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Introduction

In the Theory of Groups, one of the topics that has received con-
siderable attention since a long time is the study of the transitivity of
normality or, more precisely, the influence on the structure of a group
of that property. In the literature, a group G is said to be a T -group if
every subnormal subgroup of G is normal, and therefore the mentioned
question is the study of the structure of T -groups. Trivial examples of
T -groups are abelian groups and groups whose subgroups are normal
(Dedekind groups). Actually R. Dedekind [6] was able to determine the
form of a finite non-abelian group with normal subgroups only, a result
extended by R. Baer [1] to the general case. The structure of finite sol-
uble T -groups is due to W. Gaschütz [8]. Since subgroups of T -groups
need not be T -groups, a group G is said to be a T -group if every sub-
group of G is a T -group. Gaschütz himself proved that every finite
soluble T -group is a T -group although this is no longer true for infinite
soluble groups. Infinite soluble T -groups and T -groups were studied by
D. J. S. Robinson [22].
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Recently L. A. Kurdachenko and I. Ya. Subbotin [14] introduced the
concept of transitively normal subgroup. A subgroup H of a group G is
said to be transitively normal in G if H is normal in every subgroup K
such that H ≤ K and H is subnormal in K. There is an obvious relation-
ship between transitivity of normality and transitively normal subgroups
because a group G is a T -group if and only if every subgroup of G is
transitively normal. In the literature, there are many known types of
subgroups that are transitively normal. We mention some of the most
important of them.

• Pronormal subgroups. A subgroup H of a group G is said to be
pronormal in G if for each element g ∈ G there exists some u ∈
〈H,Hg〉 such that Hg = Hu. P. Hall introduced pronormal sub-
groups and these subgroups appeared in a natural way in the
process of investigation of significant subgroups of finite (soluble)
groups as Sylow subgroups, Hall subgroups, system normalizers,
and Carter subgroups. They also appeared in the study of soluble
finite dimensional linear groups as well as in the study of many
infinite soluble groups, where they usually are complements to the
locally nilpotent residual. Clearly every pronormal subgroup is
transitively normal, and in [14] some groups whose transitively
normal subgroups are pronormal were considered.

• Weakly normal subgroups. These subgroups arose in the paper by
K. H. Müller [19]. A subgroup H of a group G is said to be weakly
normal in G if Hg ≤ NG(H) implies that g ∈ NG(H). Every
pronormal subgroup is weakly normal and every weakly normal
subgroup is transitively normal [2, Lemma 1 and Proposition 1].

• H-subgroups. A subgroup H ≤ G is said to be an H-subgroup of
G if NG(H) ∩ Hg ≤ H holds for every element g ∈ G [4]. Every
H-subgroup is also transitively normal [4, Theorem 6].

• NE-subgroups. Li Shirong [17] introduced the following type of
H-subgroup. A subgroup H of a group G is called an NE -subgroup
if NG(H) ∩HG = H.

All these subgroups are transitively normal but not conversely. Thus,
groups whose subgroups are H-subgroups (respectively NE -subgroups,
weakly normal subgroups, pronormal subgroups) are T -groups. In this
framework the following question naturally arises: is it possible to char-
acterize the class of T -groups by means of specific families of sub-
groups? For example, T. A. Peng [20] showed that a finite group is
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a T -group if and only if its cyclic subgroups are pronormal. This re-
sult was extended to infinite locally soluble groups by I. Ya. Subbotin
and N. F. Kuzenny̆ı [25]. P. Csörgö and M. Herzog proved that a fi-
nite group whose cyclic subgroups of prime odd order and of order 4 are
H-subgroups is supersoluble ([5, Theorems 8, 10]). The same conclusion
for a finite group whose analogous cyclic subgroups are NE -subgroups
was obtained by Li Yangming ([18, Theorem 4.1]). In this paper we ob-
tain the following generalization of these results for infinite locally finite
groups.

Theorem A. Let G be a locally finite group whose cyclic subgroups of
prime order and of order 4 are transitively normal. Then G is hyper-
cyclic, the locally nilpotent residual L of G is an abelian Hall subgroup,
and every subgroup of L is G-invariant.

We recall that the locally nilpotent residual L of a group G is the
intersection of all normal subgroups H of G such that G/H is locally
nilpotent. It is not hard to see that if G is a locally finite group, then
G/L is locally nilpotent. We also recall that a group G is said to be
hypercyclic if G has an ascending series of normal subgroups whose fac-
tors are cyclic while G is said to be hypercentral if G has an ascending
central series. Hypercyclic groups (respectively, hypercentral groups)
are the infinite analogs of supersoluble groups (respectively, nilpotent
groups).

We note that in general the locally nilpotent residual L has no com-
plement. For example, there exist periodic hypercyclic groups G whose
locally nilpotent residual L is abelian, every subgroup of L is G-invariant,
G/L is abelian, but L has no complement (see [11, §2, Example 1], [12,
Theorem 4.7]). For finite groups the situation is different since L is
complemented by Schur-Zassenhaus Theorem.

We now list some wide characterizations of T -groups that appear in
the literature. Recall that a subgroup H of a group G is said to be
primary if H is a p-group for some prime p.

• A finite group whose cyclic subgroups are pronormal is a T -group.
(T. A. Peng [20]).

• A locally finite group whose cyclic subgroups are pronormal is a
T -group. (I. Ya. Subbotin and N. F. Kuzenny̆ı [25]).

• A finite group whose subgroups are H-subgroups is a T -group.
(M. Bianchi, A. G. B. Mauri, M. Herzog, and L. Verardi [4]).

• A finite group whose primary subgroups are H-subgroups is a T -
group. (M. Bianchi, A. G. B. Mauri, M. Herzog, and L. Verardi [4]).
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• A finite group whose subgroups are NE-subgroups is a T -group. (Li
Yangming [18]).

• A finite group whose primary subgroups are NE-subgroups is a T -
group. (Li Yangming [18]).

Making use of Theorem A, we are able to obtain the following most
wide characterization of locally finite T -groups.

Corollary A1. A locally finite group G whose primary cyclic subgroups
are transitively normal is a T -group.

In Section 3, we study non-periodic groups whose cyclic subgroups
are transitively normal. To avoid trivial cases, we consider non-abelian
groups that satisfy a wide generalized solubility condition. A group G
is said to be radical if it has an ascending series whose factors are lo-
cally nilpotent (see [21]). G is said to be generalized radical if G has
an ascending series whose factors are locally nilpotent or locally finite.
Since the subgroup generated by all locally nilpotent normal subgroups
of a group G is locally nilpotent (the locally nilpotent radical of G) and
the subgroup generated by all locally finite normal subgroups is locally
finite (the locally finite radical of G), a generalized radical group has
an ascending series of normal subgroups whose factors are either locally
nilpotent or locally finite. We also note that a periodic generalized radi-
cal group is locally finite, and hence a periodic locally generalized radical
group is also locally finite.

Theorem B. Let G be a non-periodic, non-abelian, locally generalized,
radical group whose cyclic subgroups are transitively normal. Then there
exists an abelian normal subgroup L of G and an element b ∈ G such
that G = L〈b〉, b2 ∈ L and xb = x−1 for every element x ∈ L. Moreover

(1) if b2 = 1, then the Sylow 2-subgroup D of L is elementary abelian;
and

(2) if b2 6= 1, then either D is elementary abelian or D = E × 〈v〉,
where E is elementary abelian and 〈b, v〉 is a quaternion group.

In both cases 〈D, b〉 is a Dedekind group. Conversely, if a group G has
such an structure, then every cyclic subgroup of G is transitively normal.

It is worth mentioning that the results of Section 3 hold if we only
impose that primary cyclic and infinite cyclic subgroups are transitively
normal (though the proofs are more tedious). On the other hand it
can be shown that non-periodic locally generalized radical groups whose
cyclic subgroups are pronormal are abelian, and it is an open question
to study other related properties for which the conditions of Theorem B
are sufficient.



Groups with Transitively Normal Subgroups 87

1. Auxiliary results

In this section we establish properties of transitively normal subgroups
to be frequently used in what follows. The first of them are almost
immediate.

Lemma 1.1. Let H be a transitively normal subgroup of a group G. If
L is a subgroup such that H ≤ L, then H is transitively normal in L.

Lemma 1.2. Let H be an ascendant subgroup of a group G. If H is
transitively normal in G, then H is normal in G.

This was shown in [14, Lemma 1.1].

The next results study locally nilpotent subgroups.

Lemma 1.3. Let L be a locally nilpotent subgroup of a group G and let
K be a finitely generated subgroup of L. If K is transitively normal in G,
then K is normal in L. In particular, if L is normal in G, then so is K.

Proof: Let L be the local system of L consisting of all finitely generated
subgroups of L that contain K. If F ∈ L, then F is nilpotent since it is
finitely generated. It follows that K is subnormal in F and hence normal
in F by Lemma 1.1. Since L =

⋃
F∈L F , K is normal in L, as required.

If L is normal in G, then K is subnormal in G hence normal in G since
it is transitively normal.

As we mentioned in the Introduction, a Dedekind group G is a group
whose subgroups are all normal. R. Baer’s characterization [1] of Dede-
kind groups showed that these groups G are either abelian or can be
expressed as a direct product G = Q × B × D, where Q is a copy of
the quaternion group of order 8, B is an elementary abelian 2-group and
D is a periodic abelian group with all elements of odd order.

Corollary 1.4. Let L be a locally nilpotent subgroup of a group G. If ev-
ery cyclic subgroup of L is transitively normal in G, then L is a Dedekind
subgroup.

Proof: Since every cyclic subgroup of L is normal in L by Lemma 1.3,
it follows that every subgroup of L is normal in L.

Corollary 1.5. Let L be a locally nilpotent ascendant subgroup of a
group G. If every cyclic subgroup of L is transitively normal in G, then
every subgroup of L is G-invariant.

Proof: By Lemma 1.2, L is normal in G. Corollary 1.4 yields that L is
a Dedekind group. It follows that every cyclic subgroup of L is sub-
normal in G. Being transitively normal, every cyclic subgroup of L is
G-invariant. Therefore, every subgroup of L is G-invariant.



88 L. A. Kurdachenko, J. Otal

The following results appear to be of a different nature but it will be
useful in the study both of the periodic and non-periodic cases.

Lemma 1.6. Let A be an elementary abelian normal p-subgroup of a
group G, where p is a prime. If every subgroup of A is G-invariant, then
the following conditions hold:

(1) If g /∈ CG(A), then there exists a positive integer k(g) such that
ag = ak(g) for every element a ∈ A; and

(2) G/CG(A) is a cyclic group of order dividing p− 1.

Proof: For some set Λ, we express A = Drλ∈Λ〈aλ〉, where the aλ have
order p. Pick g ∈ G. For every λ ∈ Λ the subgroup 〈aλ〉 is G-invariant

and then there exists some p′-number k(g, λ) such that agλ = a
k(g,λ)
λ .

Let Cλ be an isomorphic copy of the group U(Z/pZ) of the units of the
prime field Z/pZ and think of every k(g, λ) ∈ Z/pZ in the obvious way.
Then we have a map

ϕ : G −→ Crλ∈Λ Cλ given by g 7→ (k(g, λ))λ∈Λ,

which is not hard to see that is a homomorphism.
We claim that all the numbers appearing in ϕ(g) are equal (modulo p).

Pick λ, µ ∈ Λ a couple of indices. Then we have

agλ = a
k(g,λ)
λ

and

agµ = ak(g,µ)
µ ,

and so

(aλaµ)g = agλa
g
µ = a

k(g,λ)
λ ak(g,µ)

µ .

On the other hand, since 〈aλaµ〉 is G-invariant, there must exist some d
such that

(aλaµ)g = (aλaµ)d = adλa
d
µ.

From this it readily follows that

k(g, λ) ≡ d ≡ k(g, µ) (mod p),

and then our claim follows.
Then the mapping κ : G −→ U(Z/pZ) given by κ(g) = k(g, λ) the

common number, is an epimorphism of G onto U(Z/pZ). Since Kerκ =
CG(A), the result follows.
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2. Locally finite groups whose cyclic subgroups are
transitively normal

As we mentioned in the Introduction, the results of P. Csörgö and
M. Herzog [5] and Li Yangming [18] focused on finite groups whose cyclic
subgroups of order 4 and p 6= 2 are H-subgroups and NE -subgroups
respectively and showed that such a group G is supersoluble. We impose
here the condition that such subgroups are transitively normal to obtain
the same conclusion and extend the result to locally finite groups.

If G is a group, Π(G) is the set of all primes p such that G has elements
of order p.

Lemma 2.1. A finite group G whose cyclic subgroups of prime order
and of order 4 are transitively normal is supersoluble.

Proof: Let D be a Sylow 2-subgroup of G and put T = NG(D). Since
the cyclic subgroups of D of order 2 and 4 are transitively normal in T ,
they are normal in T . By [16, Theorem 1], the Hall 2′-subgroup K of G
is normal and then we have a semidirect decomposition G = K hD.

Let p ∈ Π(K) and P be a Sylow p-subgroup of K. Being transitively
normal, every subgroup of P of order p is normal in NG(P ). By [16,
Theorem 2], G is supersoluble.

Corollary 2.2. If the cyclic subgroups of prime order and of order 4
of a locally finite group G are transitively normal, then G has a unique
Hall 2′-subgroup that is normal in G.

Proof: Let L be the local system of G consisting of the finite subgroups
of G. By Lemma 2.1, every L ∈ L is supersoluble and then L has a
unique Hall 2′-subgroup that have to be normal in L. Therefore G has
a unique Hall 2′-subgroup that is normal in G.

We deduce immediately some features of the groups of this section.

Corollary 2.3. If the cyclic subgroups of prime order and of order 4
of a locally finite group G are transitively normal, then the commutator
subgroup [G,G] is locally nilpotent. In particular, the locally nilpotent
residual L of G is locally nilpotent.

Proof: Let L be a local system of G consisting of all finite subgroups.
If M ∈ L, by Lemma 1.1 and Lemma 2.1, M is supersoluble. It follows
that [M,M ] is nilpotent. Clearly

[G,G] =
⋃
M∈L

[M,M ],

and then [G,G] is locally nilpotent. Clearly L ≤ [G,G].
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Corollary 2.4. Let L be the locally nilpotent residual of a locally fi-
nite G. If the cyclic subgroups of prime order and of order 4 are transi-
tively normal in G, then 2 /∈ Π(L).

Proof: Let D be a Hall 2′-subgroup of G. By Corollary 2.2, D is normal
in G. Then the factor-group G/D is a locally finite 2-group and, in
particular, it is locally nilpotent. It follows that L ≤ D, as required.

Let p be a prime and let G be a p-group. For every integer n ≥ 1, let

Ωn(G) = 〈x ∈ G | xp
n

= 1〉.
If p is odd, then G is said to be p-central if Ω1(G) ≤ ζ(G). If p = 2,
then G is said to be 2-central if Ω2(G) ≤ ζ(G). To establish some results
needed to state the main ones of this section, we first need a result by
T. J. Laffey [15, Corollary 1 to Lemma 1].

Lemma 2.5. Let G be a finite p-group, where p is a prime. Suppose
that G is p-central. If p is odd, then Ωn+1(G)/Ωn(G) ≤ ζ(G/Ωn(G)) for
each integer n ≥ 1. If p = 2, then Ω2n+2(G)/Ω2n(G) ≤ ζ(G/Ω2n(G))
for each integer n ≥ 1.

Corollary 2.6. Let G be a locally finite p-group, where p is a prime. Sup-
pose that G is p-central. If p is odd, then Ωn+1(G)/Ωn(G) ≤ ζ(G/Ωn(G))
for each integer n ≥ 1. If p = 2, then Ω2n+2(G)/Ω2n(G) ≤ ζ(G/Ω2n(G))
for each integer n ≥ 1.

Lemma 2.7. Let G be a locally finite group and P be a normal p-sub-
group of G, where p is an odd prime. Suppose that every subgroup of P
of prime order is transitively normal in G. If G 6= CG(Ω1(P )), then the
following conditions hold:

(1) L1 = Ω1(P ) is an elementary abelian p-subgroup;

(2) Ωn+1(G)/Ωn(G) ≤ ζ(CG(L1)/Ωn(G)) for each integer n ≥ 1 (in
particular, P is hypercentral);

(3) G/CG(L1) is a cyclic group of order dividing p− 1; and

(4) every subgroup of Ω1(P ) and Ωn+1(G)/Ωn(G) is G-invariant for
each integer n ≥ 1.

Proof: Let x ∈ Ω1(P ) so that 〈x〉 is G-invariant by Lemma 1.3. Since P
is a locally finite p-subgroup, it is locally nilpotent. Then 〈x〉 ≤ ζ(P ).
Since this holds for each element of order p, we have that L1 ≤ ζ(P ), that
is P is p-central. In particular, L1 is an elementary abelian p-subgroup.
Clearly L1 is G-invariant. By our conditions, every cyclic subgroup
of L1 is G-invariant, and hence every subgroup of L1 is G-invariant. By
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Lemma 1.6, G/CG(L1) is cyclic of order a divisor of p − 1. Pick g ∈ G
such that G/CG(L1) = 〈gCG(L1)〉.

If L1 = P , then everything is proved. Suppose therefore that L1 6= P
and pick v ∈ P such that 1 6= vp ∈ L1. Let F be an arbitrary finite
subgroup of G such that g ∈ f and put V/L1 = 〈v〉FL1/L1. Clearly
V/L1Ω1(P/L1) = Ω2(P )/L1 and so V/L1 ≤ ζ(P/L1) by Corollary 2.6.
Consider the mapping

ξ : V → L1 given by ξ(y) = yp, y ∈ V.
Let y, z ∈ V . Then y1zy = zc for some element c ∈ L1. Since L1 ≤ ζ(P ),
we have ynzyn = zcn. Since yp ∈ L1, z = ypzyp = zcp and then cp = 1.
Furthermore, it is not hard to show that

(yz)n = ynzncbn , where bn =
(n− 1)n

2
.

In particular, ξ(yz) = ypzp = ξ(y)ξ(z) and so ξ is a homomorphism.
Clearly, Im ξ ≤ L1 and Ker ξ = L1. Moreover, for each x ∈ F and
y ∈ V , we have

ξ(yx) = (yx)p = (yp)x = ξ(y)x.

Since every subgroup of L1 is F -invariant, it follows ξ(y)x = ξ(y)t, for
some positive integer t. Then ξ(yx) = ξ(y)t = ξ(yt) and hence yxyt ∈
Ker ξ = L1. Thus

(yL1)xL1 = ytL1 = (yL1)t,

which means that 〈yL1〉 is F -invariant. Moreover, if x ∈ CF (L1), then
t = 1 and (yL1)xL1 = yL1. Therefore V/L1 = 〈v〉FL1/L1 = 〈v〉L1/L1 =
〈vL1〉. Since this holds for each finite subgroup F containing g, ev-
ery cyclic subgroup of Ω2(P )/L1 is G-invariant and so the factor-group
Ω2(P )/L1 is CG(L1)-central. It suffices to proceed as above and apply
induction to have the required result.

Proposition 2.8. Let G be a locally finite group and P be a nor-
mal Sylow p-subgroup of G, where p is an odd prime. Suppose that
every subgroup of P of prime order is transitively normal in G. If
G 6= CG(Ω1(P )), then the following conditions hold:

(1) P is abelian;

(2) G/CG(P ) is a cyclic group of order dividing p− 1; and

(3) every subgroup of P is G-invariant.

Proof: Pick x ∈ P of order p, and let F be a finite subgroup of P con-
taining x. Then 〈x〉 is subnormal in F . Being transitively normal, 〈x〉 is
normal in F . Since it is true for every finite subgroup of P containing x,
〈x〉 is normal in P . It follows that 〈x〉 is subnormal in G, so that 〈x〉 is
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G-invariant. Let L1 = Ω1(P ). We have that L1 is an elementary abelian
p-subgroup and L1 ≤ ζ(P ). By Lemma 1.6, G/CG(L1) is cyclic of order
dividing p − 1. Let y ∈ G such that G/CG(L1) = 〈yCG(L1)〉. Then
y = gh, where g is a p′-element, h is a p-element and [g, h] = 1. Since p
does not divide |G/CG(L1)|, G/CG(L1) = 〈gCG(L1)〉.

If L1 = P , then everything is proved. Suppose therefore that L1 6= P
and pick vL1 ∈ Ω1(P/L1) = Ω2(P )/L1. By Lemma 2.7, V/L1 = 〈vL1〉
is G-invariant. Since L1 ≤ ζ(P ), V is abelian. Since L1 is elementary
abelian, L1 = 〈vp〉×B, for some subgroup B. It follows that V = 〈v〉×B.
We recall that B is a G-invariant subgroup. Since g is a p′-element,
there exists a 〈g〉-invariant subgroup U such that V = U × B (see [13,
Corollary 5.13] for example). Since U ∼= V/B ∼= 〈v〉, U is cyclic, that is
U = 〈u〉 for some element u ∈ V . Then ug = uk1 , where k1 divides |g|,
and so p does not divide k1. Since |u| = p2, without loss of generality
we can assume that k1 < p2. By Lemma 1.6, there exists a positive
integer k such that xg = xk for every x ∈ L1. Since Lp = 〈1〉, we can
assume that k < p. Then

(up)g = (up)k and (up)g = (ug)p = (uk1)p = uk1p = upk1 = (up)k1 .

It follows that k1 ≡ k (mod p). Then k1 − k = sp, for some s ≥ 0, and
thus k1 = k + sp. We have now v = utz for some positive integer t and
z ∈ L1. Then

vg = (utz)g = (ut)gzg = (ug)tzg = (uk1)tzk = (ut)k1zk.

Further

zk1 = zk+sp = zkzsp = zk(zp)s = zk,

because zp = 1. Thus

vg = (ut)k1zk = (ut)k1zk1 = (utzk)k1 = vk1 .

Hence every subgroup of Ω2(P ) is 〈g〉-invariant. Let F be an arbitrary
finite subgroup of Ω2(P ). Then F is 〈g〉-invariant and moreover g induces
on F a non-identity power automorphism. It follows that F is abelian
by [10, Hilfsatz 5]. Hence Ω2(P ) is abelian.

Proceeding in this way, we see that every subgroup of Ω3(P )/Ω1(P )
is 〈g〉-invariant and then Ω3(P )/Ω1(P ) is abelian. Pick w ∈ Ω3(P )
and put W = 〈w,Ω1(P )〉 so that W is abelian since Ω1(P ) ≤ ζ(P ).
Proceeding as above, we obtain that 〈w〉 is 〈g〉-invariant. Applying [10,
Hilfsatz 5] again, we obtain that Ω3(P ) is abelian. Applying induction
and the above arguments, we see that Ωn(P ) is abelian for each positive
integer n. Therefore P =

⋃
n≥1 Ωn(P ) is abelian.
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It follows that P ≤ CG(P ). Since P is a Sylow p-subgroup of G
and G 6= CG(P ), we have p /∈ Π(G/CG(P )). Since the mapping a →
ap, a ∈ Ω2(P ) is a ZG-endomorphism of the abelian group Ω2(P ), the
factor-group Ω2(P )/Ω1(P ) is CG(Ω1(P ))-central. Hence if a ∈ Ω2(P )
and y ∈ CG(Ω1(P )), then ay = ac, for some c ∈ Ω1(P ). It follows
that ynayn = acn for every n ≥ 1. In particular, ypayp = acp = a,
that is yp ∈ CG(Ω2(P )). Since P is abelian, P ≤ CG(Ω2(P )) and so
G/CG(Ω2(P )) is a p′-group. Then the inclusion yp ∈ CG(Ω2(P )) yields
y ∈ CG(Ω2(P )). Therefore CG(Ω2(P )) = CG(Ω1(P )). Proceeding in this
way and applying induction, we obtain that CG(Ωn(P )) = CG(Ω1(P )),
for every n ≥ 1. Hence CG(P ) = CG(Ω1(P )).

As we proved above, every subgroup of P is 〈g〉-invariant. Since G =
〈g〉CG(P ), every subgroup of P is 〈g〉-invariant.

Lemma 2.9. Let p be an odd prime and let P be a finite p-subgroup of a
locally finite group G. Suppose that P is transitively normal in G. If Q
is a normal p′-subgroup of G, then PQ/Q is transitively normal in G/Q.

Proof: Suppose that PQ/Q is normal inR/Q andR/Q is normal in T/Q.
Let x ∈ T \R. Since the family {(PQ/Q)yQ | y ∈ 〈x〉} is finite and G is
locally finite, D/Q = (PQ/Q)〈xQ〉 is finite. By the choice of x, we have
that every conjugate (PQ/Q)yQ ≤ R/Q and then it is normal in R/Q. It
follows that D/Q is a finite p-subgroup of R/Q. Then D = QhS, where
S is a Sylow p-subgroup of D (see [7, Theorem 2.4.5] for example). Since
the Sylow p-subgroups of D are finite, they are conjugate. Therefore
there is no loss if we assume that P ≤ S. Being a finite p-subgroup, S is
nilpotent. By Lemma 1.3, P is normal in S.

The choice of D/Q yields that it is 〈xQ〉-invariant. Then D/Q is
a normal subgroup of V/Q = D/Q〈xQ〉. Since the Sylow p-subgroups
of D are conjugate, they are pronormal in V and it follows that V =
DNV (S). Then we may express x = yz, where y ∈ D and z ∈ NV (S).
By Lemma 1.3 again, P is normal in NV (S) and so P z = P and
(PQ/Q)zQ = PQ/Q. We have that y = wu, where w ∈ S and u ∈ Q.
Since P is normal in S, Pw = P and (PQ/Q)wQ = PQ/Q. Therefore

(PQ/Q)xQ = (PQ/Q)wuzQ = (PwQ/Q)uzQ

= (PQ/Q)uQzQ = (PQ/Q)zQ = P zQ/Q = PQ/Q,

and hence PQ/Q is normal in T/Q. This gives that PQ/Q is transitively
normal in G/Q, as required.
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Lemma 2.10. Let p be an odd prime, and let P be an abelian p-subgroup
of a locally finite group G. Suppose that there exists a p′-element x such
that x ∈ NG(P ) and [P, x] 6= 〈1〉. If every subgroup of P of order p
is transitively normal in G, then every subgroup of P is 〈x〉-invariant,
P = [P, x] and CP (x) = 〈1〉.

Proof: By [3, Proposition 2.12], P = [P, x]× CP (x). Let H = 〈P, x〉. If
we suppose that H = CH(Ω1(P )), then H = CH(Ωn(P )) for every n ≥ 1.
It follows that H is hypercentral. Since P is a Sylow p-subgroup of H,
H = P × 〈x〉 and we obtain a contradiction with the choice of x. This
contradiction shows that H 6= CH(Ω1(P )). By Proposition 2.8, every
subgroup of P is 〈x〉-invariant.

Suppose that CP (x) 6= 〈1〉 and pick c ∈ CP (x) of order p. Let now
a ∈ [P, x] of order p. Since a /∈ CP (x), ax = ad, where d is a p′-number
such that d 6≡ 1 (mod p). We have

(ac)x = axcx = axc.

On the other hand, since ac /∈ CP (x),

(ac)x = (ac)t,

where t is another p′-number such that t 6≡ 1 (mod p). Hence

adc = (ac)t = atct,

and therefore d ≡ t (mod p) and t ≡ 1 (mod p), a contradiction This
contradiction proves that CP (x) = 〈1〉 and hence [P, x] = P .

Lemma 2.11. Let G be a locally finite 2-group. Suppose that every
cyclic subgroup of order 2 and of order 4 is transitively normal. Then G
is hypercentral.

Proof: Put L = Ω2(G). If L ≤ ζ(G), then it suffices to apply Corol-
lary 2.6. Therefore suppose that L contains a non-central element x.
Clearly |x| = 4. Let C = CG(〈x〉) so that |G/C| = 2. We claim
that Ω2(C) ≤ ζ(C). For, otherwise there exists y ∈ C \ ζ(C). Again
|y| = 4 and there exists some v ∈ C such that yv = y−1. We have now
(xy)v = xvyv = xy−1. Since |y| = 4, xy 6= xy−1. It follows that the
element xy has order 4, and hence the subgroup 〈xy〉 is normal in G.
Then either (xy)v = xy or (xy)v = (xy)−1 = y−1x−1 = x−1y−1, because
y ∈ C. In both cases we obtain a contradiction with (xy)v = xy−1.
Thus Ω2(C) ≤ ζ(C) as claimed. By Corollary 2.6, Ω2n+2(C)/Ω2n(C) ≤
ζ(C/Ω2n(G)) for every n ≥ 1. In particular, C has an ascending series
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of G-invariant subgroups

〈1〉 = Z0 ≤ Z1 ≤ · · · ≤ Zn ≤ Zn+1 ≤ · · · ≤ C =
⋃
n≥1

Zn

whose factors are central in C and elementary abelian. Then

|G/CG(Zn+1/Zn)| ≤ 2

and so the second hypercenter of G/Zn contains Zn+1/Zn. Since this
holds for every n ≥ 1, the upper ωth-hypercenter of G contains C. Since
|G/C| = 2, G is hypercentral.

We are in a position to show Theorem A, whose proof is deduced from
the next result.

Theorem 2.12. Let G be a locally finite group whose cyclic subgroups
of prime order and of order 4 are transitively normal. Then G satisfies
the following conditions:

(1) G is hypercyclic;

(2) the locally nilpotent residual L of G is abelian;

(3) 2 /∈ Π(L) and Π(L) ∩Π(G/L) = ∅;
(4) every subgroup of L is G-invariant; and

(5) G/L is hypercentral and G/CG(L) is abelian.

Proof: By Corollary 2.3, L is locally nilpotent. Hence

L = Drp∈Π(L) Lp,

where Lp is the Sylow p-subgroup of L. We recall that 2 /∈ Π(L) by
Corollary 2.4. By Lemma 2.7, each Lp has an ascending series of G-in-
variant subgroups whose factors are cyclic. It follows that L has an
ascending series of G-invariant subgroups whose factors are cyclic.

Therefore it only remains to show that Π(L)∩Π(G/L) = ∅. Suppose
that this is false and pick p ∈ Π(L) ∩ Π(G/L). Clearly, p has to be
odd. Since G is locally finite, G/L is locally nilpotent. Hence G/L =
Drp∈Π(G/L) Sp, where Sp is the Sylow p-subgroup of G/L. In particular,
G/L = P/L ×W/L, where P/L = Sp and W/L = Drr 6=p Sr. We also
have L = R × Q, where R = Lp and Q = Drq 6=p Lq. Then P/Q is a
Sylow p-subgroup of G/Q. Pick x ∈ P such that xp ∈ Q. We have
x = uv, where u is a p-element and v is a p′-element that commute.
Then xQ = uQ. Since xp ∈ Q, |u| = p and then the subgroup 〈u〉 is
transitively normal in G. By Lemma 2.9, 〈xQ〉 = 〈uQ〉 is transitively
normal in G/Q. In other words, the cyclic subgroups of G/Q of order p
are transitively normal in G/Q. Denote by K/Q the subgroup of P/Q
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generated by its elements of order p. By Lemma 2.7, K/Q ≤ ζ(P/Q),
and so K/Q is elementary abelian. Since P/Q is normal in G/Q, every
cyclic subgroup of K/Q is subnormal in G/Q. Being transitively normal,
every cyclic subgroup of K/Q is G-invariant. Since K/Q ≤ ζ(P/Q),
CG/Q(K/Q) ≥ P/Q. Since P/Q is a Sylow p-subgroup of G/Q, either
G/Q = CG/Q(K/Q) or (G/Q)/CG/Q(K/Q) is a p′-group. In the first
case Lemma 2.7 shows that the factors Ωn+1(P/Q)/Ωn(P/Q) are central
in G/Q for every n ≥ 1. It follows that the upper hypercenter of G/Q
includes P/Q. Since G/P is locally nilpotent, G/Q is locally nilpotent.
But Q is a proper subgroup of L, and we obtain a contradiction with
the choice of L. This contradiction shows that (G/Q)/CG/Q(K/Q) is a
p′-group.

By Proposition 2.8, P/Q is abelian, the factor-group (G/Q)/CG/Q(K/Q)
is cyclic of order dividing p−1 and every subgroup of P/Q is G-invariant.
Pick g ∈ G such that (G/Q)/CG/Q(K/Q) = 〈(gQ)CG/Q(K/Q)〉. There
is no loss if we assume that g is a p′-element. By our assumption
L/Q 6= P/Q. Since G/L is locally nilpotent, ζ(G/L) contains its Sylow
p-subgroup P/L, so that [gQ, P/Q] ≤ L/Q. In particular, [gQ, P/Q] 6=
P/Q. On the other hand, an application of Lemma 2.10 shows that
[gQ, P/Q] = P/Q. This contradiction proves that Π(L) ∩ Π(G/L) = ∅,
and (3) is proved.

Let 2 6= p ∈ Π(G/L), Sp be a Sylow p-subgroup of G/L and x be
an element of G such that xp ∈ L. We have express x = uv, where
[u, v] = 1, u is a p-element and v is a p′-element. Then xL = uL. Since
xp ∈ L, |u| = p. It follows that the subgroup 〈u〉 is transitively normal
in G. By Lemma 2.9, 〈xL〉 = 〈uL〉 is transitively normal in G/L. In
other words, every cyclic subgroup of G/L having order p is transitively
normal in G/L. As above we see that all they are G-invariant. Moreover,
since G/L is locally nilpotent, the center of G/L contains all elements
of order p. By Corollary 2.6, Ωn+1(Sp)/Ωn(Sp) ≤ ζ(Sp/Ωn(Sp)) for
every n ≥ 1. In particular, Sp is hypercentral.

Consider now the Sylow 2-subgroup S2 = E/L of G/L. Pick x ∈ E
such that |xL| = 2 or |xL| = 4, and let y ∈ E \ L. Since G is locally
finite, 〈xL, yL〉 = F/L is a finite 2-subgroup. Then F = L h Y , where
Y is a Sylow 2-subgroup of F (see [7, Theorem 2.4.5] for example). Pick
x1, y1 ∈ Y such that xL = x1L and yL = y1L. If |xL| = 2, then |x1| = 2.
It follows that the subgroup 〈x1〉 is transitively normal. By Lemma 1.3,
〈x1〉 is normal in Y . Since Y is a finite 2-subgroup, 〈x1〉 ≤ ζ(Y ). In
particular, x1y1 = y1x1. It follows that

xLyL = x1Ly1L = x1y1L = y1x1L = y1Lx1L = yLxL.
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Since this holds for every element of E/L, xL ∈ ζ(D). Suppose now
that |xL| = 4 so that |x1| = 4. Again we have that 〈x1〉 is transitively
normal and then 〈x1〉 is normal in Y . Thus y−1

1 x1y1 = x±1
1 . It follows

that

(yL)−1xL(yL) = (y1L)−1x1L(y1L) = (y−1
1 x1y1)L = x±1

1 L = (xL)±1.

Therefore 〈xL〉 is normal in E/L. In other words, every cyclic subgroup
of order 2 or order 4 is normal in S2. By Lemma 2.11, S2 is hypercentral.
Since

G/L = Drp∈Π(G/L) Sp,

G/L is hypercentral.
Let now p ∈ Π(L) and consider the subgroup Lp. Since L is locally

nilpotent, every cyclic subgroup of Lp of prime order is G-invariant by
Lemma 1.3. In particular, Ω1(Lp)≤ζ(Lp). In other words, CG(Ω1(Lp))≥
Lp. Then either G = CG(Ω1(Lp)) or G/CG(Ω1(Lp)) is a p′-group. In
the first case, by Lemma 2.7, the factors Ωn+1(Lp)/Ωn(Lp) are central
in G for every n ≥ 1. It follows that the upper hypercenter of G in-
cludes Lp. Since G/L is locally nilpotent, G/(Drq 6=p Lq) is locally nilpo-
tent. On the other hand, Drq 6=p Lq is a proper subgroup of L and we
obtain a contradiction with the choice of L. This contradiction shows
that G/CG(Ω1(Lp)) is a p′-group. By Proposition 2.8, Lp is abelian, the
factor-group G/CG(Ω1(Lp)) is cyclic of order dividing p − 1 and every
subgroup of Lp is G-invariant. Since this holds for every p ∈ Π(L), L is
abelian, the factor-group G/CG(L) is abelian and every subgroup of L
is G-invariant. The proof is now complete.

The original results due to P. Csörgö and M. Herzog [5] and Li Yang-
ming [18] appear now as immediate consequences of Theorem A.

Corollary 2.13 ([5]). Let G be a finite group whose cyclic subgroups
of prime order and of order 4 are H-subgroups. Then G satisfies the
following conditions:

(1) G is supersoluble;

(2) G = LhK, where L and K are nilpotent Hall subgroups of G;

(3) every cyclic subgroup of prime order and of order 4 of L is G-in-
variant; and

(4) every cyclic subgroup of prime order and of order 4 of K is normal
in K.

Corollary 2.14 ([18]). Let G be a finite group whose cyclic subgroups of
prime order and of order 4 are NE-subgroups. Then G is supersoluble.
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From this, we are able to obtain the following most wide characteri-
zation of locally finite T -groups. The next result is an extended version
of Corollary A1.

Corollary 2.15. Let G be a locally finite group whose primary cyclic
subgroups are transitively normal. If L is the locally nilpotent residual
of G, then we have

(1) L is abelian;

(2) 2 /∈ Π(L) and Π(L) ∩Π(G/L) = ∅;
(3) every subgroup of CG(L) is G-invariant; and

(4) G/L is Dedekind and G/CG(L) is abelian.

In particular, G is a a T -group.

Proof: Since every subgroup of prime order and every subgroup of or-
der 4 is transitively normal, G satisfies the conditions of Theorem 2.12.
The assertions (1)–(3) follow from Theorem 2.12. We only have to prove
that the factor-group G/L is a Dedekind group. Let p ∈ Π(G/L) and
P/L be a Sylow p-subgroup of G/L. Pick xL, yL ∈ P/L. Since G is
locally finite, G/L is locally nilpotent, so that 〈xL, yL〉 = K/L is a finite
p-subgroup. Then there exists a finite subgroup F such that K = FL.
Let V be a Sylow p-subgroup of F . Then V (F ∩ L)/(F ∩ L) is a Sy-
low p-subgroup of F/(F ∩ L). Since F/(F ∩ L) ∼= FL/L is a p-group,
V (F ∩ L) = F and then V L = K. By Corollary 1.4, V is a Dedekind
group. It follows that V L/L = K/L is also a Dedekind group. Therefore
〈xL〉yL = 〈xL〉. This holds for every element yL ∈ P/L so that 〈xL〉 is
normal in P/L. Hence P/L is a Dedekind group, and so is G/L.

Since G satisfies the conditions (1)–(4), G is a T -group by [22, The-
orem 6.1.1].

Corollary 2.16. Let G be a locally finite group. Then the following
assertions are equivalent:

(1) every primary cyclic subgroup of G is transitively normal;

(2) every primary cyclic subgroup of G is an H-subgroup;

(3) every primary cyclic subgroup of G is an NE-subgroup;

(4) every primary cyclic subgroup of G is weakly normal;

(5) every primary cyclic subgroup of G is pronormal;

(6) every cyclic subgroup of G is pronormal; and

(7) G is a T -group.
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Proof: The assertion (1) ⇒ (6) follows from Theorem B. Conversely, if
G is a T -group, then every cyclic subgroup of G is pronormal ([25]).

We note that if every cyclic subgroup of a finite group G is pronormal,
then every subgroup is pronormal ([20]) and that the class of finite
T -groups coincides with the class of soluble T -groups ([8]). Therefore
for finite groups we obtain.

Corollary 2.17. Let G be a finite group. Then the following assertions
are equivalent:

(1) every primary cyclic subgroup of G is transitively normal;

(2) every primary cyclic subgroup of G is an H-subgroup;

(3) every primary cyclic subgroup of G is an NE-subgroup;

(4) every primary cyclic subgroup of G is weakly normal;

(5) every primary cyclic subgroup of G is pronormal;

(6) every cyclic subgroup of G is pronormal;

(7) every subgroup of G is pronormal;

(8) G is a T -group; and

(9) G is a soluble T -group.

This result gives a very wide generalization of results of the papers [4]
and [18].

3. Some non-periodic groups whose cyclic subgroups are
transitively normal

We start with some auxiliary results.

Lemma 3.1. Let G be a group whose cyclic subgroups are transitively
normal. If A ≤ G is periodic locally nilpotent and g ∈ NG(A) has infinite
order, then g ∈ CG(A).

Proof: We have A = Drp∈Π(A)Ap, where Ap is the Sylow p-subgroup
of A. Put Lp = Ω1(Ap) for every p ∈ Π(A). By Lemma 1.3, every cyclic
subgroup of Lp is 〈g〉-invariant. Then Lemma 1.6 yields gk ∈ CG(Lp),
where k is a divisor of p − 1. Since the mapping a → ap, a ∈ Ω2(Ap)
is a Z〈g〉-homomorphism, gk ∈ CG(Ω2(Ap)/Ω1(Ap)). Similarly, gk ∈
CG(Ωn+1(Ap)/Ωn(Ap)) for every positive integer n. It follows that the
subgroup 〈gp, Ap〉, where gp = gk, is hypercentral. By Corollary 1.4,
〈gp, Ap〉 is a Dedekind group. Being non-periodic, it has to be abelian.
Pick y ∈ Ap. Then gpy has infinite order. The subgroup 〈gp, Ap〉 is
normal in 〈g,Ap〉 and 〈gpy〉 is normal in 〈gp, Ap〉. It follows that 〈gpy〉 is
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normal in 〈g,Ap〉. Therefore either g−1(gpy)g = (gpy)−1 or g−1(gpy)g =
gpy. In the first case we have

g−1
p y−1 = (gpy)−1 = g−1(gpy)g = (g−1gpg)(g−1yg) = gpy

t,

for some positive integer t. Since 〈gp, y〉 = 〈gp〉 × 〈y〉, we obtain that
g−1
p = gp, which is impossible because g−1

p has infinite order. This

contradiction shows that g−1(gpy)g = gpy. Then

g−1yg = g−1(g−1
p (gpy))g = (g−1g−1

p g)(g−1(gpy)g) = g−1
p (gpy) = y.

Since this holds for each element y ∈ Ap, g ∈ CG(Ap). The last inclusion
is valid for all p ∈ Π(A) and then g ∈ CG(A). Hence 〈g,A〉 is abelian.

Corollary 3.2. Let G be a group whose cyclic subgroups are transitively
normal. Suppose that A is a periodic locally nilpotent subgroup of G and
g ∈ NG(A). If g has infinite order, then g ∈ CG(A).

Proof: We have A = Drp∈Π(A)Ap, where Ap is the Sylow p-subgroup
of A. By Corollary 1.4, A is a Dedekind group. Then either A is abelian
or Ap is abelian for every odd prime p and A2 = Q × D, where Q is
a quaternion group and D is an elementary abelian 2-subgroup. In the
first case, the result follows from Lemma 3.1.

Thus we consider the second case. Applying Lemma 3.1 again, we see
that g ∈ CG(Ap) for every odd prime p. Suppose that g /∈ CG(A2). By
Lemma 1.3, every subgroup of A2 is 〈g〉-invariant. Since the maximal
order of the elements of A2 is 4, it follows that g2 ∈ CG(A2). There-
fore the subgroup 〈g2, A2〉 is nilpotent. By Corollary 1.4, 〈g2, A2〉 is a
Dedekind group. Being non-periodic, it has to be abelian and we obtain
a contradiction. This contradiction proves the result.

Lemma 3.3. Let A be a non-periodic abelian subgroup of a group G
whose cyclic subgroups are transitively normal. If b ∈ NG(A) \ CG(A),
then b2 ∈ CG(A) and ab = a−1 for every element a ∈ A.

Proof: Let a ∈ A be arbitrary. Being transitively normal, 〈a〉 is normal
in 〈a,A〉. If the order of a is infinite, then either ab = a or ab = a−1. In
other words, b centralizes or inverts each non-periodic element of A.

If ab = a for every a ∈ A, then the result follows. Otherwise, there
exists c ∈ A such that cb = c−1 6= c. Actually we may suppose that
the order of c is infinite. For, if b centralizes every non-periodic element
of A, this forces that c must have order 2, a contradiction. In this case,
we are going to show that b inverts every element a ∈ A.

Suppose that a has finite order so that ac has infinite order. Then

abc−1 = (ac)b = ac or a−1c−1.
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In the first case we have c2 = aba−1, a contradiction since c2 has infinite
order. It follows that ab = a−1. Suppose now that a has infinite order.
If av has finite order, reasoning as above we have

abc−1 = (ac)b = (ac)−1 = a−1c−1

hence ab = a−1. If ac has infinite order, we apply our claim to a and
ac at once to easily see that b cannot centralize a. Hence vb = v−1, as
required.

We are closer to establishing the proof of the necessity of the condi-
tions of Theorem B.

Lemma 3.4. Suppose we have a group G of the form G = A〈b〉, where
A is a non-periodic abelian normal subgroup of G, b2 ∈ A and ab = a−1

for every element a ∈ A. If every cyclic subgroup of G is transitively
normal, then we have

(1) if b2 = 1, then the Sylow 2-subgroup D of A is elementary abelian;
and

(2) if b2 6= 1, then either D is elementary abelian or D = E × 〈v〉
where E is elementary abelian and 〈b, v〉 is a quaternion group.

In both cases 〈D, b〉 is a Dedekind group.

Proof: Pick a ∈ CA(b) so that ab = a. Since ab = a−1 by hypothesis,
we have a2 = 1. Therefore CA(b) is an elementary abelian 2-subgroup.
Since b2 ∈ A, we have b2 ∈ CA(b). If b2 6= 1, then b4 = (b2)2 = 1 and
so b has order 4. Conversely, it is trivial that if a ∈ A and |a| = 2, then
a ∈ CA(b).

Let a be an arbitrary element of A. Then b−1a1ba = a2 and so
a−1ba = ba2. Moreover ab = ba−1 and then (ba)(ba) = b(ab)a =
b(ba−1)a = b2.

Assume that there exists a subgroup L ≤ G such that b ∈ L and 〈b〉
is subnormal in L. We have L = (L ∩ A)〈b〉 and K := L ∩ A is an
abelian normal subgroup of L. Since 〈b〉 is subnormal in L, L = K〈b〉
is nilpotent (see [9, Lemma 4]). Actually Π(K) = {2}. For, otherwise
suppose that x ∈ K is a 2′-element. Since L is nilpotent, x ∈ CL(b), a
contradiction because we have already seen that CA(b) is an elementary
abelian 2-subgroup.

Suppose that y ∈ K has infinite order. Since every subgroup of A is
G-invariant, the subgroup 〈y〉 ∩ ζ(L) := 〈z〉 has to be non-trivial. Again
z ∈ CL(b), which leads to a contradiction. Therefore K is periodic and
hence a 2-subgroup.
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Let D be the Sylow 2-subgroup of A so that K ≤ D. The sub-
group 〈D, b〉 is a locally nilpotent 2-group and then 〈b〉 is normal in 〈D, b〉
by Lemma 1.3. Moreover, Corollary 1.4 shows that 〈D, b〉 is a Dedekind
group.

Suppose first |b| = 2. Then 〈b〉∩A = 〈1〉. Since 〈b〉 is normal in 〈D, b〉,
〈D, b〉 = D × 〈b〉. It follows that D ≤ CA(b), an elementary abelian
2-subgroup. Otherwise b has order 4. Since 〈b2〉 is normal inG, reasoning
as above, we see that D/〈b2〉 is an elementary abelian 2-subgroup. Then
either D is elementary abelian or D has an element v of order 4 such that
v2 = b2. In this case, since the order of v is maximal among the order of
the elements of D, there exists an elementary abelian subgroup E such
that D = E × 〈v〉. Since 〈v〉 is 〈b〉-invariant,

|〈b〉〈v〉| = (|〈b〉||〈v〉|)/|〈b〉 ∩ 〈v〉| = 8.

Since 〈b〉 is normal in 〈D, b〉, 〈b, v〉 is a product of two cyclic normal sub-
groups of order 4. It readily follows that 〈v, b〉 is a quaternion group.

Proposition 3.5. Let G be a non-abelian radical group whose cyclic
subgroups are transitively normal in G. If G is non-periodic, then G =
A〈b〉, where A is an abelian normal subgroup, b2 ∈ A and ab = a−1 for
every element a ∈ A. Moreover

(1) if b2 = 1, then the Sylow 2-subgroup D of A is elementary abelian;
and

(2) if b2 6= 1, then either D is elementary abelian or D = E × 〈v〉,
where E is elementary abelian and 〈b, v〉 is the quaternion group.

In both cases 〈D, b〉 is a Dedekind group.

Proof: Let L be the locally nilpotent radical of G so that L itself is
locally nilpotent. We claim that L cannot be periodic. For, otherwise
suppose that L is periodic. Pick an element g ∈ G of infinite order.
By Corollary 3.2, g ∈ CG(L). On the other hand, being G radical, we
have that CG(L) ≤ L ([21, Lemma 4]), a contradiction, which shows our
claim.

By Corollary 1.4, L is a non-periodic Dedekind group and hence
abelian. By Corollary 1.5, every subgroup of L is G-invariant. It fol-
lows that G/CG(L) is a finite group of order 2 (see [23, Theorem 1.5.7]).
Since CG(L) ≤ L, there exists some b ∈ G such that G = L〈b〉 and
b2 ∈ L. Put A = L. It suffices to apply Lemma 3.3 and Lemma 3.4 to
get the result.

To show the aforesaid necessity in Theorem B, it only remains to show
that the groups in its statement actually are radical.
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Corollary 3.6. A non-periodic non-abelian locally radical group G whose
cyclic subgroups are transitively normal is radical.

Proof: Pick elements g, x, y ∈ G such that the order of g is infinite
and xy 6= yx. Put F = 〈g, x, y〉 and let L be the local system of G
consisting of all finitely generated subgroups of G that contains F . By
Proposition 3.5, every subgroup K ∈ L is metabelian. It follows that G
itself is metabelian hence radical.

In a famous paper I. Schur [24] proved the following outstanding
result: If the factor-group G/ζ(G) is finite, then the commutator sub-
group [G,G] is finite. From this it is not hard to deduce as a corollary
the following slight generalization: If the factor-group G/ζ(G) is locally
finite, then the commutator subgroup [G,G] is locally finite.

Lemma 3.7. A non-periodic generalized radical group G whose cyclic
subgroups are transitively normal is a radical group.

Proof: Let L be the locally nilpotent radical of G. We claim that L 6=
〈1〉; this is clear if G has no non-trivial locally finite normal subgroups
since G is generalized radical. Otherwise, if F is the locally finite radical
of G, we have that F 6= 1. By Corollary 2.15, [F, F ] is abelian and thus
L is non-trivial just as we claimed.

Assume that L contains no CG(L) and set K := LCG(L) so that
K/L 6= 〈1〉. Since G is generalized radical, there exists an ascending
series of G-invariant subgroups

L = K0 ≤ K1 ≤ · · · ≤ Kη = K,

whose factors are either locally nilpotent or locally finite. We recall that
the locally nilpotent radical of a radical group contains its centralizer
([21, Lemma 4]). It follows that the factor K1/L is locally finite since it
cannot be locally nilpotent. If L is periodic, then K1 itself is locally finite
and then, by Corollary 2.15, K1/L is a Dedekind group, a contradiction.
Hence L is not periodic. By Corollary 1.4, L is also a Dedekind group
and hence it has to be abelian. Put C = CG(L)∩L and D = CG(L)∩K1.
Then C ≤ ζ(D) and

D/C = (CG(L) ∩K1)/(CG(L) ∩K1 ∩ L) ∼= (CG(L) ∩K1)L/L ≤ K1/L.

Since K1/L contains no locally nilpotent normal subgroups, D/C is
locally finite and contains no locally nilpotent normal subgroups. As
mentioned above, [D,D] is locally finite. By Corollary 2.15, [D,D] is
metabelian and then D is soluble. Hence D/C is soluble and this leads
to a contradiction. Consequently CG(L) ≤ L and then G is a radical
group.
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Corollary 3.8. A non-periodic non-abelian locally generalized radical
group whose cyclic subgroup are transitively normal is radical.

Proof of Theorem B: The structure of G follows from the application of
the previous results.

Suppose that a non-periodic non-abelian locally generalized radical
group G has the structure given in the statement. Let g ∈ G be an
arbitrary element. If g ∈ L, then 〈g〉 is normal in G and hence it is
transitively normal. Suppose that g /∈ L. Then there exists some u ∈ L
such that g = bu. Therefore we have G = L〈g〉. Pick a ∈ L. Then

b−1a−1ba = aa = a2

and so a−1ba = ba2. Since ab = ba−1,

(ba)2 = b(ab)a = b(ba−1)a = b2.

In particular, g2 = (bu)2 = b2. Since L is abelian, ag = ab = a−1 for
every element a ≤ L, which assures us that it will suffice to show that
〈b〉 is transitively normal in G.

Let K be a subgroup of G such that 〈b〉 is subnormal in K and put
F = 〈b〉K . Then F is a 2-subgroup. If K itself is a 2-subgroup, then
K is a Dedekind group, so that 〈b〉 is normal in K. Suppose first that
there exists y ∈ K such that |y| = p is an odd prime. Then y ∈ L. As
we proved above, y−1by = by2 and so y2 ∈ F . On the other hand, by
the choice of y we have that 〈y〉 = 〈y2〉 and then y ∈ E, a contradiction
since F is a 2-subgroup. This contradiction shows that Π(K) = {2} if
K has elements of order finite. Otherwise, pick d ∈ K of infinite order.
Reasoning as above we obtain that d2 ∈ F , a new contradiction since
F is periodic and d2 is not. Thus K has to be a 2-subgroup and the
result follows.
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