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1. Introduction and main results

In this paper we study the weighted Fock spaces ]-"3(@)

2(C) = ol(©): 112 = [ [£(2)2e=270=D dim(2) < 00} -
72(C) {feHl(C) T /Cm ) dm(z) < }

here dm is area measure and ¢ is an increasing function defined on
[0, 4+00), lim, o @(r) = co. We assume that the radial weight ¢(z) =
©(]z|) is C? smooth and strictly subharmonic on C, and set

p(z) = (Ap(2)) 712,
so that Ap(r) = ¢ (r) + ¢'(r)/r (r > 0). One more condition on ¢ is
that for every fixed C' we have

p(r+Cp(r)) < p(r), 0<r<oo.

(The notation A < B means that there is a constant C' independent of
the relevant variables such that C~!B < A < CB.) In particular, this
holds if p/(r) = o(1), r — oco. The function p plays the role of a scaling
parameter, see the definition of d, below.
Typical ¢ are power functions,
pr)=r* a>0.
For such functions ¢ we have
1—a/2

pry=r r> 1
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Furthermore, if
p(r) = (logr)?,
then
p(r)y=<r, r>1
Given z,w € C, we define a scaled distance function
|z — w]
min(p(z), p(w))’
We say that a subset A of C of is d,-separated if
Qf*{d”“’m’ A AT €A} > 0.

dy(z,w) =

Next, we introduce a family of sufficiently regular subsets A in C
defined as the zero sets for the functions in a special class.

Definition 1. Given v € R, we say that an entire function S belongs
to the class S, if
(1) the zero set A of S is d,-separated, and

(2)

zeC.

S =D 1
p(z) (1 +[2])

For constructions of such functions in radial weighted Fock spaces see,
for example, [1, 2, 5, 7].

In the standard Fock spaces (¢(r) = r?) the classes S., were introduced
by Lyubarskii in [4]. They are analogs of the sine type functions for the
Paley-Wiener space, and their zero sets include rectangular lattices and
their perturbations.

Definition 2. A set A C C is called a weak interpolation set for ]-";((C)
if for every A € A there exists fy € FZ(C) such that fy(A\) = 1 and
AN} =0,

A set ACCis called a uniqueness set for F2(C) if for every f € F2(C),
the relation f|A = 0 implies that f = 0.

Theorem 3. Let ¢ and p be as above. Given S € Sy, consider its zero
set A. Then

(a) A is a uniqueness set for F2(C) if and only if v <1,
(b) A is a weak interpolation set for .7-'3,(@) if and only if v > 0.
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Denote by k, the reproducing kernel of ]-:2 (C):
(f,k)r2(c) = f(2), [eFIC), zeC.

The sequence A C C is called sampling for ]-'37(((3) if

12 = 1120 = S HOE - p e 2
¢ : ky(\)’ e
AEA
and interpolating for F2(C) if for every v = (va)rea with [Jv]l,a < oo
there exists f € F2(C) such that

v = f|A.

It is obvious that each sampling sequence for ]-"3(((3) is a set of unique-
ness for F2(C) and each interpolation sequence for FZ2(C) is a weak
interpolation set for F2(C).

The sequence A C C is called complete interpolating sequence for ]-'Z (©)
if it is simultaneously interpolating and sampling for ]-'z((C).

Let ky = ki /| kxl|4,2 be the normalized reproducing kernel at A. Let
A C C. We say that {ky}aca is a Riesz basis in .7-'3,(@) if it is complete
and for some C' > 0 and each finite sequence {a»} we have

%Z laxl? < || axka

AEA AEA

2

<CY aal

AEA

)

Note that in .7-:;2,(((3), interpolation and sampling can be expressed in
terms of geometric properties of reproducing kernels: interpolation
means that the sequence of the associated reproducing kernels is a Riesz
basis in its closed linear span; sampling means that this sequence is a
frame (see [9, Chapter 3]). Standard duality arguments show that the
system {kx}rea is a Riesz basis in F2(C) if and only if A is a complete
interpolating sequence for ]—'g((C).

In 1992 Seip and Wallstén [8, 10] characterized interpolating and
sampling sequences in these spaces when (1) = r2. Their results show
that there are no sequences which are simultaneously interpolating and
sampling, and hence there are no unconditional or Riesz bases in this
situation. The situation changes in small Fock spaces when the weight
increases slowly. Borichev and Lyubarskii [2] have shown that for o(r) =
(log7)? there exist Riesz bases in F2(C). Furthermore [9, 3, 2], the
space F2(C) does not admit Riesz bases of the (normalized) reproducing
kernels for regular ¢, (logr)? = o(p(r)), r — oco.
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By Theorem 3, for 0 < v < 1 the family {kj}aea is a complete
minimal family in F2(C). Thus the family

{S/[S/(A)(' - A)]},\GA

is the biorthogonal system and we associate to any f € f;(@) the formal
(Lagrange interpolation) series

S
F~2 TN ear—
IV s

This series converges unconditionally in 72 (C) if {kx}rea is a Riesz basis
in ]—"3,(((3). Otherwise, it does not necessarily unconditionally converge
in F2(C), and it is natural to ask whether this series admits a summation
method if we modify (slightly) the norm of the space.

Denote by A = {\x} the zero sequence of S ordered in such a way that
[Ai| < |Ak41l, B> 1. Similarly to Lyubarskii [4] and Lyubarskii-Seip [6],
we obtain the following result:

Theorem 4. Let 0 < <1, v+ € (1/2,1), and let S € S,. Suppose
that

(1) =28 = 0(p(r)), r— +oo.
Then for every f € F2(C) we have

(2) lim

N—o0

N
- f (k)
=52 S0

where pg(r) = ¢(r) + Blog(l +r).
2

The result corresponding to = 1/2, o(r) = %, p(r) < 1 is contained
in [6, Theorem 10]. On the other hand, in the case ¢(r) = (logr)?,
1 <a<2 p(r)=<r(logr)=2,r > 2, the space F2(C) contains Riesz
bases of (normalized) reproducing kernels [2]. Furthermore, our theorem
shows that in the case r < p(r), 7 > 1, when S € S, v € (1/2,1), the
interpolation series converges already in ]-"3, (C). (The notation A < B
means that there is a constant C' independent of the relevant variables
such that A < CB.)

In the case 0 < a < 2, p(r) = %, p(r) < r'=*/2 > 1, we can choose
a/4 < 8 < 1 with appropriate v as in Theorem 4. Thus, the closer we
are to ¢(r) = (logr)?, p(r) < r, r > 2, the less we should modify the
norm (by the smaller 3) to get convergence in (2). Now, it is interesting
to find out how sharp is condition (1) in Theorem 4.

¥B
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Theorem 5. Let0<a <2, p(r)=r% r>1. If0<B<a/4, v €R,
and S € S, then there exists f € F2(C) such that

N
(k)
Hf RPN Wi

Thus, for the power weights ¢(r) = r*, 0 < a < 2, we really need
to modify the norm to get the convergence, and the critical value of 3
is a/4.

40, N — .

¥B
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2. Proofs

2.1. Proof of Theorem 3. (a) If y > 1 then S, C F2(C) and S|A = 0.
Hence A is not a uniqueness set.

If v < 1, then 8, N FZ(C) = 0. Suppose that there exists g € F2(C)
such that g|A = 0. Then g = F'S for an entire function F, and we have

o [ IF@)PISw)Pe 2 dmfw) < .
c
Given © C C, denote
d2(w A)
B dm(w).
= [, 1P 7 g )

By (3), we have

Z[C] < oc.
Denote by D(z,r) the disc of radius r centered at z. Let

Q. = [ D\ ep(V),
AEA

where ¢ is such that the discs D(\,2ep()\)) are pairwise disjoint. We
have

I[C] = Z[C\Qac] + Y Z[D(A, 2ep(M)\D(A, ep(M)]+ > Z[D(X, ep(N))]-
AeA AEA
It is clear that

Z[C\Qoe] > €1 / |F(w)]” m(w).

o\, (14 w])?Y
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On the other hand,
[P dnw) < [ [P (w) [ dm(w),
D(Xep(N)) D(X,2ep(AM)\D(X,ep(N))
and, hence,

Z[D(\, 2ep(A\)\D(A, £p(A)] = esT[D(A, ep(A))]-

FwP
L s e ) < o

the function F is constant, and g = ¢S. Since S, N F2(C) = 0, we get a
contradiction. Statement (a) is proved.

Therefore

(b) Let v > 0. Set
I C)
A= smye
It is obvious that fx € F2(C), fal(A\{A}) = 0 and fx(A) = 1. Hence
A is a weak interpolation set. If v < 0, A € A, then, by (a), A\{\} is a

uniqueness set for fi(@). Therefore, A is not a weak interpolation set
for F2(C). O

AeA

2.2. Proof of Theorem 4. We follow the scheme of proof proposed
in [4, 6] and concentrate mainly on the places where the proofs differ.
We need some auxiliary notions and lemmas. The proof of the first
lemma is the same as in [1, Lemma 4.1].

Lemma 6. For every 6 > 0, there exists C > 0 such that for functions f
holomorphic in D(z,dp(z)) we have

C
f(z 2e=2¢(2) < / flw 26=20() gm(w).
|f(2)] FBE D(Z’ép(z))l (w)] (w)

Definition 7. A simple closed curve v = {r(0)e™ ", 0 € [0,2x]} is
called K-bounded if 7 is C'-smooth and 27-periodic on the real line
and |r'(0)] < K, 0 € R.

Let y € R, S € S,, and let A = {\} be the zero set of S ordered in
such a way that |[Ag| < [Mgy1], & > 1. We can construct a sequence of
numbers Ry — oo and a sequence of contours I'y such that:

(1) Ty = Rn7n, where vy are K-bounded with K > 0 independent
of N.

(2) dy(A,T'w) > e for some € > 0 independent of N.
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(3) {Ae}Y lie inside T'y and {A}37,4 lie outside I'y.

(4) I'y C {Z Ry — p(RN) < |Z| < Ry +p(RN)}.

127

Indeed, for some 0 < ¢ < 1 the discs Dy, = D(Ag,ep(Ag)) are disjoint.

For some § = §(g) > 0 we have

ep(Me) > 46p(An), |l = [An]| < dp(An).

Fix ¢ € C§°[-1,1], 0 < ¢ < 1, such that ¢ > 1/2 on [—1/2,1/2].

Put

1
== {k: Akl = IAn]| < 4(5;}()\]\;)},

denote A\ = €% k € =, and set

0= 1+ T o (500 -,

Wheresk:17k§N,sk:—1,k>N.
Finally, set
v = {r(0)e”, 6 € [0,2n]}.

Lemma 8.
Rp(Ry) [ 1F(Ba)Pe 000 dc] 0,
YN
Proof: Set
Cn = |J D(B~( p(RNQ)).
CEYN
Since

p(RnGC) < p(RN), (€N,
by Lemma 6 we have

Rup(Ry) / F(Rn Q) 2209 g¢|

YN

S RNP(RN)/ !

N — .

L 2o-2¢(w) g d
TN p(RNC)2/D<RNc,p<RN<))|f(w) ‘ m(w)] -

S [ 1sPe 2 ([ o non )il dmu

g/c |f(w)|?e= 22 dm(w) — 0, N — oo.
N

O
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Proof of Theorem 4. Let xn(z) = 1if z lies inside I'y and 0 otherwise.
Put

YN
ZS/ /\k Z—/\k)

_ L
vz 1) =55 /FN 50OG-0%

and set

The Cauchy formula gives us that

Z S Ak (z— /\k) gy #EIn
Hence,
En(z f) = f(2) = S(2)In (2, f) + (xn(2) — 1) f(2),
and to complete the proof of the theorem, it remains only to verify that
ISINC, )llgs — 0, N — oo.

Let w be a Lebesgue measurable function such that

(4) /00 /% lw(re)|2e 2 (1 + )~ 2Prdrdt <1,
and let n

In(f,w) = /OO /%w(re”)S(re”)IN(re“,f)e2“’(”(1 + )2 dr dt.
By duality, it iemffins to show that

sup|Jn(f,w)] =0, N — oo,

where the supremum is taken over all w satisfying (4).
We have

27TZJN(f, —/ :é
_/ f

S

(2) = w(z)e #P 1+ [2)) 77N (2)e*P (1 + [2])7].

Note that
/C 16(2) [ dm(z) <

(C) w S(Z —2<p(z) Py 283 m(z
<<>/C = (14 2)~2 dm(z) d¢
(C) B—'y m(z
<<>/C (1+ |2)~ dm(z) dc,

where



CONVERGENCE OF LAGRANGE INTERPOLATION 129

Set
¥(z) = Rno(Rnz)
(here ¢ depends on N). We have

/\w )2 dim(z)

Changing the variables z = Ryw and ( = Ry7, we get

f(Rnm) [ ¥(w)
v S(BNn) Jew—n

Consider the operators

2miJn(f,w) = Ry (14 Ry|w]) =P~ dm(w) dn.

Tv@)m) = [ L w5 dm(w), & € LA(C, dm(w)).

cw—n
Since v+ € (1/2,1), by [6, Lemma 13], the operators Ty are bounded
from L?(C,dm(w)) into L?(yx) and

sup ||Tn|| < oo.
N

Hence, by Lemma 8 and by the property r'=2% = O(p(r)), r — oo, we
get

f(Rnm)
N S(RNn)

In(fow) S RYP T ()(n) dn‘

<Ry / F(Ravm)e e Ty () ()| |
YN

1/2
< (RNp<RN> / If(RNn)Izez“"(R”")lan)
YN

X ||TN(1/})“L2(’YN) - 07 N — co.

This completes the proof. O

2.3. Proof of Theorem 5. It suffices to find f € F2(C) and a se-
quence Ny such that (in the notations of the proof of Theorem 4)

S [ sEeig
i ©s

We follow the method of the proof of [6, Theorem 11]. Let us write down
the Taylor series of S:
Y

n>0

(5) Ay = #0, k— oo
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Since S € S, by Cauchy’s inequality, we have
1

—-n

a T
sp| Sinf e’ —g ——7
|30l S >0 plT3 (147)7
. a g a
<inf e T2
>0

sexp(—ﬁlnﬁ—zlnn), n > 0.
a ae a

Choose 0 <€ < 5 —28. Given R > 0 consider
Sr = Z sp2™.
\nfaRa\<R%+E
Then for every n we have
1S(2) = Sr(2)|e *I" = O(]z|™™), ||z| = R| < p(R), R— <.

Next we use that for some ¢ > 0 independent of n, we have

oo
a a
/ pntle=2r" g < c/ p2ntle=2r" g,
0 [r—(2)1/e|<n1/a)=(1/2)

Therefore,

oo
HSR”i: Z 7_‘,‘s”|2/ r2n+1672ra dr

0
\nfaRa|<R%Jra

a
g c|sn|2/ p2ntle=2r" gy
r—(2)1/a|<n(/a)=(1/2)

\n—aR“|<R%+E

oa
§ : C|Sn|2/ ) ,r2n+1€ 2r dr
|r—R|<ciR'" 27t

\n—aRa|<R%+‘€

Zc|sn|2/ 20l =2t g

—a
70 r—Rl<e R~ 5+

c/ . E \sn|2r2"+1e_2T dr
1—a
lr—R|<ciR'"27%¢ n>0

IN

IN

IN

= c/ 1S(2)[2e™ 21" dm(2) < coR?7% 46 — 2.
‘|z|—R|<clR17%+5
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Fix s¢ such that

a €
1-445 1-8—~.
4+2 < x< B—

Choose a sequence N, k > 1, such that for Ry = |An,| we have
Ry+1 > 2Ry, k> 1, and

a 1
k]l — 3 _
e %Sm(zﬂ%m < pprr el = Be <p(Re), k=1

Set
f=> Sr.R.”"

k>1
Then f € F2(C), and

g =R, ”+O(R,'"™™) onTy,, k- ooc.

Hence,
f(©) . el Ry,
S(z ————d(| >R ———, < —,
®) Jo BOG -0 SR F 3
and finally
Ry/2 .1-28 4 1/2
A > cR.” / r__a — 00, k— oo.
o (I4r)»
This proves (5) and thus completes the proof of the theorem. O
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