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Abstract: It follows from Birkhoff’s Ergodic Theorem that the irregular set of points
for which the Birkhoff averages of a given continuous function diverge has zero mea-

sure with respect to any finite invariant measure. In strong contrast, for systems with

the weak specification property, we show here that if the irregular set is nonempty,
then it is residual. This includes topologically transitive topological Markov chains,

sofic shifts and more generally shifts with the specification property. We consider

also the more general case of ratios of Birkhoff averages of continuous functions and
the case when the set of accumulation points of the ratios of Birkhoff averages is a

prescribed closed interval. Finally, we give an application of our work to the pointwise

dimension of a Gibbs measure on a repeller of a conformal map.

2010 Mathematics Subject Classification: Primary: 37B10.

Key words: Birkhoff averages, irregular sets, weak specification.

1. Introduction

Given a continuous map f : X → X on a compact metric space, the
irregular set for a function ϕ : X → R is defined by

Xϕ =

{
x ∈ X : lim inf

n→∞

1

n

n−1∑
i=0

ϕ(f i(x)) < lim sup
n→∞

1

n

n−1∑
i=0

ϕ(f i(x))

}
.

By Birkhoff’s Ergodic Theorem, the set Xϕ has zero measure with re-
spect to any finite f -invariant measure on X. On the other hand, it was
shown in [4] that from the point of view of dimension theory the set Xϕ

can be as large as the whole space. This phenomenon was first observed
by Pesin and Pitskel’ in [9] for the full shift on two symbols. We refer the
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reader to the book [1] for a detailed discussion and to [3, 5, 6, 7, 8, 10]
for further related work.

For systems with the weak specification property, we show here that
the irregular set Xϕ for a continuous function is either empty or residual.
This includes topologically transitive topological Markov chains, sofic
shifts and more generally shifts with the specification property. More
generally, we consider ratios of Birkhoff averages and we show that some
subsets of the irregular set are also residual. Namely, given continuous
functions ϕ,ψ : X → R with inf ψ > 0 and an interval I ⊂ R, let

XI =
{
x ∈ X : A(x) = I

}
,

where A(x) is the set of accumulation points of the sequence

Sϕ,ψ(x, n) =

∑n−1
i=0 ϕ(f i(x))∑n−1
i=0 ψ(f i(x))

.

In order to show that the set XI is residual we bridge together strings
of sufficiently large length corresponding to Birkhoff averages with dif-
ferent limits in the interval I, proceeding in a similar manner to that
in [2] where we have considered earlier the simpler case when ψ = 1.

Now we give an application of our work to the dimension of repellers
of conformal maps (we refer the reader to the book [1] for a detailed
introduction to the area). Let f : M → M be a C1 map on a smooth
manifold and let J ⊂M be a compact f -invariant set. We say that f is
expanding on J and that J is a repeller for f if there exist c > 0 and
τ > 1 such that

‖dxfnv‖ ≥ cτn ‖v‖

for x ∈ J , v ∈ TxM and n ∈ N. Moreover, we assume that f is topologi-
cally mixing and conformal on J (we recall that f is said to be conformal
on a set J if dxf is a multiple of an isometry for every x ∈ J).

One can use Markov partitions and the associated symbolic dynam-
ics to transfer the results for symbolic dynamics (now for topologically
mixing topological Markov chains) to results for repellers (see [1, 2] for
details). In particular, if ϕ is a Hölder continuous potential of a Gibbs
measure µ on J and ψ = log ‖df‖, then

(1) lim
n→∞

S−ϕ,ψ(x, n) = lim
n→∞

−
∑n−1
i=0 ϕ(f i(x))

log ‖dxfn‖
= lim
r→0

logµ(B(x, r))

log r
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whenever any of the limits exist (assuming without loss of generality
that ϕ has zero topological pressure). The limit

dµ(x) = lim
r→0

logµ(B(x, r))

log r
,

when it exists, is called the pointwise dimension of µ at x. The following
result is a simple consequence of our main Theorem 3 together with (1).

Theorem 1. Let J be a repeller of a C1 map f that is conformal and
topologically mixing on J . Given a Gibbs measure µ on J with a Hölder
continuous potential and a closed interval

I ⊂
(

inf
ν

∫
X
ϕdν∫

X
ψ dν

, sup
ν

∫
X
ϕdν∫

X
ψ dν

)
that is not a singleton, with the infimum and supremum taken over all
f -invariant probability measures on J , the set XI is either empty or
residual.

A simple consequence of this result is the following.

Theorem 2. Let J be a repeller of a C1 map f that is conformal and
topologically mixing on J . If µ is a Gibbs measure with a Hölder contin-
uous potential, then{

x ∈ J : lim inf
r→0

logµ(B(x, r))

log r
< lim sup

r→0

logµ(B(x, r))

log r

}
is either empty or residual.

The proofs of Theorems 1 and 2 follow closely corresponding argu-
ments in [2] for symbolic systems and thus are omitted.

We emphasize that quite the opposite happens from the point of
view of ergodic theory: for large classes of dynamical systems and mea-
sures (such as any hyperbolic measure invariant under a C1+α diffeo-
morphism), the pointwise dimension dµ(x) is well defined for µ-almost
every x. For example, in the context of Theorem 1 this is a simple
consequence of Birkhoff’s Ergodic Theorem together with (1). On the
other hand, it was shown in [4] that for several classes of dynamical sys-
tems and measures the set of points for which dµ(x) is not well defined,
if nonempty, has full topological entropy and full Hausdorff dimension.
The present work shows that this set can also be as large as the whole
space from the point of view of topology.
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2. Residual irregular sets

2.1. Basic notions. Let σ : Σ+ → Σ+ be the shift map on the space
of one-sided sequences Σ+ = {1, . . . , k}N, where k ≥ 2 is an integer. We
equip Σ+ with the distance

d(ω, ω′) = 2−n, ω = (ωi)i∈N, ω
′ = (ω′i)i∈N,

where n is the smallest integer such that ωn 6= ω′n.
Given a compact set X ⊂ Σ+ such that σ(X) ⊂ X, we consider the

subshift σ|X : X → X.
For each n ∈ N, let

Xn =
{

(ω1 · · ·ωn) : (ω1ω2 · · · ) ∈ X
}

and X∗ =
⋃
n∈N

Xn.

When ω = (ω1ω2 · · · ) ∈ X and m ∈ N or when ω = (ω1 · · ·ωn) ∈ Xn

and m ∈ N with m ≤ n, we write ω|m = ω1 · · ·ωM .
Moreover, for each ω ∈ Xn, we write |ω| = n and

[ω] = {ρ ∈ X : ρ|n = ω}.

Given ω = (ω1 · · ·ωn) ∈ Xn and ω′ = (ω′1 · · ·ω′m) ∈ Xm, let

ωω′ = (ω1 · · ·ωnω′1 · · ·ω′m).

We note that, in general, ωω′ need not belong to Xn+m. We say that a
subshift σ|X has the weak specification property if there exists τ ∈N∪ {0}
such that for each ω, ω′ ∈ X∗ there exists

ρ = ρ(ω, ω′) ∈
τ⋃
k=0

Xk

such that ωρω′ ∈ X∗. The string ρ(ω, ω′) is called a bridge between ω
and ω′. We shall write ωρω′ = ω ./ ω′ (although we emphasize that
ρ need not be unique). Moreover, given subsets W,W1, . . . ,Wn of X∗

and a string ω ∈ X∗, we write

W1 ./ · · · ./ Wn =
{
ω1 ./ ω2 ./ · · · ./ ωn : ωi ∈Wi, 1 ≤ i ≤ n

}
and

ω ./ W = {ω ./ η : η ∈W},

where each symbol ./ on the right-end sides runs over all admissible
bridges. Finally, we write W ./n = W1 ./ · · · ./ Wn when W1 = · · · =
Wn = W .
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2.2. Irregular sets. Let σ : X → X be a subshift. Given continuous
functions ϕ,ψ : X → R with ψ > 0, we consider the level sets

Bϕ,ψ(α) =
{
ω ∈ X : lim

n→∞
Sϕ,ψ(ω, n) = α

}
,

where

Sϕ,ψ(ω, n) =

∑n−1
i=0 ϕ(σi(ω))∑n−1
i=0 ψ(σi(ω))

.

Moreover, we consider the open interval

Lϕ,ψ =

(
inf
µ

∫
X
ϕdµ∫

X
ψ dµ

, sup
µ

∫
X
ϕdµ∫

X
ψ dµ

)
,

where the infimum and supremum are taken over all σ-invariant prob-
ability measures on X. Given an interval I ⊂ Lϕ,ψ, we consider the
irregular set

Xϕ,ψ,I =
{
ω ∈ X : Aϕ,ψ(ω) = I

}
,

whereAϕ,ψ(ω) is the set of accumulation points of the sequence Sϕ,ψ(ω, n).
The following is our main result.

Theorem 3. Let σ|X be a subshift with the weak specification property
and let ϕ,ψ : X → R be continuous function with inf ψ > 0. Given a
closed interval I ⊂ Lϕ,ψ that is not a singleton, the set Xϕ,ψ,I is either
empty or residual.

Proof: For each α ∈ R, n ∈ N and ε > 0, let

F (α, n, ε) =

{
ω|n : ω ∈ X and

∣∣∣∣∣
n−1∑
i=0

ϕ(σi(ω))− α
n−1∑
i=0

ψ(σi(ω))

∣∣∣∣∣ < nε

}
.

It follows from Birkhoff’s Ergodic Theorem that F (α, n, ε) 6= ∅ for each
α ∈ Lϕ,ψ and any sufficiently large n (depending on α and ε). Take
numbers αk,1, . . . , αk,qk ∈ I for k ∈ N such that

(2) I ⊂
qk⋃
i=1

B
(
αk,i, 1/k

)
and

(3) |αk,i+1 − αk,i| <
1

k
for i = 0, . . . , qk − 1, |αk,qk − αk+1,1| <

1

k
.
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Moreover, let ε1 > ε2 > · · · be a sequence of positive numbers decreasing
to zero and let

n1,1 < n1,2 < · · · < n1,q1 < n2,1 < n2,2 < · · · < n2,q2 < · · ·

be positive integers such that

Fk,i := F (αk,i, nk,i, εk) 6= ∅ for k ∈ N, 1 ≤ i ≤ qk.

Let Ω0 = X∗. For each ω ∈ Ω0, take integers {Nk,i(ω)}k∈N,i=1,...,qk

such that:

(i) N1,i(ω) ≥ 2n1,i+1+τ for 2 ≤ i ≤ q1 − 1,
Nk,i(ω) ≥ 2nk,i+1+τ for k ≥ 2 and 1 ≤ i ≤ qk − 1,

Nk,qk(ω) ≥ 2nk+1,1+τ for k ≥ 1;

(ii) Nk,i+1(ω)≥2|ω|+τ+N1,1(ω)(n1,1+τ)+N1,2(ω)(n1,2+τ)+···+Nk,i(ω)(nk,i+τ),

Nk+1,1(ω)≥2|ω|+τ+N1,1(ω)(n1,1+τ)+N1,2(ω)(n1,2+τ)+···+Nk,qk
(ω)(nk,qk

+τ)

for k ∈ N and i = 1, . . . , qk − 1.

Here τ is the integer in the notion of weak specification. Now we define
recursively sets Ωk,i ⊂ X∗ for k ∈ N and i = 1, . . . , qk by

Ω1,1 =
⋃
ω∈Ω0

ω ./ (F1,1)./N1,1(ω),

Ω1,2 =
⋃

η∈Ω1,1

η ./ (F1,2)./N1,2(ω),

...

Ω1,q1 =
⋃

η∈Ω1,q1−1

η ./ (F1,q1)./N1,q1 (ω),

Ω2,1 =
⋃

η∈Ω1,q1

η ./ (F2,1)./N2,1(ω),

and so on. Finally, let

Ek,i =
⋃

ω∈Ωk,i

[ω]

and consider the Gδ set

E =

∞⋂
k=1

qk⋂
i=1

Ek,i.

Since Ω0 = X∗, each set Ek,i is dense and it follows from Baire’s Theorem
that E is also dense.



Irregular Sets for Ratios of Birkhoff Averages Are Residual 55

In order to prove that E ⊂ Xϕ,ψ,I , we must show that Aϕ,ψ(ω) = I
for ω ∈ E. We first show that

(4) I ⊂ Aϕ,ψ(ω).

For each ω ∈ E, take ω0 ∈ Ω0 such that

(5) ω ∈ ω0 ./ (F1,1)./N1,1(ω0) ./ · · · .

Given α ∈ I, take an integer ik ∈ {1, . . . , qk} such that α ∈ B
(
αk,ik , 1/k

)
.

For simplicity of the notation we assume that ik 6∈ {1, qk} although the
argument is identical for ik ∈ {1, qk}. Let

(6) sk,ik = |ω0|+λ0 +

q1∑
j=1

N1,j∑
l=1

(n1,j +λ1,j,l)+ · · ·+
ik∑
j=1

Nk,j∑
l=1

(nk,j +λk,j,l),

where λ0 is the length of the first bridge, Nk,j = Nk,j(ω
0) and

λi,j,l =

{
τi,j if l 6= Ni,j ,

τ ′i,j if l = Ni,j

is the length of each successive bridge between strings of ω0. By the
weak specification property, the numbers λ0 and λi,j,l are bounded by τ .

Write

(7) sk,ik = s̃k,ik + tk,ik ,

where

tk,ik =

Nk,ik∑
l=1

(nk,ik + λk,ik,l).

Since M := supk|αk,ik | <∞, writing

c = ‖ϕ‖+M‖ψ‖ and rl = s̃k,ik + (l − 1)(nk,ik + λk,ik,l),
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we obtain

∣∣∣∣∣∣
sk,ik

−1∑
i=0

ϕ(σi(ω))−
sk,ik

−1∑
i=0

ψ(σi(ω))αk,ik

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
s̃k,ik

−1∑
i=0

ϕ(σi(ω))−
s̃k,ik

−1∑
i=0

ψ(σi(ω))αk,ik

∣∣∣∣∣∣
+

∣∣∣∣∣∣
sk,ik

−1∑
i=s̃k,ik

ϕ(σi(ω))−
sk,ik

−1∑
i=s̃k,ik

ψ(σi(ω))αk,ik

∣∣∣∣∣∣
≤ s̃k,ikc+

∣∣∣∣∣∣
tk,ik

−1∑
i=0

ϕ(σi(σs̃k,ik (ω)))−
tk,ik

−1∑
i=0

ψ(σi(σs̃k,ik (ω)))αk,ik

∣∣∣∣∣∣
≤ s̃k,ikc+

Nk,ik∑
l=1

∣∣∣∣∣∣
nk,ik

−1∑
j=0

ϕ(σj(σrl(ω)))−
nk,ik

−1∑
j=0

ψ(σj(σrl(ω)))αk,ik

∣∣∣∣∣∣
+

Nk,ik∑
l=1

∣∣∣∣∣∣
nk,ik

+λi,ik,l−1∑
j=nk,ik

ϕ(σj(σrl(ω)))−
nk,ik

+λi,ik,l−1∑
j=nk,ik

ψ(σj(σrl(ω)))αk,ik

∣∣∣∣∣∣
≤ s̃k,ikc+

Nk,ik∑
l=1

∣∣∣∣∣∣
nk,ik

−1∑
j=0

ϕ(σj(σrl(ω)))−
nk,ik

−1∑
j=0

ψ(σj(σrl(ω)))αk,ik

∣∣∣∣∣∣
+ τNk,ikc.

(8)

In order to estimate the second term in the right-hand side of (8), we
introduce the numbers

vn(ϕ) = sup
{
|ϕ(ω)− ϕ(ω′)| : ω, ω′ ∈ X, ω|n = ω′|n

}
and Vn(ϕ) =

∑n
j=1 vj(ϕ).

By (5) and the definition of the set Fk,ik , there exist ω1, . . . , ωNk,ik ∈
X such that

(9) σs̃k,ik
+(l−1)(nk,ik

+λk,ik,l)(ω)|nk,ik = ωl|nk,ik
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and

(10)

∣∣∣∣∣∣
nk,ik

−1∑
i=0

ϕ(σi(ωl))− αk,ik
nk,ik

−1∑
i=0

ψ(σi(ωl))

∣∣∣∣∣∣ < nk,ikεk

for l = 1, . . . , Nk,ik . It follows from (9) and (10) that∣∣∣∣∣∣
nk,ik

−1∑
j=0

ϕ(σj(σs̃k,ik
+(l−1)rl(ω)))−

nk,ik
−1∑

j=0

ψ(σj(σs̃k,ik
+(l−1)rl(ω)))αk,ik

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
nk,ik

−1∑
j=0

ϕ(σj(σs̃k,ik
+(l−1)rl(ω)))−

nk,ik
−1∑

j=0

ϕ(σj(ωl))

∣∣∣∣∣∣
+

∣∣∣∣∣∣
nk,ik

−1∑
j=0

ϕ(σj(ωl))− αk,ik
nk,ik

−1∑
j=0

ψ(σj(ωl))

∣∣∣∣∣∣
+

∣∣∣∣∣∣
nk,ik

−1∑
j=0

ψ(σj(ωl))−
nk,ik

−1∑
j=0

ψ(σj(σs̃k,ik
+(l−1)rl(ω)))

∣∣∣∣∣∣αk,ik
≤ Vnk,ik

(ϕ) + nk,ikεk +MVnk,ik
(ψ)

for l = 1, . . . , Nk,ik . Together with (8) this implies that∣∣∣∣∣∣
sk,ik

−1∑
i=0

ϕ(σi(ω))−
sk,ik

−1∑
i=0

ψ(σi(ω))αk,ik

∣∣∣∣∣∣
≤ s̃k,ikc+Nk,ik

(
Vnk,ik

(ϕ) + nk,ikεk +MVnk,ik
(ψ)
)

+ τNk,ikc

= s̃k,ikc+Nk,ik
(
Vnk,ik

(ϕ) +MVnk,ik
(ψ)
)

+Nk,ik
(
nk,ikεk + τc

)
.

Now we observe that it follows from condition (ii) that s̃k,ik/sk,ik → 0
when k →∞: using (6), (7) and condition (ii), we have

sk,ik
s̃k,ik

− 1 =
tk,ik
s̃k,ik

≥ Nk,ik
s̃k,ik

nk,ik ≥
2s̃k,ik

s̃k,ik
nk,ik

and thus, sk,ik/s̃k,ik → +∞ when k →∞. On the other hand, it follows
from the uniform continuity of ϕ on the compact set X that vn(ϕ)→ 0
when n→∞. Hence, Vn(ϕ)/n→ 0 when n→∞ and

Nk,ik
(
Vnk,ik

(ϕ) +MVnk,ik
(ψ)
)

sk,ik
≤
Vnk,ik

(ϕ)

nk,ik
+
MVnk,ik

(ψ)

nk,ik
→ 0
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when k → ∞. Finally, by the definition of sk,ik , we have sk,ik > tk,ik
and

Nk,iknk,ikεk
sk,ik

<
Nk,iknk,ikεk

tk,ik
≤ εk.

Therefore,∣∣Sϕ,ψ(ω, sk,ik)− αk,ik
∣∣

<
s̃k,ik
sk,ik

c+
Vnk,ik

(ϕ) +MVnk,ik
(ψ) + nk,ikεk + τc

nk,ik inf ψ
→ 0

when k →∞. This implies that∣∣Sϕ,ψ(ω, sk,ik)− α
∣∣ ≤ ∣∣Sϕ,ψ(ω, sk,ik)− αk,ik

∣∣+ |αk,ik − α|

<
∣∣Sϕ,ψ(ω, sk,ik)− αk,ik

∣∣+
1

k
→ 0

(11)

when k →∞. Hence, α ∈ Aϕ,ψ(ω) and (4) holds.
Now we show that

(12) Aϕ,ψ(ω) ⊂ I.
For each positive integer n > |ω0| + τ there exist k ∈ N, ik ∈

{1, 2, . . . , qk} and 1 ≤ p ≤ Nk,ik+1 such that

(13) sk,ik + ρp < n ≤ sk,ik + ρp+1,

where

ρs =

s−1∑
l=1

(nk,ik+1 + λk,ik+1,l)

for s ∈ N. Notice that k →∞ when n→∞. We have∣∣∣∣∣
n−1∑
i=0

ϕ(σi(ω))−
n−1∑
i=0

ψ(σi(ω))αk,ik

∣∣∣∣∣
≤

∣∣∣∣∣∣
sk,ik

−1∑
i=0

ϕ(σi(ω))−
sk,ik

−1∑
i=0

ψ(σi(ω))αk,ik

∣∣∣∣∣∣
+

∣∣∣∣∣∣
sk,ik

+ρp−1∑
i=sk,ik

ϕ(σi(ω))−
sk,ik

+ρp−1∑
i=sk,ik

ψ(σi(ω))αk,ik

∣∣∣∣∣∣
+

∣∣∣∣∣∣
n−1∑

i=sk,ik
+ρp

ϕ(σi(ω))−
n−1∑

i=sk,ik
+ρp

ψ(σi(ω))αk,ik

∣∣∣∣∣∣ .
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Similarly, one can choose ω1, . . . , ωp−1 ∈ X such that

(14) σsk,ik
+(l−1)(nk,ik+1+λk,ik+1,l)(ω)|nk,ik+1 = ωl|nk,ik+1

and

(15)

∣∣∣∣∣∣
nk,ik+1−1∑

i=0

ϕ(σi(ωl))− αk,ik+1

nk,ik+1−1∑
i=0

ψ(σi(ωl))

∣∣∣∣∣∣ < nk,ik+1εk

for l = 1, . . . , p − 1. Writing rl = sk,ik + (l − 1)(nk,ik+1 + λk,ik+1,l), it
follows from (3), (14) and (15) that

∣∣∣∣∣∣
nk,ik+1−1∑

j=0

ϕ(σj(σrl(ω)))−
nk,ik+1−1∑

j=0

ψ(σj(σrl(ω)))αk,ik

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
nk,ik+1−1∑

j=0

ϕ(σj(σrl(ω)))−
nk,ik+1−1∑

j=0

ψ(σj(σrl(ω)))αk,ik+1

∣∣∣∣∣∣
+

∣∣∣∣∣∣
nk,ik+1−1∑

j=0

ψ(σj(σrl(ω)))αk,ik+1 −
nk,ik+1−1∑

j=0

ψ(σj(σrl(ω)))αk,ik

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
nk,ik+1−1∑

j=0

ϕ(σj(σrl(ω)))−
nk,ik+1−1∑

j=0

ϕ(σj(ωl))

∣∣∣∣∣∣
+

∣∣∣∣∣∣
nk,ik+1−1∑

j=0

ϕ(σj(ωl)−
nk,ik+1−1∑

j=0

ψ(σj(ωl)αk,ik+1

∣∣∣∣∣∣
+

∣∣∣∣∣∣
nk,ik+1−1∑

j=0

ψ(σj(ωl))−
nk,ik+1−1∑

j=0

ψ(σj(σrl(ω)))

∣∣∣∣∣∣αk,ik+1 +
nk,ik+1 ‖ψ‖

k

≤ Vnk,ik+1
(ϕ) + nk,ik+1εk +MVnk,ik+1

(ψ) +
nk,ik+1 ‖ψ‖

k

for l = 1, . . . , p− 1.
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Therefore,∣∣∣∣∣∣
sk,ik

+ρp−1∑
i=sk,ik

ϕ(σi(ω))−
sk,ik

+ρp−1∑
i=sk,ik

ψ(σi(ω))αk,ik

∣∣∣∣∣∣
≤

∣∣∣∣∣∣
p−1∑
l=1

nk,ik+1−1∑
j=0

ϕ(σj(σrl(ω)))−
nk,ik+1−1∑

j=0

ψ(σj(σrl(ω)))αk,ik

∣∣∣∣∣∣+(p−1)τc

≤ (p− 1)
(
Vnk,ik+1

(ϕ) +MVnk,ik+1
(ψ)
)

+ (p− 1) (nk,ik+1εk + τc) +
(p− 1)nk,ik+1 ‖ψ‖

k
.

Moreover, by (13), we have∣∣∣∣∣∣
n−1∑

i=sk,ik
+ρp

ϕ(σi(ω))−
n−1∑

i=sk,ik
+ρp

ψ(σi(ω))αk,ik

∣∣∣∣∣∣ ≤ (n− sk,ik − ρp)c

≤ (nk,ik+1 + τ)c.

Therefore,∣∣Sϕ,ψ(ω, n)− αk,ik
∣∣ ≤ ∣∣Sϕ,ψ(ω, sk,ik)− αk,ik

∣∣
+

(p− 1)

n inf ψ

(
Vnk,ik+1

(ϕ) +MVnk,ik+1
(ψ)
)

+
(p− 1)

n inf ψ

(
nk,ik+1εk + τc

)
+

(p− 1)nk,ik+1 ‖ψ‖
kn inf ψ

+
(nk,ik+1 + τ)c

n inf ψ
.

(16)

In a similar manner to that in (11), one can show that the first term
in (16) tends to zero when n → ∞ (notice that sk,ik ≤ n). Moreover,
using (13) and condition (i), we obtain

(17)
(nk,ik+1 + τ)

n
≤ (nk,ik+1 + τ)

sk,ik
≤ (nk,ik+1 + τ)

Nk,ik
→ 0
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when n→∞. On the other hand, it follows from (13) that

(p− 1)nk,ik+1

kn
≤ 1

k
→ 0 when n→∞,(18)

(p−1)
(
Vnk,ik+1

(ϕ)+Vnk,ik+1
(ψ)
)

n
≤
Vnk,ik+1

(ϕ)

nk,ik+1
+
Vnk,ik+1

(ψ)

nk,ik+1
→ 0(19)

when n→∞, and

(20)
(p− 1)nk,ik+1εk

n
≤ nk,ik+1εk

nk,ik+1
→ 0 when n→∞

(since k →∞ when n→∞).
By (16), (17), (18), (19), and (20), we obtain

|Sϕ,ψ(ω, n)− αk,ik | → 0 when n→∞.

It follows from (2) that

dist
(
Sϕ,ψ(ω, n), I

)
≤ |Sϕ,ψ(ω, n)− αk,ik |+ dist(αk,ik , I)→ 0

when k → ∞. Since I is closed, this yields inclusion (12). Therefore,
E ⊂ X is a dense Gδ set such that E ⊂ Xϕ,ψ,I . This completes the
proof of the theorem.
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