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BILINEAR LITTLEWOOD-PALEY FOR CIRCLE AND
TRANSFERENCE

PARASAR MOHANTY AND SAURABH SHRIVASTAVA

Abstract

In this paper we have obtained the boundedness of bilinear
Littlewood-Paley operators on the circle group T by using appro-
priate transference techniques. In particular, bilinear analogue of
Carleson’s Littlewood-Paley result for all possible indices has been
obtained. Also, we prove some bilinear analogues of de Leeuw’s
results concerning multipliers of R™.

1. Introduction

Let m be a bounded measurable function defined on R?". Consider
the bilinear operator 7" associated with the symbol m

W TG = [ [ fQamme e agan

defined for functions f and g belonging to the Schwartz space S(R™).
We say that m is a bilinear multiplier on R™ for the triplet (p1,p2,p3),
1

where 1 < p1,p2 < 00 and p% + p% =55 if the operator T extends to a

bounded operator from LP*(R™) x LP2(R™) into LP3(R"™), i.e.
(2) ITCF D lps < el fllpillglle

where ¢ is a constant independent of functions f and ¢g. In a similar
fashion we can define bilinear multipliers on the n-dimensional torus T".

After Lacey and Thiele’s work [14], [15] on bilinear Hilbert trans-
form, where m(&,n) = —isgn(§ —n) for £,n € R, the study of bilinear
multipliers got lot of attention. The set of all bilinear multipliers on R"
for the triplet (p1,p2,p3) will be denoted by M?3 (R™). For ps > 1,

P1,p2

MP: , (R™) becomes a Banach space under the operator norm, whereas
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for 0 < p3 < 1 it forms a quasi Banach space. For details we would like
to refer the interested reader to the article of Grafakos and Torres [12].

In the theory of linear multipliers, the smooth and non-smooth Lit-
tewood-Paley square functions play important roles. Let us first recall
some classical results concerning square functions from linear multiplier
theory.

Let {I,,}nez be a sequence of disjoint intervals in R. Then the asso-
ciated non-smooth Littlewood-Paley square function is defined as

1

T/(x) = <Z|’fzn(f)($)|2> . fes®),

nez

—

where 77, is the linear multiplier operator given by 77, f(€) = x1, (€)f(€).
The smooth analogue of the operator 7 is defined by considering com-
pactly supported smooth functions ¢,, instead of x,. It is well-known
that the LP boundedness properties of the operator 7 can be derived
from boundedness of a suitable smooth square function with some vec-
tor valued arguments. The celebrated result of Littlewood and Paley [10]
states that if I,, = (=271, -2 U [2",2"F1) n € Z, then for 1 < p < oo
and f € S(R), we have

(3) <Z ITzn(f)I2> SN IZEE

nez LP(R)

Here the notation ‘A = B’ means that there are two constants cy,
co such that ;A < B < coA. Later, in the year 1967, Carleson [5]
considered the Littlewood-Paley square function associated with the se-
quence I, = [n,n+ 1), n € Z, and proved that for 2 < p < oo, there
exists a constant C), such that for all f € S(R), we have

(4) (Z Tz, (f)|2> < Cpllfll Locwy-

net Lo (R)

In the year of 1985, Rubio de Francia [18] proved above inequality (4)
for the case of arbitrary sequence of disjoint intervals in R. In both the
previous results p > 2 is an optimal condition.

Our interest here is to study some bilinear analogues of these questions
on the circle group T. Lacey [13] introduced the bilinear Littlewood-
Paley square function. Let {I;};cz be a sequence of disjoint intervals
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in R. Then the associated non-smooth bilinear Littlewood-Paley opera-
tor is defined as

1
2
(5) S(f9)(x) = (ZISzl(f,g)(x)F) , g€ SR),
€z
where Sy, is the bilinear multiplier operator associated with the sym-
bol x1,(§ —n). The smooth version is defined naturally replacing x7, (§ —
n) by smooth function ¢;(§ —n). We are interested in LP boundedness
properties of these bilinear square functions. We say that the operator S
is bounded for triplet (p1, p2, ps) satisfying Holder condition p%+p% = p%,
if
IS Dllps < CllF Nl l19llp--

Lacey [13] proved the boundedness of a bilinear analogue of smooth
Carleson’s Littlewood-Paley operator on R for ps = 2. Later, Mohanty
and Shrivastava [17] extended Lacey’s results for p3 > % and p1,p2 > 2.
The problem for non-smooth version was addressed by Bernicot [1]. He
proved the boundedness of a version of non-smooth bilinear Littlewood-
Paley operator. In particular, he obtained the bilinear analogue of
Carleson’s Littlewood-Paley inequality (4) on R in the local L? case,
ie. 2 < p1,pa,ph < c0.

In §2 we have considered bilinear Littlewood-Paley square functions
on circle group T. Let {I;};cz be a sequence of disjoint intervals in Z
and S;(f, g) be the bilinear multiplier operator associated with the sym-
bol 7, (n —m), i.e., for f,g € ’P(T), trignometric polynomials on T,

(6) Si(f,9) Z F)g(m)x;, (n —m)e>rietmtm,

The bilinear thtlewood—Paley square function associated with this se-
quence is given by

(7) 5(f,9)(@) = (Z |Sl<f,g><sc>|2> , €T

1€z
Observe that in the linear case Carleson’s theorem on T is trivial as the
interval [n,n + 1) is just smgleton {n}. In this case the linear opera-
tors T, satisfy, T, (f)(z) = (X7, H(@) = f(n)e2™* for x € T. Then the

associated Littlewood-Paley square function 7' becomes

@'T ) @'f )1—||f||2-
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Hence, for 2 < p,

N

<Z ITn(f)|2> = [l fll2 < 115

neZ
p

But this is no longer true in the bilinear setting. As in the bilinear case
one can easily see that for I; = {i}, we have following description of the
associated bilinear operator

Si(f.9)(@) = 272 (e7 f x g) (2).

Like the linear case by estimating the L?(T) norm of bilinear Carleson’s
Littlewood-Paley square function directly and using the nested property
of LP(T) spaces (see §2 for precise arguments), we can prove boundedness
of this square function only for exponents satisfying 2 < pi,po2,ps <
00. So, for other exponents bilinear Carleson’s Littlewood-Paley square
function becomes an interesting object. In §2 we prove the boundedness
of this operator for all possible exponents. Also, we prove a bilinear
analogue of Bernicot’s result [1] on T. We have used suitable vector

valued transference techniques to obtain these results.

In §3 and §4 we continue with the transference techniques and prove
some bilinear analogues of de Leeuw’s results concerning transferring
linear multipliers among Euclidean groups. In order to state one of de
Leeuw’s result we first provide the definition for Besicovitch spaces of
almost periodic functions. For 0 < p < oo, Besicovitch space is denoted
by BP(R) and is defined as the closure of trigonometric polynomials with
respect to the semi-norm

1 T P
1£1lBr ) = Jim <ﬁ/ ¥i (:v)|pdx> .

Note that there are non-zero functions f with || f|| g»(r) = 0. So one has
to quotient out these functions to get a norm for 1 < p < oo and a quasi
norm for 0 < p < 1. We shall use the same notation ||.||g»(r) for this
norm and quasi norm as well. When p = oo, we use B> (R) to denote
the corresponding space and it is defined as the closure of trigonometric
polynomials with respect to the L>°(R) norm. For an almost periodic
function f, its Bohr transform at the point A € R is defined as

T—o0 2T

F(3) = Jim / F@)e da.
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Note that here we are using the same notation for Bohr transform and
Fourier transform.

We say that a bounded function m(¢, s) is an almost periodic bilinear
multiplier for the triplet (p1, p2, p3) if the operator B initially defined for
the trigonometric polynomials f and g by

(8) Z Z A ) 2mi(t+s)x

finite finite
extends to a bounded operator form BP*(R) x BP2(R) into BP3(R), i.e.
(9) IB(f, 9l Brs ) < CllfllBor®)ll9ll 572 ®)-

Let Mb3  (R) denote the space of all almost periodic bilinear multi-
pliers for the triplet (p1, p2, p3).

In [7] de Leeuw proved that multipliers on L?(R) are precisely the ones
which are multipliers on BP(R) and vice versa. The bilinear analogue
of this has been addressed by Blasco [2], but with the condition ps > 1.
However the methods employed by Blasco do not extend to the case ps <
1. We extend this result to the full possible range of exponents and our
method is significantly different from [2].

In the same paper de Leeuw proved that if a continuous function m
is an LP(R™) multiplier, then m|gs is an LP(R¥) multiplier for k < n.
A bilinear analogue of this result is proved by Diestel and Grafakos [8]
for ps > 1. Again, in §4, we have extended this result to the entire range
of the exponents.

2. Bilinear Littlewood-Paley square functions on T

In this section we address bilinear Littlewood-Paley square functions
on T. Let {fl}lez be a sequence of disjoint intervals of equal lengths
in Z. Suppose I = [a;,b;) and b; — a; = L for all [ € Z. For f,g € P(T),
consider

Z f X[L n— m)€27rix(n+m)

— Z Z m—i—al +,7 ( ) 2miz(2m~+a;+7)

j=0 m

_ Z 62mm(al+j)ﬂyj($),

=0
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where Fj j(x) = (f(.)e2m(@+i) x g)(22).

10918 = [ Y15 de

0 lEZ

1 L—-1
_ Z | Z ezmx(alﬂ')Fl’j(z)F dx

0 ez j=0

L-1 1 % 2
< (X ([ Zimra)

j=0 \70 ez

L—1 3\ 2
(3 (zz Fnta +j>g<n>|2)

0 lEZ n€eZ

< (LIIf2Ngll2)*-

Here we have used Minkowski’s inequality and Plancherel theorem. Now
using the fact that ||.||zsry < ||.||ze(r) for 1 < s <t < oo, we get

(10) IS, D lps < LI fllpallgllpe,

where 2 < p1,p2 < o0 and 1 < p3 < 2. In particular, bilinear analogue
of Carleson’s Littlewood-Paley result is obtained for 2 < pi,ps < o0
and 1 < p3 < 2, as mentioned in the Introduction.

At this point there are two issues. The first one is to get boundedness
of bilinear Carleson’s Littlewood-Paley square function for remaining ex-
ponents, i.e. for p3 > 2 and the second is to get rid of the dependency on
the length L in inequality (10). The first issue is resolved completely by
transferring a result of Mohanty and Shrivastava [17] concerning smooth
bilinear square function on R to T. The second issue is dealt with for
the sequences of intervals which are of equal lengths and equi-distant,
by transferring Bernicot’s [1] non-smooth bilinear square functions on R
to T. For both these purposes we use the suitable transference techniques
adapted to vector valued bilinear settings.

2.1. Transference. Using Khintchine’s inequality, observe that an
equivalent formulation for the boundedness of the square functions can
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be given with the following expression

Zrkgk(fag)

k

(11)

< Clfller(myllgll Loz ()

P3
Livs [0,1] (T)

where r;’s are Radamacher functions and C' is a constant independent
of f and ¢g. This formulation of the problem motivates us to look for
the following vector valued transference result. The linear version of
this result can be found in [9]. Since the proof of this theorem is very
similar to the original proof of general transference theorem of Coifman
and Weiss [6], we skip the proof here.

Theorem 2.1. Let G be a locally compact amenable group. Let Xi,
Xo, X3 and X3 be Banach spaces such that X1Xo C X3. Let k be a

compactly supported function in Li%(xg XB)(G)' Assume that there exist

strongly continuous representations R', R?, R® and R3 of the group G
such that

(1) For every u € G, we have Rl € B(X;) fori = 1,2,3, and R3 €
B(X3).

(2) There exists C > 0 such that ||RL| g(x,)
R3] 5x,) < C for allu € G.

< C,i=123, and
(3) R® and R3 intertwine k in the sense that
R3k(u)(xs) = k(u)R3(xs), u,ve G, 3 € Xs.
(4) For u,v,w € G,x1 € X1 and x2 € X
R} (Rlx1R2xs) = R, x1R2  xo.
Suppose that the bilinear operator

T()0) = [ (e glow) du
is bounded from L% (G)x L% (G) into LI;?S (G) for Hélder related triplet
(p1, p2, p3) with ps > 1. Then the transferred operator
Ti(x1,22) = / k(u)(R:_1x1R220) du
G

is bounded from X1 x Xo into X3. Moreover the operator norm of the
transferred operator Ty satisfies
(12) ||Tk|| < CNPhPmPS (k),

where Np, p, ps (k) is the operator norm of the original operator T
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We will use the above transference theorem to address both the issues
described earlier.

Take G = R, X; = LPi(T) for ¢ = 1,2,3 and X5 = LLP301]( ).
For u € R, define R! on LPi(T) by R:(f:)(e 27T””) = Ry,(fi)(e*™®) =
fi(e2™wt2)) for fi € LPY(T), i = 1,2,3 and R3 on Li104)(T) by
R3g(e2mir) = g(e2™i(ut)) for g LLPB’[O 1 (T). Tt can be easily ver-

ified that R’ and R3® are uniformly bounded representations of R on

the respective spaces, as these are just the translation operators. Thus

conditions (1), (2) and (4) of Theorem 2.1 are satisfied in this setting.
Let k; € L'(R) have compact support. For v € R define K (u)f =

O

(

ri()k;(w)) f. With this definition of K we observe that
1

J

RIK (u)f(27) = K(u) [T ) = K@) Rf(e27), w0 € R

Thus, condition (3) of Theorem 2.1 is also satisfied.
For F,G € S(R) consider the operator

N A~ ~
er(‘)sfcj( er //F )G(n k; (E—n)e 27Tm(£+77)d§d77
=1

Then the transferred operator will look like

N
er(')gfcj\ Zr] ZZ]" m)eQWiI(n+m).
j=1

As an application of the Theorem 2.1 one can prove that if

N
(13) > 1S (F.G) < C||F) o &) |Gl o2 vy
N L% 10,1 (®)
then
N ~
(14) erskj‘l(fv q) < Ol fllzer(myllgll ez (T)-
=t (T)
LPB[o 1]

Further, one can get inequality (14) from inequality (13) for nor-
malized symbols m; in place of l%j by using standard approximation
techniques (see [6]). A bounded measurable function m is said to be
normalized if

1
m"(z) = m* 2—()([_”,”] * X[enn)) (@) = m(z) VazeRasn— oo.
n
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For normalized symbols m;, we define ki = hyn *ml7, where hy, €

C=(R) with hy,(z) — 1 as n — oo and ||h,[; = 1. Observe that
ki e LY(R) with compact support. Hence applying Theorem 2.1 we get
that if

N
(15) ers,;; (F,G) < CIF N 21 &) |Gl o2 (R).-
j=1

P3
Livs [0,1] (R)

Then, we get the transferred inequality

N
(16) > 73S, (f:9) < Cllflleermyllgll oz ey,
=1 .
! L 10.1(T)
where C' is the same constant as in inequality (15).
As p3 > 1, by applying duality and dominated convergence theorem
we can conclude that

N
(17) > 138m,1. (1, 9) < Cllfllerremyllgll ez -
! a0 (D
Now we will prove bilinear Carleson’s theorem on T for p3 > 2 by
transferring the bounds from the following known result.

Theorem 2.2 ([17]). Let m € S(R). Forl € Z, define mi(§) = m(§—1)
and let Sy, be the bilinear multiplier operator associated with m;. Then
1

for 2 < p1,p2 < o0 and 4/3 < ps < o0 satisfying p% + p% = 5, we have

1/2
(18) H(ZISmL(f,g)F) < Ol Lo @ llgll Loz g)-

er LP3(R)

We now choose function m suitably to get the desired conclusion.
For this let m be a C2°(R) function such that m = 1 on [—1, 1] and
suppm C [—3, 2]. Define my(§) = m(£{—1). Observe m;’s are normalized
functions. So, we can get bilinear Carleson’s theorem on T for p3 > 4/3
from Theorem 2.2 with the above choice of m; by using transference
techniques discussed above. Combining this with earlier observation

for 1 < p3 < 2 we have the following.
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Theorem 2.3. For 2 < p1,p2 < oo satisfying p% + p% = p%’ there is a
constant ¢ such that for all functions f,g € P(T)

(19) (Z |§z(f,9)|2> < cllf1lp. [lg]lps
leZ

p3

where Sy is the bilinear multiplier operator on T associated with X,
for I} =[l,1+1),l € Z.

As in the case of R, we also show that for the above inequality (19)
to hold, p1,ps > 2 is a necessary condition.

Proposition 2.4. For the conclusion of Theorem 2.3 to hold; p1,p2 > 2
i a necessary condition.

Proof: Let fl =[l,1 4+ 1). Then for g =1 we have

Z f X]l n— m)€27ri:n(n+m)

_ f(l)eQﬁilz.
This implies that for z € T, we have

S(f.9)() = /]2
Assuming the inequality (19), we get

[fll2 < el £llp,-
This would imply that 2 < p; < co. Similarly, by changing the role of f
and g we get that ps also satisfies 2 < ps < 0. O

Thus the first issue has been resolved. Now for the second issue we
apply transference techniques to the following result of Bernicot on R.

Theorem 2.5 ([1]). Let I; = [a;, bi] be a sequence of disjoint intervals
in R with by —a; = bj—1 —aj—1 and aj41 — by = al - bl 1 for alll € Z.
Then for exponents 2 < p1,ps, Py < 00 satisfying - o + - = p3 there is
a constant C' = C(p1,pa, p3) such that for all functions f,g € S(R)

IeZ

(20) H > 1Sif29) ) < Ol fllpNlgllp2-

b3
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Observe that here symbols x1,, where I;’s are intervals, are not nor-
malized functions. Nevertheless, by considering following modification
we can treat them as normalized Afunctions. Consider intervals I; =
(a; — i, by + i) C R and functions k; on R defined as follows

L, el
k(&) =141/2, ¢=a—31, b+,
0, elsewhere.

Hence using the same arguments as earlier we get the following result.

Theorem 2.6. For 2 < p1,pa,phy < 00 satisfying ;0_11 + p% = ;0_13’ where
ph is the conjugate index of ps, there is a constant C = C(p1,p2,p3) such

that for all functions f,g € P(T)

(21) (Z Igz(f,g)l2> < ClIflp: gl

leZ
p3

where the intervals I satisfy the same hypothesis as in Theorem 2.5.

3. Relation between BP(R) and LP(R) multipliers

In this section we address the bilinear analogue of de Leeuw’s re-
sult which establishes the connection between LP(R) multipliers and
BP(R) multipliers. Our method of the proof basically lies in obtain-
ing pointwise estimates for both the operators. For this we will use the
ideas developed in [11], adapted to our setting. We would like to re-
fer the reader to [4], [2], [3], [8] for some work related to transference
techniques in the bilinear settings.

We begin by considering the following lemmas which will be used
to prove the main result of this section. The first lemma is an analogue
of [19, Lemma 3.9, p. 261] for almost periodic functions, while the second
lemma tells us that for given an LP(R) function we can associate with
it some periodic functions whose BP(R) norms and the LP(R) norms are
related.

Lemma 3.1. For f € B®(R), we have

(22) hme/f )G1.e(z) de = lim —/ fla

e—0

where G1,(z) = e~
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Proof: The proof follows using the same arguments as in [19, Lemma 3.9,
p. 261] along with the fact that trigonometric polynomials are dense
in B*(R). O

As an easy application of the above lemma we have the following
observation which will be needed at a later stage.

Lemma 3.2. Let P be a trigonometric polynomial. For 0 < p,e < o0,

s

define f.(z) = P(x)G,p.(x), where Gp(x) =" 7, then we have
.1 _
(23) lim ev [| fell oy = 11| 3o r)-

Proof: For the trigonometric polynomial P and 0 < p, € < 0o, note that

ey = [ 1P@Gp ()l do

_ / P(2) PG () da.
R

Hence applying the Lemma 3.1 to the function |P(x)|P, we obtain the
desired result. (|

Lemma 3.3. Let f € LP(R), 0 < p < co. For N € N, let fn denote
the truncated function fx(—n/2,n/2)- Consider the N periodic extension

of fn given by f%(x) =Y fn(x+nN). Then
nez

. 1
(24) ”f”LP(]R) = A}gnOON" ”fjﬂvHBP(]R)-
Proof: Consider

1
# : 1 g # P '
iy = Jim (57 [ 1@ do

1 kil (—k+2(i+1) & . P
= lim | — / | (@) de
k—oo \ KN =0 (,kJrgi)% N

1
= N7l fnllLr(w)-
Thus we obtain the desired result. O

Now we are in position to prove the main result of this section.

Theorem 3.4. Let m(t,s) be a bounded continuous function. Then

m € Mp2. (R) if and only if m € Mb:  (R), where 1 < py,pa < 00

with p% + piz = pis and the values of p3 could be lower or bigger than one.
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Proof: Let ey, (v) =e?™ % )\, €R,i=1,2 and set f; .(z)=ey, (¥)Gp, (),
(2,2 N _(§*>‘i)2
i . Note that f; (§) = \/pie te” ™ 2 . Now

where Gp, (x) = e P
consider

Tle fad)@) = /R/Rf1,€<§>f2,e<n>m(§,n)e%”(f*m de dn

21)2 5 (n*22)2
€

(&—
[ —2 s s
- v //6 PLra e P
RJR

x m(&,n)e* D dg d,
and
B(ex,, ex,)(x) = m(Aq, Ag)e2mizitA),
We shall estimate the following.

B(e/\1 ’ 6,\2)(1‘)017376(1') - T(fl,Ga f276)($)

me?a? me?a?

=m(Ay, Ap)e?™ N e T 2T T T (f, fo.0)(2)

:\/]Tm€*2/R/R(m(/\1,>\2)*m(§;77))

<5—A21)2 (n=2o

e~ TP2 3 )? e2miz(E+n) d¢ dn

x e P

= \/P1P2/R/R(m()\1a A2) —m(e€ + A1, en + A2))

% e—ﬂ'p1§2e—ﬂpgnz627ri$(€§+)\1+€77+>\2) d¢ dn.
Using the Lebesgue dominated convergence theorem we obtain
(25)  lim [[Blex, ex:)(@) G e(2) = T(fre f2,6) ()]0 = 0.
In fact the above estimate is valid for general trigonometric poly-

nomials P; , ¢ = 1,2 and in this case the functions f; . are given by
fie(x) = Pi(2)Gyp, (x), i = 1,2. Using (22) we have

IR Py = lime [ |BPL P2) (@) ()] da

e—0

— lim /R B(Py, Py)(/€) Gy 1 (2)P* dr.
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We write the right hand side as J and for R > 0 which will be chosen to
be large enough later, we decompose it into Jr and J where,

Jr = lim |B(Pr1, P2)(z/€)Gp,.1(x)|P? dx
e—0 lz|<R
and
JB = lim |B(Py, Py)(2/€)Gpy 1 (2)|P* da.
e—0 ‘CE‘>R

Now we will estimate Jp and J¥ separately. Consider

JE = lim |B(Py, P2)(z/€)Gp,.1(x)|P? dx
e—0
|z|>R
<M [ (Gl do,
|z|>R

where M = ||B(P1, P)||co. For fixed 6 > 0 choose R large enough
say Ry, such that.

JHo <

Now consider

Jr, = lim |B(P1, P2)(x/€)Gps 1(x)|P? do

e—0 |I|<Rg

e—0

= lim e/ R |B(Pr1, P2)(2)Gpy,e(x)|P? da
|z|< =0

e—0

=& /| 2y [P P @G @) = T o )@
r|<=0
+ 21366/“% T (f1,e, f2,6) () [* da
< Ry lim | B(P1, Po)(.)Gps.c(x) = T(f1e, fo,0) ()15

. pP3
+llj)1})6/]R|T(f1,e;f2,€)(‘T)| dz.

Here we have used that ps < 1. For ps > 1 also, it can be done with a
constant depending on p3. Using (25) we obtain,

5
< — 1 p3
(26) IRy < 5 +§13%6/R T (fre, f2.e) ()| da.



BILINEAR LITTLEWOOD-PALEY FOR CIRCLE 515

As § is arbitrarily small, putting all this together we obtain

1B(Pr, P2)|| grs ) < 1 s || T(f1,e, f2,e) (@)l

a1
p1€F2 ||f2,€|

. 1
< Climerr | ficl P2
= CHPlHBPI(]R)HPQHBPZ(R)'

Here in the last step we have used Lemma 3.2. This proves the sufficient
part.

Converse. Let f,g € S(R) be compactly supported functions. With-
out loss of generality we can assume that the supports of f and g are
contained in [—N/2, N/2] for some large N € N. Let fﬁ, and g]ﬁv be the
N periodic extensions of f and g respectively. Note that fz% and g?v are
supported in %Z and satisfy

RG-S ()= ka(3)

T(f,9)(x) F(€)g(m)m(&, n)e*™ = 4 de dn

. 1 ~rn\ . [k n k iz ntk
Jim oz 3 (5 (5)m (Fw) e

= lim S A0k (s)mlt, s)e>m =)

I
—
=

&h

= Jim B(f{, g5 (2).

Note that for each N, B( f]ﬁ\,7 g?v) is an N periodic function. Hence
for 0 < p < 0o we have

IB(fR g3 )y = N7 o |B(f& 95) (@)IP da

It suffices to prove that for large L > 0

L
| @i < ciriglal;
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with a constant C' independent of the parameter L. Consider

L L
/ IT(f, 9)(@)P* de < liminf / B )@ da

_r N—oco

.. g 8 \ps
< l}wélofNHB(fN,gN)HBpg(R)

.. f|p: g ||ps
< Cl}\grilélof N fal Z]);pl(]R)”gNHZ;P2(]R)

= ClIfIE: Nglls-

Last equality is obtained by using Lemma 3.3. Hence the result fol-
lows. O

4. Restriction from R" to R¥

In this section, we prove the bilinear analogue of a result due to
de Leeuw, regarding restriction of multipliers from R™ to R* for k < n.
For p3 > 1, it has been proved by Diestel and Grafakos [8]. The authors
used duality to prove their result, but for p3 < 1 duality arguments
are not permissible. We extend this result to the entire range of the
exponents p1, pe and ps by using a different idea.

Let m(&1,&2,.-.,&n,M1,M2, - - -, Mn) be a bounded continuous function
defined on R™<R™. Let k <n, for fixed &xy1,..-,&n, Mk+15-- -, n € R con-

sider the function mg(&1,. .. &y, Mk) = M(E1y e 3 &y My v oy Mn)-
Then we have the following theorem

Theorem 4.1. Let m € MP3_ (R™) be a continuous function. Then

p1.p2
mi € MP? (RF) defined as above. Moreover, ||my|| < ||m]].

To avoid notational complications, we will prove the above theorem
for n = 2 and kK = 1. The general case follows similarly. We will first
prove the following lemma.

Lemma 4.2. Let m(&1,&,m,1m2) € ME3 (R?). For &,m € R and

t > 0 consider the functions mo(&1,&2,m1,m2) = m(&1, &0 +&2,m1, 1m0 +12)
and my(€1,&2,m1,m2) = m(&,tEa,m,tn2). Then mo,my € ME  (R?)
with |mo|| = [|mel| = [|ml]|.

Proof: Let Ty, T; be the operators associated with mg and m; respec-
tively. Note that for f,g € S(R?),

(27) TO(f7 g) (ZL', y) = e2wiy(£0+n0)T(M0,fo fa Mo,nog)('rv y)a
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where M¢ ,, f(x,y) = e2 @+ f(z,y) and

(28) Ti(f,9)(x,y) = T(D1,cf, D1,tg) (2, y/t),

where D . f(z,y) = f(sz,ty).
Hence the lemma follows. O

Proof of Theorem 4.1: For fixed &y,no € R, write & = (£1,&) and n =
(m,mo). For f,g € S(R) consider

1T, (f5 )15

p3
= / f £)a(m)m(&,n)e Zriz(@tm) ey dmy | da
1 . ) p3
=t [ e [ feammie, e dey | dady
1 p3
- /R / F(€)am)m(e e T dydny| - dedy.

2 a2

Let F(xz,y) = f(x)e% and G(z,y) = g(:z:)eP—Zy, then
[T, (f5 9) p“"<7T_511m/ / (1,62)G(m,m2)
R2

X o (&, )e?T STV EFRDGE dp(P d dy,

where mo (&, 1) = m(&1, So+t&a; 1, no+tn2) and d€ dij = déy d€a dny dns.

Using Lemma 4.2, we see that mo, € M3 (R?) and ||mg || = [|m]|.

1T, (£, 9)I128 < 77 2 |mlP* | F 122 | G5

This completes the proof. O
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