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IRREGULAR SETS FOR RATIOS
OF BIRKHOFF AVERAGES ARE RESIDUAL
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Dedicated to Jaume Llibre on the occasion of his 60th birthday

Abstract: It follows from Birkhoff’s Ergodic Theorem that the irregular set of points
for which the Birkhoff averages of a given continuous function diverge has zero mea-
sure with respect to any finite invariant measure. In strong contrast, for systems with
the weak specification property, we show here that if the irregular set is nonempty,
then it is residual. This includes topologically transitive topological Markov chains,
sofic shifts and more generally shifts with the specification property. We consider
also the more general case of ratios of Birkhoff averages of continuous functions and
the case when the set of accumulation points of the ratios of Birkhoff averages is a
prescribed closed interval. Finally, we give an application of our work to the pointwise
dimension of a Gibbs measure on a repeller of a conformal map.
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1. Introduction

Given a continuous map f: X — X on a compact metric space, the
irregular set for a function ¢: X — R is defined by

n—1

1
X,=RzreX: hmmffZ(p )) < limsup — Z(p x))

n—oo 1 n—o00
i=0

By Birkhoff’s Ergodic Theorem, the set X, has zero measure with re-
spect to any finite f-invariant measure on X. On the other hand, it was
shown in [4] that from the point of view of dimension theory the set X,
can be as large as the whole space. This phenomenon was first observed
by Pesin and Pitskel” in [9] for the full shift on two symbols. We refer the
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reader to the book [1] for a detailed discussion and to [3, 5, 6, 7, 8, 10]
for further related work.

For systems with the weak specification property, we show here that
the irregular set X, for a continuous function is either empty or residual.
This includes topologically transitive topological Markov chains, sofic
shifts and more generally shifts with the specification property. More
generally, we consider ratios of Birkhoff averages and we show that some
subsets of the irregular set are also residual. Namely, given continuous
functions ¢, 1 : X — R with inf¢ > 0 and an interval I C R, let

Xi={reX:Ax)=1},

where A(x) is the set of accumulation points of the sequence

S (i)
Spp(x,n) = ==—F——"".
el ) = ST o))

In order to show that the set X7 is residual we bridge together strings
of sufficiently large length corresponding to Birkhoff averages with dif-
ferent limits in the interval I, proceeding in a similar manner to that
in [2] where we have considered earlier the simpler case when ¢ = 1.

Now we give an application of our work to the dimension of repellers
of conformal maps (we refer the reader to the book [1] for a detailed
introduction to the area). Let f: M — M be a C! map on a smooth
manifold and let J C M be a compact f-invariant set. We say that f is
erxpanding on J and that J is a repeller for f if there exist ¢ > 0 and
7 > 1 such that

e f"0l| = e o]

forxz € J,v € T,M and n € N. Moreover, we assume that f is topologi-
cally mixing and conformal on J (we recall that f is said to be conformal
on a set J if d, f is a multiple of an isometry for every x € J).

One can use Markov partitions and the associated symbolic dynam-
ics to transfer the results for symbolic dynamics (now for topologically
mixing topological Markov chains) to results for repellers (see [1, 2] for
details). In particular, if ¢ is a Holder continuous potential of a Gibbs
measure p on J and ¢ = log||df||, then

: o Sio elfi@) . logu(B(x,r))
() Jlim S—pp(e,n) = Hm == T~ 8 Jogr
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whenever any of the limits exist (assuming without loss of generality
that ¢ has zero topological pressure). The limit

_ . logu(B(z,r))
d(@) = Hog logr

)

when it exists, is called the pointwise dimension of u at x. The following
result is a simple consequence of our main Theorem 3 together with (1).

Theorem 1. Let J be a repeller of a C* map f that is conformal and
topologically mizing on J. Given a Gibbs measure p on J with a Holder
continuous potential and a closed interval

. f pdv f pdv
IC (mf X ,sup X >
v [ywdv) [ pdy
that is not a singleton, with the infimum and supremum taken over all

f-invariant probability measures on J, the set Xy is either empty or
residual.

A simple consequence of this result is the following.

Theorem 2. Let J be a repeller of a C* map f that is conformal and
topologically mizing on J. If p is a Gibbs measure with a Hélder contin-
uous potential, then

log (B log (B
{x e J :timing 2EPBET) Ogmw}
r—0 log r r—0 log r

1s either empty or residual.

The proofs of Theorems 1 and 2 follow closely corresponding argu-
ments in [2] for symbolic systems and thus are omitted.

We emphasize that quite the opposite happens from the point of
view of ergodic theory: for large classes of dynamical systems and mea-
sures (such as any hyperbolic measure invariant under a C'* diffeo-
morphism), the pointwise dimension d,,(z) is well defined for p-almost
every x. For example, in the context of Theorem 1 this is a simple
consequence of Birkhoft’s Ergodic Theorem together with (1). On the
other hand, it was shown in [4] that for several classes of dynamical sys-
tems and measures the set of points for which d,(z) is not well defined,
if nonempty, has full topological entropy and full Hausdorff dimension.
The present work shows that this set can also be as large as the whole
space from the point of view of topology.
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2. Residual irregular sets

2.1. Basic notions. Let o: ¥t — X% be the shift map on the space
of one-sided sequences X+ = {1,...,k}, where k > 2 is an integer. We
equip ¥T with the distance

d(w,w') =2"" w= (w;)ien, W' = (W;)ieNv

where n is the smallest integer such that w,, # w),.

Given a compact set X C I such that o(X) C X, we consider the
subshift o|X: X — X.

For each n € N, let

X”l:{(wl"'wn)i(w10J2"')€X} and X*:UXn
neN

When w = (wiwz--+) € X and m € N or when w = (w1 ---wyp) € X,
and m € N with m < n, we write w|m = wy - - - wy.
Moreover, for each w € X,,, we write |w| = n and

Wl ={peX:pln=w}

Given w = (w1 - -wyp) € X, and w’' = (W] -+ w),) € X, let

ww' = (w1 wpwi W)

We note that, in general, ww’ need not belong to X™*™. We say that a
subshift o| X has the weak specification property if there exists e NU {0}
such that for each w,w’ € X* there exists

p=plww)e ] Xk
k=0

such that wpw’ € X*. The string p(w,w’) is called a bridge between w
and w’. We shall write wpw’ = w > w’ (although we emphasize that
p need not be unique). Moreover, given subsets W, W7,..., W, of X*
and a string w € X*, we write

W11>4---D<1Wn:{w11>4w21>4-~-|>4wn:wiEWi,1§i§n}
and
wW={wxn:neW},

where each symbol >1 on the right-end sides runs over all admissible
bridges. Finally, we write W™ = Wy < --- a1 W,, when W, = -+ =
W, =W.
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2.2. Irregular sets. Let 0: X — X be a subshift. Given continuous
functions ¢, 1 : X — R with ¢ > 0, we consider the level sets

B, y(a) = {w €eX: nlgn Spp(w,n) = a}
where
S elo' (@)
Yo tloi(w))

Moreover, we consider the open interval

d d
W x v d/~‘ I fX Pdu
where the infimum and supremum are taken over all o-invariant prob-

ability measures on X. Given an interval I C L, 4, we consider the
irregular set

S‘Paw(w’ n) =

XsowJ_{WGX App(w —I}

where A, 4(w) is the set of accumulation points of the sequence S, y(w, n).
The following is our main result.

Theorem 3. Let o|X be a subshift with the weak specification property
and let p,: X — R be continuous function with infvy > 0. Given a
closed interval I C L that is not a singleton, the set X, 4 1 is either

empty or residual.
< na}

It follows from Birkhoff’s Ergodic Theorem that F(a,n,e) # @ for each
a € L, and any sufficiently large n (depending on a and €). Take
numbers oy 1, ..., 0kq, €I for k € N such that

Proof: For each a € R, n € N and € > 0, let

n—1

D ¢lo —azw

Fla,n,e) = {w|n rwe X and
i=0

(2) ICU (ovk,i, 1/k)

1 . 1
(3)  |ak,it1 — ak| < z fori=0,...,qx— 1, |Qkq —kt11]|< T
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Moreover, let €1 > €5 > - -+ be a sequence of positive numbers decreasing
to zero and let

N1 <N << MNig <N21 <N2a < <N g, < -
be positive integers such that
Fk,i = F(ak,i,nk,i,ek) 7é @ for ke N, 1<i<q.

Let Qp = X*. For each w € Q, take integers { Ny ;(w)}treN,i=1,....q
such that:
(i) Nii(w) > 20147 for 2 < < g — 1,
Nii(w) > 2mi+1F7 for k> 2 and 1 <i < g — 1,
Ni.gp (w) > 241047 for k> 1;

(11) Niit1 (w) > 2‘W|+T+N1,l(w)(nl,1+T)+N1,2(UJ)(nl,2+7')+‘“+Nk,i(w)(nk,i+7'),
Net1 1(w) > glwl+7+ N1 1(w)(n1,147)+ N1 2 (W) (n1,24+7)+++Ne g, () (10 gy 7)
forkeNandi=1,...,q — 1.

Here 7 is the integer in the notion of weak specification. Now we define

recursively sets 0, C X* for ke Nand i =1,...,q; by
D= U wd (Fpp) PN @)

>
>

wEN
Qo= U 7> (Fp )Pz ),
neE 1
Q17‘11 = U n > (Flﬂh )D<1N1,,11 (w)’
NEQ g —1
92,1 _ U n > (F2’1)|><1N2,1(w)’
nteyql
and so on. Finally, let
Bri= |J
UJGQk)i
and consider the G set
oo gk
k=1i=1

Since Qy = X*, each set E},; is dense and it follows from Baire’s Theorem
that F is also dense.
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In order to prove that E C X, , 1, we must show that A, y(w) =1
for w € E. We first show that

(4) ICAyy(w).
For each w € E, take w® € Qg such that
(5) w € w® b (Fy g PN @) g

Given « € I, take an integer i), € {1,...,q;} such that o € B(ay,;,,1/k).
For simplicity of the notation we assume that iy, & {1, ¢z} although the
argument is identical for i, € {1,qx}. Let

@1 Nij ir Nij
(6) sk = W1+ X0+ D> Y i+ Ag) 4D Y (e Akjn),
j=11=1 j=11=1

where ) is the length of the first bridge, Ny ; = Ny, j(w") and

/ 3 —_— ..
T ifl =Ny

Tij it L# Ny,
Aigl =19/ ’
is the length of each successive bridge between strings of w’. By the
weak specification property, the numbers Ay and A; ;; are bounded by 7.
Write

(7) Skyix = Skyip + thiig
where
N, iy,
thin = O (Mg + Asig1)-
=1

Since M := supy|ag,i, | < 0o, writing

c= ol + Myl and 1 =Sk, + (0= 1) Nk, + Ak 1),
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we obtain
(8)
Skyij—1 Skyif, —1
p(o' (W) = > (o' (W)ak,,
=0 i=0
skzk_l gk,'ik_l
< p(a'(w)) - Y(o*(w))an,i,
=0 i=0
Sk”efl Skﬂjkfl
+ Y el w) = > w(e'(w)aks,
1=Sk, iy, izgk’ik
tkzkfl tk,ikfl
<SSkt | Y @@ @) = Y blot (0™ W)aks,
i=0 =0
Ni,iy, |Tko,if, —1 Mo,if —1
Tt Y o (@) = S (090" (@)aks,
=1 | j=0 Jj=0
N iy |heyig +Niig 10— 1 Nk HAiyip,0—1
+ Yoooel@em W) - D (el (0" (W) aks,
=1 J=Nk,iy T=Nk,iy,
Ni,iy, |Tko,if, —1 Mo,if —1
<Fnet 3| S w0 @) = S o (07 @)k,
=1 | j=0 Jj=0
+ 7Np i, C.

In order to estimate the second term in the right-hand side of (8), we
introduce the numbers

vn(p) = sup {|p(w) — p(W')] 1 w,w’ € X, win = u'n}
and V,,(p) = X7, vi(p).
By (5) and the definition of the set F} ;, , there exist @', ..., w"rik €
X such that

9) oSt Dt ) () g g, = T [,
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and

Nge,iy, —1 Ne,ip —

1
(10) > o' @) ki >, Yo' @) < niiger
1=0

i=0
foril=1,..., Ny, . It follows from (9) and (10) that

nkﬂ-k—l nk:ik_l

>0 el (Tt @) = 3 (! oI (@),

7=0 §=0

nk,ikfl nk‘ikfl

<1 . (o (o™t =DM (w)) — _ (o’ (@)

<
Il
=3
<
Il
=

Nk i —1 nk‘ik71

+ Pl (@) = an, Y Yo @))
: =

Nk,q —1 nk’ik—l

+ Yo @) = Y wl(o? (eI wW)) g,

7=0 7=0

< Vnk,ik (90) + Nin€k + MVnk,ik (’(/))
forl=1,..., Ny, . Together with (8) this implies that

Sk)ikfl Skyikfl

Yo wloiw) = Y wlot(w))awg,
i=0

1=0
< gk?,ikc + Nk7ik (anmk (50) + Ngif €k F MVnk,ik (w)) + TNk,ikC

= gk,ikc + Nk,ik (V"kzk (30) + Mvmmk (1/})) + Nk,z’k (n;m-kek + TC) .
Now we observe that it follows from condition (ii) that Sk, /sk,i, — 0O
when &k — co: using (6), (7) and condition (ii), we have
25k, iy,

— > Nk,iy = = Nk,

Sk ik Sk i Sk,ik Sk,ik
and thus, s ;, /Sk,i, — +00 when k — co. On the other hand, it follows
from the uniform continuity of ¢ on the compact set X that v,(¢) — 0
when n — oo. Hence, V,,(¢)/n — 0 when n — oo and

Sk.iy o My, N iy,

Skir 1 _ thin o Nhis

—0
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when k — oo. Finally, by the definition of s ;,, we have sp;, > t i,

and
N i "k i €k < N i "k i, €k

< k.
Sk,ix Lh,iy

Therefore,

’5%1[1 (wv Sk,ik) — Ok,iy |
Skyiy . Vi, () + MV, o () + npiex + 7
Skyis, N4, inf

when k& — oco. This implies that

<

S (W, sk,i) — | < [Spp(w, Skip) — iy | + |k, — a
(11)

1
< ‘S%lb(wa Skmc) - ak7ik’ + i —0

when k — co. Hence, a € A, y(w) and (4) holds.
Now we show that

(12) App(w) C 1.

For each positive integer n > |w°| + 7 there exist k € N, i) €
{1,2,...,qx} and 1 < p < N ;,+1 such that

(13) Skyip + Pp <N < Sk + Ppit,
where
s—1
Ps = Z(”’WH + Mejig+1,0)
1=1

for s € N. Notice that k — oo when n — co. We have

n—1 n—1
> (ot (W) = > W(o (W),
i=0 i=0

ki —1 Skyip—1

<Y @) - Y et @)ars,

i=0 1=0
Sk,ip+Pp—1 Sk, tPp—1

Y @) - Y v @)
1=5k,i, 1=5Sk,iy
n—1 n—1

i Ao @)= S e @)ars,|-
i:sk,ik—i-pp i:‘gk,ik""pp
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Similarly, one can choose @', ...,@"~! € X such that

(14) O_Sk,ik+(l—1)(ﬂk,ik+1+)\k,ik+l,l)(w)|nk’ik+1 _ wl|nk,ik+1
and
Np,ip+1—1 N, +1—1
(15) o(o" (@) = ki 41 Z (o' (@)| < 116k
=0 =0

for il =1,...,p— 1. Writing 7 = sg4, + (I — 1)(ngipt1 + Ajip+1,0), it
follows from (3), (14) and (15) that

N ig+1—1 N +1—1
doeld @ w) = Y (ol (07 (w))ak,
j=0 j=0
N +1—1 Npyip+1—1
< ¢(o’ (0" (w))) — P(o? (0" (W)t i+1
Jj=0 j=0
Npyip+1—1 Npyip+1—1
+ (o7 (0" (@)) ki1 — Y. Y07 (07 (W) ki,
3=0 3=0
Nip+1—1 Ne,ip+1—1
< Y e @ w) - > e’@)
j=0 j=0
N +1—1 N +1—1
+ Z (o’ @) — Y0 (@) otk i+1
j=0 §=0
ni 0]
+ (o' @) - B (07 (@))] ki +
Jj=0 j=0

(w) + Nkyip+1 Hd)”

< Vnk,ik+1 (‘P) + N i 416k + MVnk,ik+1 k

forl=1,....,p—1.
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Therefore,

Skyip +Pp—1 Skyip+Pp—1

Yo wlw) - Y et (w)awg

i:'sk,ik i:Sk,ik

p—1 [Nk,ip+1—1 N ip+1—1

P07 (0" (@) = D (e (07 (W))ak, | |+(p—1)Te

= j=0 j=0
(p - 1) (Vnk,ik+1 (50) + MVnk,ik+1 (w))

(p — Dngiy+1 191l

IN

IN

+ (p— 1) (n,i+188 +70) +

k
Moreover, by (13), we have
n—1 ) n—1 )
Y. el @)= Y et @)ak| < (= sk — pp)e
1=Sp,i), TPp 1=5Sk,ij, +Pp

< (nk”ilﬂrl + T)C.

Therefore,

S (W, n) = an iy | < [Sp (W ski) — ki

(p—-1)
+ ninf 1 (Vn’“'ik“ () + MViy 1 (1))

(p—1)
ninf ¢

(16)

(ki 4168 + TC)

@ = Dk 91l (kjigrs +7)c

* kninf 1) ninf ¢

In a similar manner to that in (11), one can show that the first term
in (16) tends to zero when n — oo (notice that sy ;, < m). Moreover,
using (13) and condition (i), we obtain

(17) (kigt1 +7) _ (ki1 +7) _ (ki1 +7)

—0
n Sk.i, Ny iy,
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when n — co. On the other hand, it follows from (13) that

(P — Dngip+1

1
(18) o < z — 0 when n — oo,
(19) (p_l)(Vnk,ik+1(¢)+vnk,ik+1(w)) < Vnk,ik+1(@)+vnk,ik+1(w) 0
n Nk ip+1 Nk ip+1

when n — 0o, and

(P = ki +18k _ Mig+16k
n T Mkyig+1

(20) —0 when n— o0
(since k — oo when n — o).
By (16), (17), (18), (19), and (20), we obtain

|Sp.p(w,n) — g4 | =0 when n — oco.
Tt follows from (2) that
dist (S, (w,n),I) < |Spp(w,n) — g, | + dist(ag,i,, I) =0

when k — oco. Since I is closed, this yields inclusion (12). Therefore,
E C X is a dense G5 set such that £ C X, 4 ;. This completes the
proof of the theorem. O
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