborhood of z.

2.3. Real-variable Bergman spaces. Let 0 < p < 1 and o > —1.
Set

Np,a:max{[%n—f—l) (;—1”, {Q(n—f—l—ka) <;—1>”+1,

where [z] denotes the greatest integer less than z. Let zp € B,, and rg >
0. For any ¢ € C*(B%(z9,70)), we define the quantity for a nonnegative
integer N,

16llsn(Becoron = D 76 DL &l 1 (Bogan o
|J|=N

Definition 2.1. Let 0 < p < 1 and o > —1. Let N > N,, be an
integer. A measurable function a on B, is a (p, 00, N)y-atom if there
exist zg € B,, and r9 > 0 such that

(1) a is supported in B?(zg,70);

(2) |a(z )| < va(BQ(zo,ro)Y% for all z € By;

(3) Jp, a(2)dva(z) = 0;

(4) for all ng € C*(B2(z9,70)),

/IB a(2)(2) dva(z)| < ||¢||5N(Bg(zo,ro))va(BQ(ZO,7‘0))17%.

Any bounded function a with ||alr~ < 1 is also considered to be a
(p, 00, N)-atom.
We regard a (p, 00, Np o)a-atom as a (p, 00),-atom.

Remark 2.1. (i) As in the case of Hardy spaces (cf. [7, Section 4]), it
seems necessary to consider all bounded functions a with ||a|| L~ <
1 as atoms in the complex ball.
(ii) We remark that condition (4) replaces the classical higher moment
condition and is similar to the one found in [8, 9].
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(i) Let 1 < g < oo and p < ¢. Replacing condition (2) by ||al/q,a <
Vo (B2(20, ro))%_%, we get the concept of (p, ¢)n-atoms. A (p, 00)q-
atom is necessarily a (p,q)s-atom. Hence, atomic decomposition
in terms of (p, 00),-atoms implies the one involving (p, ¢),-atoms.

For 0 < p <1 and a > —1, the real-variable (atomic) Bergman space
AP (B,,) is defined to be the space of distributions f on B, which can
be written as f = >, Aja;, where > . [A;|P < oo, the a;’s are (p,00)q-
atoms, and the series is assumed to converge in the sense of distributions.
As usual, we put

/]

AR = inf{ (Z|)\j|p>p f= ZAjaj},

where the infimum is taken over all decompositions of f described above.
We note that AL (B,,) is a Banach space and for any 0 < p < 1, A2 (B,,)
is a complete metric space under the metric d(f,g) = || f — gl[%»-

Let P, be the orthogonal projection from L?(B,,) onto A2, given by
P,f(z) :/ Ko(z,w) f(w)dvg(w), VY f€ L'(B,,dv,),
B,
where the Bergman kernel function K, (z,w) is expressed as
1
(1 _ <Z’ w>)n+1+o¢’

Proposition 2.1. Let 0 < p < 1 and « > —1. Then P,AR(B,) C
AP (B,,). More precisely, there exists a constant C such that || Poa(f)||p,a <
C|fllaz for all f € AL(B,).

K (z,w) =

z,w € B,.

The proof of this proposition is based on the following lemma.

Lemma 2.4. Let N be a nonnegative integer. Let zo € B, and J =
(J1,72+73, - -, Jon) be a multi-index such that |J| = N. If o(w,z) <
ig(z, 20), then there exists a constant Cn n o depending only on N, n, o
such that

J CN,n,a
|Dzo (Ka(z,))(w)’ < o(z, w) Ny (Be(w, o(z, w)))

This lemma is a special case of a classical result of C. Fefferman [5]
about the pointwise estimates of the Bergman kernel and its derivatives
in smooth strictly pseudoconvex domains in C™. Thanks to the explicit
formula of the Bergman kernel in the complex ball, it can be proved by
a straightforward computation. We omit the details.
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We now can proceed with the proof of Proposition 2.1 as done in the
one of [8, Theorem 2.2] but with the help of Lemma 2.4 in place of the
estimates for the Szegd kernel and its derivatives. We do not repeat the
details here. The goal of this paper is to prove the converse inclusion

AP (B,,) C PyAR(B,).

3. Maximal functions

In order to prove the atomic decomposition of Bergman spaces AP
for all 0 < p < 1, we need to introduce some maximal functions. These
maximal functions are variants of the ones used for Hardy spaces (see
e.g. [8, 9, 10]).

Let 6 > 0 and z € B,,. The ‘approach region’ As(z) is defined by

As(z) ={w e B, : o(z,w) < §(1 — |w|)}.

For any f € H(B,,), we define respectively the non-tangential maximal
function

f5(z):= sup |f(w)]

weAs(z)
and the tangential function

i) = sw (= )>Mf(w)|,

1—|w|+ o(z,w

where M is a positive constant.

We need also to introduce the so-called grand maximal functions.
Given z € B,,, we denote by Q({“(z) the space of smooth bump functions
at z for 0 and L, that consists of all functions g € C*°(B,,) for which
there exist zg € B,, and rg > 0 such that

supp g C BQ(Z(),T'()), Q(Z7ZO) < 5T07 and ||g||L,zo,ro < 13

where

I911z.20.r0 = va(B®(20,70)) Sup 7o ro D, gll L (e (zoumo))-
Recall that d(J) = ji+j2+4 (js++ - -+jon) With J=(j1, j2, - - -, Jon—1, Jon)-
The grand maximal function on B,, is then defined as

/f w) dva (w)] .

The following lemma is a straightforward consequence of Lemma 2.3
and of the boundedness of the Hardy-Littlewood maximal operator on L?

(see e.g. [6]).

Ks(f)(z) = sup
qeg5(z)
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Lemma 3.1. Let 0 < p < 00 and a > —1. Then || ff|p.a S |fllp,a for
all f € A%,

By adapting the classical argument of [6, Lemma VI.1], we immedi-
ately obtain the following lemma.

Lemma 3.2. Let 0 < p < o0 and o > —1. If M is a constant such that
Mp>n+1+a, then | fiflpa S | £llpa for all f € AL

In the sequel, we mainly prove the following lemma.

Lemma 3.3. Let 0 < p < 00 and § > 0. Let L > M be an integer,
where M is a constant such that Mp >n+ 1+ a. Then

Koo ()(2) S f3r25(2) + f31 (2), ¥ [ € H(Bn),
for all z€By,. Consequently, |[Ks,..(f)|r@,,dv.) SIS llp.o for all f € AL,

Proof: This lemma can be proved by using the argument of [9, The-
orem 3.2], but geometrical properties of the complex ball instead of
the sphere are involved. For the sake of convenience, we present the
details. We want to estimate |an f(w)g(w) dvg(w)| for g € GE(2).
Given such a function g, there exist zg € B, and rg > 0 such that
supp g C B?(zg,10), 0(2, z0) < 079, and ||g]/1,29,r, < 1. Note that

/ F(w)g(w) dv (w)
B,

=on [ Ly ([ 100969d0(9) ar

n

— o | ey gy ([ 16 - s - rurelatre aste)) ar

Sn

1
won [t ([ o6 = rreig(re) o)) an
0 Sn
= L+1s.
We need to estimate I; and Is.
We first estimate I5. Since 1€ € B2(zg,79), it follows that
Q(Tfa Z) < Q[Q(Tfa ZO) + 9(207 Z)] < (2 + 25)T05

and

o(ré —roré, z) < ||7°§ —roré| — |r§H + o(r€, z) < (3 4+ 20)ro.
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Also, 1 —|r§ —roré| > ro. Hence, r{ — roré € A(zyas)(2). Therefore,

271/01 P (1= r?)? (/S f(r& =ror&)g(r§) d(f(f)) dr

Swgnflﬂnl(l_r?)a / 1do()) dr
va(B2(20,70)) Jo {6€S:0(r€,20) <ro}

< f3as(2).

In what follows, we estimate the term I;. First of all, for a differential
operator Y, of order ¢ defined as

|l2| =

GFrt-thatmitefm,

Y, = Chy oo kon s (W)
lir;kn 1, mM1,...,m a‘rllﬁ ay11ﬂ1 . 8.%57,” 8y77:ln
+maitemn =L
with smooth coefficients Ck, ... &, m1.....m,, where w = (z1+iy1, . .., Tpn+
iy, ), one has
1
(3.1) 1Yegll oo (Be(z0,m0)) S Z , Ve<L,

a7
T=e TO( )va(B@(zo,ro))

for all g € Q(SL (). The proof can be done by the chain rule and change
of coordinates.
For 0 <r < 1and¢€S,, weput

G (w) = grw)gi (1 — |wl), if1—2ro<|w| <1,
o, if Jw| <1 —2r,

where g1 € C§°([0,219]), ;n = 1if 0 < ¢t < rg and \g%j)| < cjro_j
(¢; depending only on j). Then, by (3.1) we have

ce
r6va(B2(20,70))

Now, denote by ve the unit outward vector at § € S,,, we have

[~
gw"—'

(3.2) YeGr(w)| S |(Ye—rg) (rw)] <

A“

=0

=y ([ 109 - fre - rorlatre) do(©)) an

n

o
:2n/01r2" ! a(/g [/OTU—CZ{Z(@ — 7€) drl} (ré) da(§)> dr
o

a1y = [ ([ e )66 do©)) ey

d’l)g
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By applying the Green’s formula, we have

Il — 2,”‘/0\1 7A2n—1(1 _ 7‘2)a /07‘0 r <‘/S f('rf . Tlré_)dGr(g) do,(é—)) dﬁ dr

d’Ug

1 T0
+ 271/ 21— 7’2)0‘/ 'r(/ Af(rw—rirw)Gy(w) dv(w)) dry dr
0 0 B

1 70
— 2n/ r2n=l1 - r2)°‘/ 7‘(/ flrw—rirw)AG, (w) dv(w)) dry dr
0 0 B,
=111 +0— I,

since f(rw — rirw) is holomorphic in B,,. Let Y>G,.(w) £ AG,.(w). We
rewrite 112 = 1121 + 1122, where

1 To

I121 :2n/ / 7"2"*1(1—7"2)“7"/ flrw—ryrw)YsGr(w) dv(w) dry dr
0Jo BoA\D1 g

and

1 pro
IEPY) :2n/ / r2"_1(1—7°2)ar/ flrw—r1rw)Ye G, (w) dv(w) dry dr.
0 Jo D

1—rg

Hereafter, D, = {z € C" : |z] < r} for 0 < r < 1. For the term Ija0,
since w € D;_,, we have

o(rw —rirw, z) < (3+28)rg < (3+29)(1 — |rw — ryrwl).

1 T0 17’!’0
/ r2n—1(1 _TQ)Q/ 7“/ 2n82n—1
0 0 1—2r¢

X (/ f(rs€ —rirs€)YaG,(s€) da({)) dsdry dr

Sn

f§+25(2)7"0 ))271/01 T2n71(1 _ ,,,2)04

~ 1204 (B9(20, 70

1—ro
X / 2n52"_1/ 1do(€)ds| dr
1—2r¢ {€€Sn:0(rs€,z0)<ro}

Then

|1122| =2n

S f3426(2)-
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Therefore, we have

) (1)  Feas(2)

/Olrzn - )’*/Omr (/S f0re

+ /Olrzn_l(l — TZ)O‘/OTO(/}Bn\ml_mf(rw—Tlrw)YgGT(w) dv(w)) dry dr
= f3425(2)

1
+/ =1 / / (1 —r1)rE)Y1G(€) do(€) dry dr
0
1 T0
2n—1(]_p2)a 1— Y>2G, do (&) dsy dry dr|,
+ [ / [ [ r=rmsieyac e dote) sy draar

where Y1G,.(§) & rdflv(g) and we write Y2G,(s1£) by abuse of notation

for 2ns%”‘1Y2 ~(s1€) up to a change of the constant in Y5.
By using (3.2) and repeating the method used in the estimations of Iy
and Iy, we obtain the following estimate

del;i{) da(f)) drq dr

w) dva(uw >\ < fhas()

1 To T0 T0 1 1
+ /r2"*1(1_r2)a/ / / / /
o<k<e”0 0 Jr ro_1 J1—rg 1-rg

[ 0= s8)YeaGulor 1) do<5>\

Sn

X

X dsg - --dsy drg---dry dr.

Notice that

M
|f((1 —Trg)TSy - Sk§)| < f11(2) <1 4 Q((l — TSy Skf,z)>

1—(1—=ryrsy--- sk

(3+ 25)7»0)M

Te

< fi2) (1 T
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and
o(ré,z0) < |r—rs1--sg| + o(rs1 - sk, 20)

Slr—rsil+ ) Irsiecsi— sy sisi| 4+ o(rsy - ské, 20)
i=1

<krg+ry < (k+1)

Thus, fix £ = L > M, we have

w) dvg, (w )'

S fir2s(2) Z / St / / /re 1/1 ro /17’0

0<k<t

To M 1
X — do(§)
/{ﬁesnig(TSl"'Sk5,20)<T0} (7"@ ) Tg—HfUa (B'Q(207 TO))

X dsg - --dsydre---dry dr

G K
S Faras(2)+ Z r”kva(BQ(zo,ro))/o / / '.'/Te—l

0<k<e'0

1 M
X / () do(&)dre---drydr
{€€Sn:0(rg,20)<(k+1)ro} \T¢

S f3ras(2) + fi7 (2).

This completes the proof. O

4. The main result and auxiliary lemmas
The following is the main result of this paper.
Theorem 4.1. Let0 <p <1lando > —1. Let N > N, ,, be a integer. If

f € A%, then there exist a scalar sequence {\;} in C with 3~ |\;|P < oo,
and a sequence of (p,00, N)a-atoms {a;} such that f =3 . Aja; in the

1
sense of distributions and (Z] NP Sl
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Moreover, f =73, AjPa(a;), i.e., the series 3_; AjPu(a;) converges f
in AP, Consequently, for any f € AP, one has

1
£ =it (S I0P) £ = S0 Patan
J J
where the infimum is taken over all decompositions of f described above.

To prove Theorem 4.1, we need some auxiliary lemmas.

Lemma 4.1. Let O C B, be an open set. Then there are a sequence of
balls {B2(z;,7i)} in By, positive constants p > 1> v > X > 0 and Ny
depending only on n such that

(1) for any i,

Ty =

2K (sz @ )
where K is the constant occurring in the quasi-triangular inequal-
ity (2.1) satisfied by the quasi-metric o;

(2) O =, B%(zi,vri);

(3) for each i, B2(z;, pur;) N O° £ ;

(4) the balls B(z;, A\r;) are pairwise disjoint;

(5) no point in O lies in more than Ny of the ball B2(z;,r;).

Proof: See [11, Lemma 2.4] for the details. O

Lemma 4.2. Let O C B,, be an open subset. Then there exist a col-

lection of balls B® (zl,rl), a sequence of functions p; € C*(B,) (i =

1,2,...), and a constant p > 1 depending only on n, such that

(2) suppp; C B2(z,1i);

(3) Yoit1¢i = xo:

(4) for any nonnegative integer L there is a constant cr, > 0 depending
only on L and n such that for each i and any w; € B2(z;, ur;) N O°,

i € Gy (wy).
H%H Lo
Proof: See Section 3 for the definition of gﬁ(w). Then, the proof pro-
ceeds as the one of [9, Lemma 4.3] with the help of Lemma 4.1. O

Let f € A2 and p > 1 be the constant appearing in Lemma 4.1.
Given an integer N > Np o, let L > maX{N [ n+1l4+a } + 1} be an
integer. By Lemmas 3.1 and 3.3, we have

Kuo(f)+ f5 € LP(B,,, dvy).
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Let kg be the least integer such that
HICML(JC) + ngLﬂ(IBn) < 2k0'
For any nonnegative integer k, we define
Or ={2€B, : K, r.(f)(2) + fi(2) > 2MFF,

Then O C B, for any £k =0,1,... . For each k we fix the Whitney type
covering {B9(zF,r¥)}2°, and the partition of unity {p¥} with respect

to Oy, as constructed in Lemma 4.2.
For each i and k, we denote by L? o (B,,) the L2-space with respect

to the probability measure dv, 1 = dvs. The norm on this

oF
|“p§|‘1,a

space will be denoted by || Then we define a subspace VWLI; (2F)

. k.
o

of Li o (B,,) consisting of ‘polynomials’ of the form

P(Z) = Z CJ@(szVZ)Ja
|J|<L
where o . ‘
O(zk,2) = aft B -+l B o e
When G(Zfa Z) = (ahﬂla ceey, Olp, ﬂn) and J = (jlaj?a DR aj2n—13j2n)~ It

is clear that V%ﬁf (2%) is a finite-dimensional Hilbert space.

Let my(z) (|J] < L) be an orthonormal basis for Vjc (2F).

Lemma 4.3. Let L be a nonnegative integer. Then there is a con-
stant ¢, > 0 depending only on L and n such that

(4.1) T1¢f € Gy (wy),

151110

for all wF € Be(zF, urk) n O%.

Proof: The proof of this lemma follows the argument of Claim 1 in the
proof of [9, Lemma 4.6], but some additional properties of the quasi-
metric ¢ in B,, are involved. For simplicity, by replacing ©(zF, 2)7 with
0(2)7, we let
my(z) = Z az10(2)".
[7|<|J|<L
Then we will prove that

(4.2) lasr| < cs(rf)~™ D, |11 < |J] < L,

i
by mathematical induction, where the positive constant c; depending
only on J and n.
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To this end, we introduce a linear order < on the multi-indices set {J :
|J| < L} such that |I] < |J| implies I < J. Note that the orthonormal
basis m; can be constructed by the Gram—Schmidt process beginning
with 9 = 1, and then

O(z)” = > 2,;m(2) [O(w w) dv,, (

(4.3) m(z) = H@( — oy mi(z) [O(w JTFI H

Using mathematical induction, we assume that if O < I < J then

lar,0| < er(rf)=49),

Because, for any O < I we have |0(2)°¢F (2 )’ < (rF)4O) it follows that
mr(z )L,pZ (z) < ¢r. Therefore, in the numerator of (4.3), the coefficient of
G)( Y (I < J) is dominated by ¢ (rk)d(/)=dd)
In the following, we shall estimate the denominator of (4.3). Recalling

the constant v in Lemma 4.1, we claim that there exists a constant C' =
C(v,n) such that

A-f)e . ©
va(BE(E,7F)) ~ (rEyrrt

1
(4.4) Vze {w €B, : o(zF,w) < 4urf} .

Indeed, since 1 — |2F| = o( 3

Ex zF) > vrk, the proof of (4.4) can be
divided into two cases: 0 < a < oo and —1 < a < 0.

o Case 0 < a < oo. Suppose z € {w € B, : o(zF,w) < LuvrF}.
rk > 1 —|2F|, we have

L= 2] > vrf — o, 2

consequently,

(-lo) . Cuh ¢
va(Be(E 1)) ~

L)) T )i T (gt
if 7% < 1 —|2F|, we also have

1 1
L= o2 1 ot - o) 2 1 e - et > (1= ) (-
hence,
- . _ca-)ye
vaBeGE ) ORI - ) = (R

17"
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o Case —1 < a < 0. Let 2 € {w € B, : o(zF,w) < LvrF}. Ifrf > 1-|2F|,
we have
1=zl 1= |2f +o(zf,2) St

therefore,

) N ) -
va(BGE ) ¥ (e = e
if r¥ < 1 —|2¥|, we also have
Lol <1 I2f] +o(2,2) S 1= 27,
hence,
(1- IZI)“ - Ca—l=pe > ¢
va(Be(zf,rF)) ~ (rF)m (L= |z T ()t
In summary, (4.4) is proved.

We now come back to estimate the denominator of (4.3). Let

Fy={(@.8) 2 (a1, ) s ol [B1] < & o+ 52 <t}
Then, by (4.4) we have

2
=S o) [ 0w mw) du s ()
I<J gk
Z%/ ZWI /@ T dv, , »dva(z)
’Ua(B'Q(Zi , Ty )) Be(zF,vrk ) =7
1 2
27 O(z)’ - WZ/@JWd’Uak dv(z
(r f)n+1 /{ZE]En o(zF,2)< % Vrk}‘ (2) IZ:J 1(2) 1 P5 (2)
:/ (r; )d(J) Zm T ahrzﬂl,( .)% w(d@)%ﬁn)
Fiv 1<J
2
X /@Jﬂ'[ dva,(p’? dv(a,ﬁ),

in the last equality we have made the change of variables

<a17ﬂ1,a2,ﬂzv...,an,/3m(aé O o2 o B )

A T e R (7. R S ERN (7 F
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We continue to estimate the last integral, which is equal to

1 1 1
(Tf)Qd(J)/F}lu (a’ﬁ)J_IEIWWI(T aq,T 11617( )2 2, 7(Tf)2ﬁn)

2
X /@Jﬂ'[ d'[}a’@{c

Z (Tf)Zd(J) / l(a, B)” — Py(e, B)* dv(ar, B) > CJ(Tf)Qd(J)7
Fy,

dv(a, B)

where P;(a,f3) is the projection of (a,3)” into the Hilbert space of
polynomials spanned by {(a, 3)! : I < J} with the norm
1

|P| = (fFLL, |P(c, B)]? dv(c, 3))?. Combining this estimation on the

denominator of (4.3) with the previous estimation for its numerator
yields that the coefficient of ©(z)! (I < J) is dominated by c(rF)=41),
ie.,

lasi| < es(rH)* =MD )= = s (rf) =D, T2
Therefore, the claim (4.2) is proved.

Now we return to the proof of (4.1). Indeed, by the Leibniz rule and
the fact — k” oF € GL(wf), we have
cr,(rf)=4d)
[P pws
Thus, by (4.2) we also have

O(z,2)¢f € Gr(wi), |1 < L.

This completes the proof. O

Lemma 4.4. Let P, be the orthogonal projection of L?@’? (B,,) onto

VL (2F). With the notation introduced above, there exists a constant C' >
0 such that for f € AP,

(4.5)

P (£)(2)ek(2)| < C2F,
and

@6) [Py (If = Py (Nlet) 62
foralli, j, k.

ko+k+1
§020++’
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Proof: With the help of Lemma 4.3, the proof proceeds as the one of [8,
Lemma 5.2]. O

5. Proof of the main result

This section is devoted to the proof of Theorem 4.1 by using a con-
structive method. The proof proceeds essentially as the ones in [8, 9],
but some analysis inside the complex ball is involved. For the sake of
completeness, we include the details.

Proof of Theorem 4.1: Let f € AP. Given an integer N > N, ,, let
L > max{N, [%(n + 14 a)] +1} be an integer. Recall that

Or = {2 €Bn : Kuro(f)(2) + f5(2) > 2kt k=0,1,....
For each k we fix the Whitney type covering {B?(zF,r¥)}2, and the

2701

partition of unity {¢¥} with respect to Oy, as constructed in Lemma 4.2.
Then, we can write

;= (f—fjfsaf) EY ek =het Y (5 P(h) o
where . . -
(5.1) hy, = (f—iﬂp?) +§jp¢§(f)¢§.
Also, by (4.5) one has . o

(5.2) < ko tk

2 Per(NE)e1 (2)

because no point in Oy, lies in more than Ny of the balls B¢(z¥, 7). Note

that
supp <Z [f - ng;(f)} wi—“) C O

i=1
This implies that Y-, [fqu,@ (f)]¢F — 0as k — oo almost everywhere

on B,. Hence, by (5.1) one concludes that f — hy — 0 as k — oo for
almost all z € B,,. This implies that

(5.3) f=ho+Y (hes1—hi), ae z€B,.
k=0
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Now, since

i Pyt ([f*ﬂ,;w (f)]@f) =P ([f = Py (f)]Xok>

=Per [[x0 ] =Pyt [Pisr (f)xo,] =0,
we can write

hisr—hi= (f = hi) = (f — hi+1)

[f = Py [f =P (NS

1 j=1

p”qg

.
Il

M

[f = P ()] ok

«
Il
-

R (SR

j=1i=1

5.4 e
RS W {1 0 N (P T P
j=1 ’
Put
1
ag = roho Wlth )\0 = Hho”Loo(]Bn),
and

1
af = — b with \F = gkotktly, (Be(zk Crky),

where C' is a constant which will be fixed later. Therefore, we can write
formally

(5.5) f = Xoao + i i Negh,

k=0 i=1
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This is the desired atomic decomposition. For clarity, we check it in
several steps as follows.

I. Support of the b¥’s. We note that the first term in (5.4) is clearly
supported in B2(zF 7rll’“). Note that if the terms in the series (5.4) are

not identically 0, then the condition
koK k41 k41
Bg(zzﬁri)mBQ(ZjJrverr)#@

must be satisfied for some j. We claim that there is a constant C' > 0
depending only on p such that rkH < C’rf. Assuming this claim, we

conclude that B?(z] kel ;H'l) C BQ(zf,CTf). Thus b¥ is supported in

Be(zF,CrF) and so does ak.

To prove the previous claim, denote by K be the constant occurring in
the quasi-triangle inequality satisfied by g. By Lemma 4.1, we know that
r¥ = So(2F,0f) for all i and k. Let w € Be(zF,7F)n BQ( k“,r}““).
Since Oy1 C Oy, we have

1 1 1 1
<o Se(w, 0F) < Sri 4 S K [o(w, ) + e(f, OF)]-

[\

Then,
rit < Krf 4 Ko(2F, 0F) < Krf +2K%rf < K(1+2K)rf,

and so the claim is proved.

II. Size estimates for hy and b¥’s. Firstly, by (5.1) and (5.2) we have

lho| = 2|7 < N5l og) + < c2ko.

> Poo(f)e)

=1

Fxog + Y Puolf)

i=1

Thus ||ho|lr~ < c2¥0, s0 ag is a (p, 00, N)4-atom.
On the other hand, by (5.4) we have

wﬂg’U—ﬁkﬂﬁhf—E:U—Pﬁﬂﬁﬂdwﬁl

j=1

1 P ([ = P (9] k) 1.
j=1 '
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The second term on the right hand side is bounded by c2ko+F+1 by (5.2),
while the first term is equal to

[F=Par (D] eixos,, + ([f —Pur()] = [f - Pw;ﬂ(f)]) QFht!

j=1

j=1

ko+k+1 ko+k+1
ngxok\ok+1+62 o+k+ 52 o+ +7

where we have used Lemma 4.4. Thus, |bF| < 2kot+k+1,

3

III. Vanishing condition. Notice that 1 € chL’?' (zFyn V@Lk+1 (2F+1). Then,
: i

| r=Palet v =0
and

/ <[f = P (D] eF = Py ([ = s ()] ﬁ)) P dug = 0,

n

Therefore, [, b¥ dv, = 0 and so s, a¥ dv, = 0.

IV. Moment condition. We shall prove that

S 2Rty (BO(2), Cr)) ||‘I)||5N(Bg(z§,0r§))

/ bf (2)®(2) dva(z)
B,

for any ® € C>(B¢(zF,CrF)). To this end, we first note that there
exists a unitary operator U« such that U« 2F = (|2F],0,...,0). For any
z € B2(zF,Crk) we assume U_xz = (21 + iy1,..., 2, + iy,). Then, by
Lemma 2.2 we have '

n
’xl +iy — |zlk|{ < g(zf,z) and Z |, —&—iyj|2 < 29(2?,2).
j=2
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Hence, |21 — |zf||,|y1| < rf and |z;|, ly;| S \/rf for j > 2. Thus, if

6(2572) = (alﬂlﬁ17 <. 'aanvﬂn)7

loa|, |81 Sri and oy, ;| S /1 for j>2.

Using local coordinates (a1, f1, ..., an, Bn), we denote by P‘1> the

Taylor expansion of order N — 1 of ® around zF on Be(zF, Crk ),

GFrtFhatmittma g

P n(2) = CI = aom j—— (zFye(2F, 2)7,

Zk7 JSZN_I aallaﬂl 1.,.. aannaﬂn n

where J = (k1,mq, ..., ky, my,). Note that P;IZ N isin ka(zf) Then, we
k> i

have

H(I) B Psi’NHLOO(BQ(zf,CTf)) S Hq)HSN(BQ(ZZ-"CTf))'

In addition, if B2(zF, r¥) N Be(z; kol f“) # (), there exists a con-

(2R
stant C' > 0 such that r*+1 < OrF and so Be(z; bl k“) C Be(zF, CrF)
(see Step I). In this case, for all |J| < N — 1 we make the change of
variable such that ©(zF z)‘] becomes the element in VL s (zF1) and its

J
order is still less than N — 1. Therefore,

/ bE(2)D(2) dva(2)| = /B B (=) (9(2) — PR ) dva(2)

<okoth+ly (Be(k Opk) ch P

NHL‘X’(BQ(zf,CTf))

§2ko+k+lva(B9(zf7 k))H(I)HSN(BQ(Zf,CT;c))’

by the size estimate for b¥’s as above. Thus,

_1
/B af (2)®(2) dva(2)| S |l sy (Be(zr onyval B (2, Cri)) 7,

and so af is a (p, 00, N),-atom.

V. Convergence in the sense of distributions. In order to show that (5. 5)
holds in the sense of distributions, it suffices to verify that Y-, 372 bF
convergence in the sense of distributions. Let ¥ € C*°(B,,). By the
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estimate of b¥ in Step IV, we have for any m > n,

‘/ Zm:ibfllldva ZZ/ bW du,

nk=n i=1 k=n i1=1

m o0
N
$ 0D 2R g (BeGE, Or)) () Wl ow s,
k=n i=1
m 1
< Z 22k0+k+1 BQ(Z rh ))p ”\IJ”CN(]EH) 7
where we use the fact NV > NV, , and Lemma 2.1. Hence, smce L> 1 we
have

Zb’“ 2) dva(2)

"k n t=1

1

< szo+k+1<zv (Be(2E,rF) )) I¥llen @,
. g

< (Z 2(k0+k+1)pva((9k)> ||‘I’||CN(IB

k=n

L. (Z /

= (/@ (K, (f) + f51F dUa) 1Vl on @,y »

which tends to 0 as n — oo. Thus, the equality (5.5) holds in the sense
of distributions.

2k0+k

11;@{2'618%”:ICHVL(f)(z)—t—fg(z) >t} dt)p

ko+k— 1

VI. Coefficients in ¢P. Indeed,

S5 A = 30 oty (Be(E, orky)

k=0 i=1 k=0 1=1
5 Z Z 2 k0+k+1)p,u z rh Z k0+k+1)pv Ok)
k=0 1:=1
< / g {2 € By s K n(f)(2) + f2(2) > £} dt
2ko

S IKwo(H) + f5l5.a S IF15a
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In conclusion, we have shown that the representation (5.5) is an
atomic decomposition for f.

VII. Completion of the proof of Theorem 4.1. It remains to prove that
[ = 2>;AjPa(a;) in AL Indeed, assuming that f € AL N A2 with
f=2>_,ja; in the sense of distributions, we have

1) = PalDlE) = (SN asKali2)) = S A Paa))

Therefore, f =3, AjPa(a;) for f € AL N AZ2. Since A2 N A2 is dense
in A2 | by a standard argument we conclude the assertion for all f € AP.
This completes the proof of Theorem 4.1. O
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