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Abstract

We discuss two possible definitions for Sobolev spaces associated
with ultraspherical expansions. These definitions depend on the
notion of higher order derivative. We show that in order to have
an isomorphism between Sobolev and potential spaces, the higher
order derivatives to be considered are not the iteration of the
first order derivatives. Some discussions about higher order Riesz
transforms are involved. Also we prove that the maximal operator
for the Poisson integral in the ultraspherical setting is bounded
on the Sobolev spaces.

1. Introduction

In this paper we introduce Sobolev spaces associated with the second
order differential operator

Ly =

2 AA-1)

——t——, 0 0 A>0.
dg? + sin?6 € (0,m), ”

This expression can be factorized as

(1)

Ly = DiDy + )2,

where D) = (sin §)* L (sin#)~* and D7 denotes the formal adjoint of Dy

in L2((0,7),

(
d

).

do
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_B
Given 3 > 0 we consider the fractional integral L, ?, see (6). The
ultraspherical potential space, Ei_’ 5, is defined as the range of the oper-

_B
ator L, ? on the space LP(0, 7). We endow L% 5 with the norm || - || z» .
induced by the usual norm in LP(0, ), that is,

(2) 1711z , = lglly-

being f = L;gg and g € LP(0, ).

Given m € N, the ultraspherical Sobolev space, Wf)m, is defined as
follows. A function f € LP(0, ) is in nym if Dyjr_10Dxqp_20---0Dy
f € LP(0,m), for every k =1,...,m. Observe that

k
. 1 d o
(3) D)\+k_1 o D)\_;,_k_z o---0 D)\ = (sm 9))\+k (m@) (Sln 9) >\.

We shall write in an abridge form
(4) D(k):D)ﬁLk,l OD)\Jrk,QO”'OD)\, kzl, .

We make the convention D(®) = Id. Along the paper the parameter \
is a fixed number, hence we believe that the no appearance of A in D*)
doesn’t produce confusion to the reader.

We equipped WY with the norm || - [|y» ~given by

(5) Wfllwe,, =Y 1Pl feWd,.
k=0

We study some properties of the spaces £ ~—and W} that lead to
the main result of the paper.

Theorem 1. Let A >0, 1 <p < oo and m € N. Then WY ~=L8 .

Simplifying matters, the key behind the proof of this theorem is to
establish an inequality of the type [|[D®) |, ~ ||L§/2f||p, or equivalently
||’D(k)L;k/2ng ~ |lgllp- In other words, two facts have to be proved: first,

the boundedness in LP(0, ) of the operators ’D(k)L;k/ 2; secondly, a cer-
tain inverse process that roughly gives ||g, < HD(’“)L;k/Qng. For the

inverse process we use auxiliary operators, see Proposition 5. In the proof
of these boundedness we use, among other tools, a Muckenhoupt mul-
tiplier transplantation result, see Lemma 1. The operators D(k)L;k/ 2
play the role of the “higher order Riesz transforms”. These last thoughts

are contained in Section 3.
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Other higher order Riesz transforms associated with the operator Ly,
were defined in [5]. Namely D’;L;kﬂ, where D§ = D,\O-]-C-OD,\ and D, is
the operator defined in (1). These Riesz transforms would suggest to
define the Sobolev space as the subspace of functions f € LP (0, ) such
that Dff € LP (0,7), k = 0,1,...,m. This Sobolev space is denoted
by WY ,,, and endowed with the norm ||||W§ _ given by

1 e

m

D D 1297 = 7

k=0
In Section 4 and continuing with this line of thought, we ask if a re-
sult like Theorem 1 is possible for these Sobolev spaces, namely are the
spaces Wf,m and Eim isomorphic? We prove that although the Riesz
transforms, D’;\L;kﬂ, are bounded in LP(0, ), the inverse process that
is needed for a theorem like the Theorem 1 doesn’t work. In fact the
Theorem 2 below will be proved. We should mention here that we give
a different proof of the boundedness of the Riesz transforms D’/{L;k/ 2
from the one given in [5].

Theorem 2. Let A > 0, 1 < p < o0 and m € N. Then Wf_’m 18
continuously contained in WY, . However WY , # W ,, provided that
0<A<1—4.

Theorems 1 and 2 suggest that the adjective “Sobolev” has to be given
to the spaces Wy .

Finally some properties of these Sobolev spaces nym are analyzed.
In Section 3 it is shown that if W2 (I), I a real interval, denotes the
classical Sobolev space on I, then WY =~ # WP (0,7), but if f € WY
then fiq,) € WPF (a,b), for every 0 < a < b < 7 (Proposition 3). This
fact and the procedure developed by Kinnunen [11], allow us to prove
in Section 5 the following theorem about the maximal operator for the
Poisson integral, P).

Theorem 3. Let A > 0 and 1 < p < co. Then P2 is bounded from Wf,l
into itself.

Some related results for the Hermite and Laguerre families can be
found in [3], [4], [16], [21] and [10].

Throughout this paper by C' we always represent a suitable positive
constant that can change in each occurrence. For every 1 < p < oo, we
denote as usual by p’ the conjugate exponent of p.
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2. Ultraspherical potential spaces

For every n € N, we denote by ¢ the ultraspherical function defined
by

1
N F()\) (7’L+ /\)n! 2 A P
on(0) = Tl (I‘(n n 2)\)) (sin)*P;(cosh), 6€ (0,7),
where P2 is the A-ultraspherical polynomial of degree n (see [20]). The
family {¢)},en is an orthonormal and complete system in L2(0, 7). For
every n € N, ¢ is an eigenfunction of the operator Ly, see (1), with
eigenvalue (n + \)2. The system {()}},en has been discussed in the
literature for instance by Askey and Wainger ([1] and [2]).

Negative powers of the operator Ly can be defined as ultraspherical
multipliers as follows. If 5 > 0 the operator L;B is given by

(6) Ly f = i i)@w feL0,m),
n=0 (Tl—f—)\)

where ay(f) = [y f(0)@p(0) df. It is clear that, for every 3 > 0, L;ﬁ de-
fines a bounded operator from L?(0,7) into itself.

Let Sy be the linear space generated by the system {¢) },,ex of ultras-
pherical functions. This linear space plays an important role in our study.
S, is a dense subspace on LP(0,7), 1 < p < oo, see [19, Lemma 2.3].

Proposition 1. Let A >0, 8> 0 and 1 < p < co. The operator L;B 1
bounded and one to one on LP(0,T).

Proof: It is not hard to see that, for each f € S

L7 4(6) = / " H@Erp(0.0) dp, 0 € (0,7),

where

1 L (= logr)?#-1
7) Kxp(6, ) = / PX0,9)dr, 0,p € (0,7),
and the Poisson kernel P}(6, ) for 0 < 7 < 1 and 6, ¢ € (0,7) is given
by (see [15, (2.11) and (2.12), p. 25])

7T int 220—1/(; 0 si A
P’I‘)\(07 SD): —Tr (1_T2)/ (SID ) FSID .Sln w) dt
i o (1—27(cos @ cos ¢ + sin 0 sin ¢ cos t)+72)A+1
We can write, for 6, ¢,t € (0,7) and 0 < r < 1,

(8) 1 —2r(cos@cosy + sinfsinpcost) + r?
=(1—7)2+2r(1 —cos(d — ¢)) + 2rsinfsin p(1 — cost).
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Then,
A ”
(9) Py (97¢)§0W7 0,0 € (0,m).
Moreover, by [15, (4.1)(a), p. 27],
(10) PMNOg) <0 L1 boc(0m), ~<r<l
s 7<p — (1—7‘)2—’—(9—()0)2, 590 77T, 2—T N

From (9) and (10), it deduces that for every ¢ € (0, )

1—7r
(11) K @) dh < —logr)?A~1 dr df
b e C(// S e e e
—1 2[11
// (Zlog )77 drd9>ga
'

By using the symmetry K g(0, ¢) = K g(yp, ) we get the boundedness
of L;ﬁ in LP((0,)) for every 1 < p < o0.
Let n € N. For every f € S\ we have

_ T 1
LD = [ LADORO W = (), nel

As the operators f — / L;B(f)(ﬁ)go;\L(H) de, f — / f(0)pX(6)d6,
0 0
are bounded from L?(0,7) into C and S) is dense in LP(0, 7), we obtain
a
-5 n(f)

Gl e e, 7).
AN = e o)

Suppose that LAﬁf = 0, for some f € LP(0,7). Then a)(f) = 0,
n € N. Hence, according to [18, Theorem 2.2(d)], f = 0. Thus, we
prove that L;ﬁ is one to one on LP(0, ). O

Boundedness of ultraspherical multipliers has been investigated by
several authors (see [7], [15], [6] and [14]). In particular by using the
following lemma one can prove the boundedness in L?(0,7), 1 < p < o0,

of L;%, m € N. This lemma is an easy consequence of [14, Corol-
lary 17.11], and it will be useful in the sequel.
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Lemma 1. Let 1 <p < oo, d € Z and A,y > 0. Assume that

J-1
g(m) = > ei(n+ )7 +0((n+1)77),
§=0
where J > 2(A+ v + 2). Then the operator

Z g @ner(e)

is bounded in LP(0, ).

Proposition 1 gives sense to the potential spaces, £5 B defined in (2).
It is not hard to see that (L% 4. | - [Iz» ) is a Banach space. Moreover,
since S} is a dense subspace of L?(0, 7T) [19, Lemma 2.3], by taking into

_B
account that L, >S5y = Sy, we get that S is a dense subspace of ﬁiﬁ

3. Ultraspherical Sobolev spaces

A standard procedure shows that the space (W} .|| ||W§ ), see (5),

is a Banach space. It is clear that W} ., is contained in WY . Next
we establish properties of these Sobolev spaces.

Proposition 2. Let A > 0,1 <p < oo and m € N. The linear space Sy
s a dense subspace of Wf_’m

Proof: Note firstly that, according to [20, (4.7.14), p. 81], we have that

D(n+ 1D)(n 42X+ k)
(k) A — (_1\k Atk

where D) is defined in (4). Here and in the sequel ¢} = 0 when n < 0.
Then, since A > 0, ’D(k)cpﬁ € LP(0,7), k = 0,1,...,m. Hence, Sy is
contained in Wy

Assume now that f € W§’7m. We first prove that, for every k& =
0,1,...,m,

(13)  adHDM ) = / FO)DW) oA (8)db, n e N,

where (DW)* = (—1)k(sin0)' = (L5 %)k (sin §)*T*~1 is the formal ad-
joint of D) in L2(0, 7).

Let n € Nand k = 0,1,...,m. Note that for £k = 0 (13) is obvious,
then suppose k > 1. We choose a sequence {¢; };cn of smooth functions
satisfying:
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(1) Supp¢l C (%77T— %)7 (bl(x) = 17 HARS (%aﬂ-_ %)7 0 < ¢l(x) < 15
for every l € N;

(2) For each s € N, there exists Cs > 0 such that
—ds¢(0)<071 e (0,m)andleN
s ’ T n :
dos """ | = 005w — 0)s

Since D®) f € LP(0,7) and ¢;(0) — 1, as | — oo, for every 6 € (0, ),
one has

K

/ DO (1) (0)eX @) do = tim [ D)) (01 (6) db
0

l—o00 0

- [ " H(6) (DD (61(60)2 (9)) db.
0

l—o00

By using Leibniz rule we get, for every 6 € (0,7) and | € N,

(14)
(DW)*(6u(8)pn**(6))

k
= (—1)*(sin ) > <$%) ((sin O)MF Lot ()¢ (6))

k
k o i . .
= (_1)kz<j>(_1)J (sm@)k JDAJrkij)\Jrkf(jfl) '~'D/\+k71(<P;\z+k(9))

Taking into account that

(15) DippTi(0) = —v/n(n +2X)@n(6), 6 € (0,m),

we can write, for each § € (0,7) and j =1,...,k,

(16) D§\+k7j .- 'D§+k71(90;\1+k(9))

o [Pt + P+ 2N+ k) Ak
=1 \/F(n+ LC(n +2(\ + k) —j)sp;\:f;? (6)-
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On the other hand, a straightforward manipulation allows us to obtain

1 d\° ¢ 1 dt
(sais) @] <X gperan

o)

1
<Crr—ise
~  (sin@)%s’

By combining (14), (16), and (17) we deduce that

(D) (10X (6)) = (B (D) (9} 4(6))| < CR6), 0 € (0,7),

where 0 < Fj(0) < C, 0 € (0,7) and [ € N, and lim;_, o F;(0) = 0,
6 € (0,).
Then, convergence dominated theorem leads to

Jim / F(O)(DF (¢1(0) X TE(0)) df = lim / £(0)p1(0)(DPY (L2 F5(9)) db

6e0,m), sleN

l—o0

= [ r0@®)y @),
0

and (13) is proved.
By using again (16) for j = k ,we conclude that

18) a;\LJrk(D(k)f):(_1),€\/F(n+k+1)F(n+2()\—|—k)) e

T(n+ D0(n—k + 2(A + k) ‘" +*

Let 0 < k < m. By (12) and (18) we can write, for every 0 < r < 1
and 6 € (0,7),

D(’“)Pﬁ(f)(H)—ZT"“aﬁ(f)(—l)’“\/ e e Pl
n==k

—
—_
N}

~

Il

Z n+A )\+k D(k)f) >\+/]z(9)

_ ZTHH;CCLQM(D(/@)JCWQM (0)=P (D" f) (),
n=0

where, for every g € LP(0,00), P}(g) denotes the Poisson integral of g
associated with the ultraspherical system {@)},en and it is given by

0) = " a)(g)eh(0), 0<r<1lande(0,m).
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Also, for every l e N, I >k, 0 <7 <1and 6§ € (0,7),

(20) D“”( if“"*kaﬁ(f)wﬁ(@)): i A (D) £t ).

n=Il+1 n=Il—k+1

(14, (2.8), p. 9] is used to obtain that ||¢}|lq < Cyq, n € N, with v > 0
and 1 < ¢ < co. This justifies differentiation under the sum sign in (19)
and (20) and allows us to show that

‘DW ( > rn“az(f)soz(e))

n=Il+1 P
(21) < X I PHRHIDS e
n=Il—k+1
< C|IPW#|, Z AR 0 <r < 1.
n=Il—k+1
Let € > 0. According to [18, Theorem 2.2(d)] we have that
(22) PXMg) — g, asr — 1, in LP(0, 7).
Then there exists ro € (0,1) such that
(23) IDWEL ) = Dllp <&, 0<k<m,

and from (21) there exists {p € N for which

o (3 e

n=lp+1

(24)

p
Thus by (23) and (24), we conclude that

lo
’ D" (Z o an (f)en — f)
n=0

P
that is,

A A
>t an<f>san—f|| <2(m+ 1)e. O
Wf,m

We now present some relations between our ultraspherical Sobolev

spaces and the classical Sobolev spaces WE (a,b) on (a,b) with 0 < a <
b<m.
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Proposition 3. Let A > 0, 1 < p < oo and m € N. Assume that
fe nym. Then

(i) f e WE(a,b), for every 0 <a <b< .

(i) f is in WE(0,7), provided that supp(f) C [a,b] C (0, ).
Moreover, if m > 1 there exist g1 € WE(0,7) \ WY and g2 € WY\
W2 (0,7), when A <1 — %, p> 1.

dk
Proof: To see (i) and (ii) it is sufficient to note that if f € WY, Wf €
LP(K) for every compact subset K of (0,7) and k =0,1,...,m.
The function ¢;1(0) = 1, 6 € (0,7), is in W2(0,7) and it is not
in WY . On the other hand go(f) = (sinf)*, 0 € (0,7), is in W3 e
However, Lg5(0) = A(sin@)*~!(cosd), § € (0,7), is not in LP(0,m)

whenp>1and)\§1—1—1). o

Our objective now is to prove Theorem 1. Previously we need to
establish the boundedness of some operators.

Lemma 2. Let A > 0, 1 < p < o0 and k € N. Then the projector
operator Py defined by
k

Pe(f) = _a)(fen, feLP(0,m),

n=0

is bounded on LP(0,).

Proof: It is sufficient to note that

k
1P(Hllp < D lenllplenllo I fllps £ € LP(0,7),
n=0
where p’ denotes the conjugate exponent of p. O

Proposition 4. Let A > 0, 1 < p < oo and k € N. We define the
operator R’f\yl on Sy by

_k
R, f=DWL*f, fe€Sh

Then R])C\,l can be extended to LP(0, ) as a bounded operator from LP(0, )
into itself.

Proof: According to (12) we can write

RS P(n+1)I(n+2X+k) 1 Nk
R§=1f_g(_l)k\/r(n—i—l—k)l“(n—i—%) (7’L+ )\)kai\z(f)</7ntk’ .f € S)\-
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We denote by ¢ the function

g(n)—<—1>’ff(”+”””“”’” L kL.

F(n+1—KkT(n+2\) (n+ M)k’

It is clear that g(n) = (—1)’“,/%, n==rkk+1,..., where pis a

polynomial with degree 2k. Let us write g(z) = (—1)* W’ |z| > E,

and consider the function h(z) = ¢ (1
enough. Then

1=z ,2k
h(z) = (—1)’6\/%, 2] < 4.

)2k

—2), |z] < 4, for some § > 0 small

Since lim,_.gp (%) =1 and p( is a polynomial, h is holo-
morphic in {z € C : |z| < 4}, when ¢ is small enough. Then, for
every | € N,

! 1 1

when n > ng = ng(\, k), for a certain ng € N. We define g;, J € N, by

J—1 1
ci——, 0<n<ng,
gJ(n) = ]go J (n + 1)]
g(n), n > ng.

Let us choose J > 2(2A + k + 2). Applying Lemma 1, we get that the
operator R’f\JJ defined by

R, .f = ZQJ (Nenth, e

can be extended to LP(0, ) as a bounded operator.
Also, by proceeding as in the proof of Lemma 2 we can establish that
the operator R’f\ 1 R§ 1, is a bounded operator from LP(0, ) into itself.
Thus, we conclude that R’§ ; can be extended to LP(0, 7) as a bounded
operator from LP(0, ) into itself. O
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Proposition 5. Let A > 0,1 <p < oo and k € N. We define on Sxii
the operator

REof = (DW) L2 f, f€ S

Then, R’j)Q can be extended to LP(0,7) as a bounded operator from L¥(0, )
into itself.

Proof: Let f € Syyr. According to (16) for j = k, we have that

P (—1)k Fn+2X+2k)0(n+k+1) 30, o o
B32f = nz:% (n+ A+ k)F \/ T(n+k+20)0(n+1) (e

By proceeding as in the proof of Proposition 4 we can see that Ry o
can be extended to LP(0,7) as a bounded operator from LP(0,7) into
itself. O

We can write, for every f € Sy,

n—|—2/\+k) (n+1) 1 PR

In the next proposition we prove the boundedness of the inverse of
R’f\gR’/{’l on the linear space Sy . ={f € Sx : a)(f) =0, n=0,1,..., k—
1}.

Proposition 6. Let A > 0, 1 < p < oo and k € N. The operator Tf
defined by

C(n+2\MT(n —k+1)(A+n)?F | \
TA'f Z 7’L+2)\+k)1—‘(’n+1) an(f)‘ﬂna f e S,

can be extended as a bounded operator from LP(0,) into itself.

Proof: Fix J > 4(A+1). By proceeding as in the proof of Proposition 4

we first take a function g such that

L(n 42\ (n —k+ 1)(A +n)?*
F'(n+2X+k)I'(n+1) ’

gs(n) =

for n large enough. In order to establish the boundedness property for
the operator TA’“7 it is then sufficient to prove that the operator

T)\ Jf ZgJ <Pn7 f€S>w



ULTRASPHERICAL SOBOLEV SPACES 233

can be extended to LP(0, ) into itself. Moreover, Lemma 2 allows us to
reduce the boundedness of Tf) ; to functions f € Sy . Indeed, suppose
that

(25) 1T 5 fllp < Clf s f € Sxne
Let f € Sx. We write f = fo + fi, where fo = Py_1f. Then

Togf=TE  fo+T5 ;1 =T8 1 fr.

Since f1 € Sxk, by (25) and Lemma 2 we get that

17Xl = 1TX s fills < Cllfille < CUIF o + follp) < CILE -

Finally, to prove the boundedness of the operator T/{i g on Sy we apply
Lemma 1. O

Proof of Theorem 1: S) is a dense subspace of W} = (Proposition 2) and
of £, ([19, Lemma 2.3]). Moreover, if (f,);2; is a sequence such that

n=1
fo — frasn — oo, in WY orin LY then f, — f, as n — oo,
in L?(0, 7). Hence, to see that WY = LF it is sufficient to show that

there exists C' > 0 such that

1
(26) clflwy, < fllex

A,m

< C”f”meu f € S)\-

Assume that f,g € Sy such that f = L;%g. We write g = g1 + g2,
where g1 = Z?;OI ad(9)ed = 7 (n+ N)™a) (f)@). Then, according

n=0
to Propositions 5 and 6, since RY'; g2 = R}'; g, we get

Iflleg . = llglly < llgrllp + llgallp
m—1
<> NI pler 1 llp + I T3 R RE 1921
n=0
m—1
<N fll Y e+ N Ienllpllonlly + 1T RERY 19l
n=0

< CIflp + IR 191lp) < CUfllp + DLy 2 gllp)

< (Il + 1D fllp) < Cllfllws .-
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On the other hand, Propositions 4 and 1 lead to

m m m m 7m_7k
1llwe, =S ID® fll, = 3 IDW Ly 2 gll, = SRS L g,
k=0 k=0 k=0

u _m=k
<CY L™ glly < Cliglpy = Cllfllez ..
k=0

Thus (26) is established. O

4. Alternative definition of Sobolev spaces

As we said in the introduction the n-th order Riesz transform associ-
ated with the operator L) is given by

_k
RYf=DYL,%f, fe€Sh

We observe that D} = D,\O-]-C-ODA = (sinf)* ;Tkk (sinf) >, for every k €

N. By using Propositions 4 and 5 we will prove that R’/{ can be extended

to LP (0,7) as a bounded operator, for every k € Nand 1 < p < co. As
it was mentioned our proof is different from the one presented in [5].

Proposition 7. Let A >0, ke Nand 1 < p < oo. Then R’)f defines a
bounded operator from LP (0, 7) into itself.

Proof: We denote by A = sirlledie' A carefull analysis shows that, for
every k € N,

dk b . ',
(27) o = ; Pek(0)(sin 6)°A,

where

Nek cos 0\ 2"

E cf;f - , when ¢ + k is even,
sin 0

m=0

pek(f) =

Ve cos @) 2!

de;f(s, 9> ., when ¢+ k is odd,
1n

m=0

for certain constants 5% and d%F. Here, Ny depends on £ and k as it
is indicated in the following table:
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ceven | 15| h-n | 18- 5-14)

Codd | [5] |5-[5]-1 5]

Hence, for every 6 € (0, 7),

(28)  |pex(0)] < C(sin@)~=t1=31 if kis even and 1 < £ < k,
and

(29)  |pes(0)] < C(sin@)~[21H1E=151-1if ks odd and 1 < £ < k.

Let f € Sy. From (27) and taking into account (12) and (18), it
deduces that, for every k € N,

k
0) = per(0)DYL,* £(6)
=1

Eet e
per(@)DYOL, T L% f(6)

Pek (9)LA+4 DL f(0)

Il
SRR

_k—t
pf,k(e)L)\-l-éz Rg\,lf(o)v 0e (Oa 7T)'

~
Il

1
By using estimations (28) and (29) we then obtain that, for each 6 €
(0,7),

1 —£ B2
WLA-MLM—Z R)\,l.f(o)‘

DLy 1(6)] < C >,
=1

A+l Rnf( )’ )

(sin 9

k
&
=3t
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when k is even, and

. [5]+1
IDYL 2 fO) <C | Y
=1

1 L—1  _ k—2e41

¥
WLH? Lyio® RA,1f(9)‘

'

=[5)+2

Ly RS, F >} ,

(sin 9

in the case that k is odd.

Hence, according to Propositions 1 and 4, the boundedness of the
operator Rg\k) will be established when we prove that, for every A > 0
and j € N, the operator

1

Crif = ——Lj,
vl (sin )’ )‘ﬂ

is bounded from LP (0,7) into itself. We proceed by induction on j.
Indeed, let A > 0 and 1 < p < co. Note firstly that

* -1 . — d . _ 1
Ry of = DALy, f = — (sin0) " ((sin0)* L7, )

\ d _1
— (sin6) = ((smo)”“ (sing) 1L, 2, f)

cos@ . d . a1 -1
— A+ ) oL s (sm@))"’_l@((sm@) SR A f)

cosf
=—(2 + )s1n9 ,\+1f R,\+11f7 f €S-

Thus, by Propositions 4 and 5 the operator f — COSGLAJrlf is bounded

sin 6

from L?(0,7) into itself. Also, by Proposition 1, LAJr1 is bounded

on L? (0,7). Then
D 3 . »
a9 < C / LAflf(H)‘ a9

/O” 1
()

1
—3
sin@LAJrlf (9)
<CI|flly, feLr(0,m).
Hence Cl ;1 is bounded from L? (0, ) into LP (0, 7).

cos
31119 )\Jrlf( )

P
d9>
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Suppose now that the operator C ; is bounded on L? (0,7), for ev-
ery A > 0and j = 0,...,s, where s € N. Let us see that the opera-

tor Cy s4+1 is bounded on L? (0,7), with A > 0 fixed. By using Leibniz
rule it follows that, for every f € S\ys41,

(31)
Ri?rzlf :( S+1)) LA+5+1f

= (—1)**+! (sing) ! (Liyﬂ ((sin@)’\+sL 5 f)
- sin 0 df Aot

s+1 s+1—j
— (=1)**! s+1 a—s—y (1 d
= (-1 Z< J >(1n9) <sin9d9

7j=1
s _s41
b ((sm 9) (A )+1> Dixisyjo---0Dxpsi1ly 2 f+7Thsf,

where the operator 7, 5 is defined by

T f ( )S+1 (Sin 9)_2)\_8 Li S+1 ((Sin 9)2()\+S)+1) L s+1 f
. sin 6 df Aotl

We observe that (12) and (18) lead to

s+1 stl—yj .
... T2 — 72 J i
D)\+S+JO OD)\+5+1L)\+s+lf_L>\+s+l+jR)\+s+1,lf7 ] = 1,...,5"’1.

Also, a straightforward manipulation shows that
s+1 s+1—j
1 CoN—s—j 1 d
Z (S+ ) (sin ) A=s—y (— —)
= 3j sinf df

N 2(0ts)+1 =l g
X ((sm@) () )L/\+s+1+gRg\+s+1 o f

s+1

<CZ

_ s¥1—j

2
1+s i )\+2g+s+1 jR)\Jrerl 1f .

(sin 6)
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From this estimation, and by using the induction hypothesis and
Proposition 4 we deduce that the operator

s+1 st+1—j
s+1 2A—s5—3j 1 d
f= Z( ) (sin )~ <sm9d9

s+1—j

(A+s)+1
x ((sm9) ot )LA+511+3R>\+5+1 o f

is bounded from L? (0, 7) into itself.
Hence, from (31) and Proposition 5, it follows that the operator 7 s
is bounded from L? (0, 7) into itself. We can write

s 1 d T Ors+1) . q(0)
(sin6) (sin9 d9> ((sm 9) ) B (sin@)sﬂ’

where 0 € (0,7), ¢ € C*™ (R), ¢(0) # 0 and ¢(7) # 0. By choosing ¢ > 0
such that g(¢) # 0 for € [0,0] U [ — §, 7] we have that

/|C“+1f |pd9<</ /)‘ Tsf (0)

p

do

p

do

+C/ L)

SO(/OFITA,J(@)IP d9+/oﬂ

st P
Lol o)

<Clfly,
for f € LP (0,7). Hence C) 541 is bounded on L? (0, ).
Thus, the proof is finished. O

Finally we can give the proof of Theorem 2, see Introduction, which

establishes the relation between the spaces Wp N and WY

Proof of Theorem 2: Assume that fe Wp . By Theorem 1 there exists
g € L?(0,m) such that f = L, g and Hg|| is equivalent to Hf||Wp
Then, by Propositions 7 and 1, for every £ =0,1,...,m, we have that

|Dksl, = DALy %] =[mELy” ’pSCHfHWfM

k __m—k
2
A

9

Thus we conclude that W} is continuously contained in WY
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It is not difficult to see that, if 0 < A < 1 — 1—17, the function f(0) =
0 (sin)” is in W5 , but not in WY ,. O

5. A maximal operator on the ultraspherical Sobolev
spaces

Kinnunen [11] (see also [12] and [13]) proved that the Hardy-Little-
wood maximal operator is bounded in the classical Sobolev space WF(R™)
for every 1 < p < co. In this section we prove that the maximal opera-
tor associated with the Poisson integral for the operator Ly is bounded
from Wf’l into itself, for every 1 < p < oc.

The maximal operator associated with {P2}o<,<1 is defined by

P(f) = sup |PX(f)I-
0<r<1

This operator P is bounded from LP(0,7) into itself, for every 1 < p <
oo and from L'(0,7) into L1*°(0,7) [18, Theorem 2.2]. Now we can
give the proof of Theorem 3.

Proof: Let f € WY, and let {r;}32, be an enumeration of the rational
numbers in (0,1). Then, we have
P (f)(0) = sup [P} (f)(6)] = sup max [P (f)(6)], 6 € (0,7).
jEN keN 1<j<k
Let j € N. According to [15, Theorem 3], P} *(f) € C*°(0,m). Moreover,
by (19)
DAP2 (f)(9) = PSH(DA(£))(0), 6 € (0,7).

Then, by using [18, Theorem 2.2], we conclude that Pé(f) € Wy,
Hence, PA (f) € WP(a,b), for every 0 < a < b < 7 (see Proposition 3).

By [8, Lemma 7. 6] we get that, for every k e Nand 0 < a < b < m,
d A pA
|G )P (f)(0)]

)

A pA
- <
‘d@ 1@?<Xk| sinf)” P”'(f)(e)l‘ lril]az(k

a.e. 60¢€(0,m).

Hence

1<j<k 1<j<k | "

D>\<max P}J(f)(e)’)’ < max ’PA-H(D)\JC)( )’

ae. 6¢€(0,m)and ke N.
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From [18, Theorem 2.2] again, we can find C' > 0 for which

ngf’

max
1<5<k

<Clfllwr, keN.
W, ‘

The sequence {Fk = maxi<j<g PT)‘J_ (f)‘}]C is bounded in WY ,. WY |,
== €N ' '
after renorming, is isometrically isomorphic to a closed subspace of
LP(0,7) x LP(0,7). Then WY, after renorming, is reflexive and the
closed unit ball in W}, is sequentially compact in the weak topology.
Hence, there exists a subsequence {Fy, },cy of {Fi}ren and a func-

tion g € WY | such that
Fy, —g, as | — oo,
in the weak topology of WY | and [|gllwr < C| fllwr . Since Fy,(0) —

PXMf)(0), as | — oo, for 8 € (0,7), and {F}), }ien is increasing, we
conclude that P}(f) = g and the proof of Theorem 3 is finished. O

The argument in the proof of the last theorem can be used in those
cases in which formulas (12) and (18) produce identities like (19). This
is the case of the maximal operator associated with partial sums for
ultraspherical expansions. In fact the following theorem can be proved
with these ideas and [9, Theorem F].

Theorem 4. Let 1 < p < co. The mazximal operator S defined by
N

SX(f) = sup
NeN

an(f)en
0

n=

is bounded from WY, | into itself.
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