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INTEGRATION WITH RESPECT TO LOCAL TIME
AND ITO’S FORMULA FOR SMOOTH
NONDEGENERATE MARTINGALES

XAVIER BARDINA AND CARLES ROVIRA

Abstract
We show an It6’s formula for nondegenerate Brownian martin-
gales X = fg us dWs and functions F'(z,t) with locally integrable
derivatives in ¢ and . We prove that one can express the addi-
tional term in It6’s s formula as an integral over space and time
with respect to local time.

Introduction

We consider a continuous nondegenerate martingale X = {X;, t €
[0,1]} of the form X; = [ u,dW, where W = {W;, ¢ € [0,1]} is a
standard Brownian motion and u is an adapted stochastic process. Let
F: R x [0,1] — R be an absolutely continuous function with partial
derivatives satisfying some local integrability properties. The main aim
of this paper is to obtain an Itd’s formula for F(Xy,t) where the term
corresponding usually to the second order derivative is expressed as an
integral over space and time with respect to local time.

We will prove this results when wu satisfies (locally) the assumptions

(H1) For all t € [0,1], us belongs to the space D32 and for all p > 2

1

p/2
E|lu|? + E|Dsw|P + E </ |DTDsue|2d9)

\Y

1 p/2
+F (/ |Dy D, Dug|? d9> < K,

VsV
(H2) |u¢| > p > 0 for some constant p and for all ¢ € [0, 1].

Moret and Nualart [14] consider an Itd’s formula for this class of
nondegenerate martingales. Their main result reads as follows:
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Theorem 0.1 (Moret and Nualart, [14]). Let u be a process satisfying
(H1) and (H2). Set X; = fo us dWs. Then for any function f € L (R)
the quadratic covariation [f(X), X] exists and the following Ité’s formula
holds

F(X, /J )X, + S1F(X), X,
Jor all t € [0,1], where F(z) = F(0) + [ f(y) dy.

Moret [13] gave an extension of this last result for functions F' de-
pending also on ¢. She considers a new hypothesis on functions f:

(C) f(-,t) € L .(R) and for all compact set K C R, f(x,t) is continu-
ous in t as a function of [0,1] to L?(K).

Then, her result is the following;:

Theorem 0.2 (Moret, [13]). Let u be a process satisfying (H1) and (H2).
Set X = f(f us dWs. Let F(x,t) be an absolutely continuous function in x
such that the partial derivative f(-,t) satisfies (C). Then, the quadratic
covariation [f(X,-), X] exists and the following Itd’s formula holds

ﬂ&ﬁ=F®®+Af@wM&+%WK%M+AF@mw,
where

/0 F(X,,ds) = lim Z (F(thﬂ, tiv1) — F(Xe, 00t )) ;

n—-+o0o
t,€Dy, t; <t

exists uniformly in probability for (D,)n a sequence of smooth partitions

of [0,1].

In these two results, following the ideas of Follmer, Protter and Shir-
yayev [11] for the Brownian motion, the additional term is written as a
quadratic covariation. Bardina and Jolis [2], [3] extended the results of
Follmer et al. [11] to the case of the elliptic and hypoelliptic diffusions.

Nevertheless, it is important to point out the differences between [14]
and [11]. One of the keys of their proofs is to obtain some a priori esti-
mates on the Riemann sums. In [11] these estimates are obtained using
the semimartingale expression of the time-reversed Brownian motion and
well-known bounds for the density of the Brownian motion. Moret and
Nualart [14] used another approach, using Malliavin calculus in order
to obtain sharp estimates for the density of the process X; and avoiding
the time-reversed arguments.
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We want to express the quadratic variation term as an integral with
respect to the local time. We will refer the reader to the book of Rogers
and Williams [17] for the theory of local times for martingales.

There are several papers where the integrals with respect to local
time are used in Itd’s formula. In 1981, Bouleau and Yor [5] obtained
the following extension of the It6’s formula:

Theorem 0.3 (Bouleau and Yor, [5]). Let X = (X}),~, be a continuous
semimartingale and let F: R — R be an absolutely continuous function

with derivative f. Assume that f is a mesurable locally bounded function.
Then:

¢
1
FOX) = FXo) + [ S X, =5 [ feydiLs
0 R
where d, LY is an integral with respect to x — L7.

Eisenbaum [8], [9] defined an integral in time and space with respect
to the local time of the Brownian motion. Using this integral, the qua-
dratic covariation in the formula given in [11] can be expressed as an
integral with respect to the local time. She obtained the following result:

Theorem 0.4 (Eisenbaum, (8] and [9]). Let W = (W),<,<; be a stan-
dard Brownian motion and F a function defined on R x [0,1] such that

there exist first order Radon-Nikodym derivatives 22 and %—5 such that
1
—dzrds < 400

ot
for every A € Ry,
1 A
| L a7

1 A 2
oF 1
—(z, s —dzds < +00.
/0 LA (530( )) Vs
t t
F(Wt,t):F(WO,O)—i—/ a—F(WS,s)dWS+/ OF .. s)ds
0 817 0 8t

L[t [OF .

This result has been extended by Bardina and Rovira [4] for elliptic
diffusion processes.

In our paper we will follow the ideas of Eisenbaum [8], [9], assuming on
the function F' the hypothesis considered in Theorem 0.4. In the papers
of Eisenbaum [8], [9], as well as in [11] or in the extension of Bardina

OF
E(xvs)

and

Then,
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and Rovira [4], one of the main ingredients is the study of the time
reversed process and the relationship between the quadratic covariation
and the forward and backward stochastic integrals. We show that we can
adapt the methods of Eisenbaum without using the time reversed process
and the backward integral. We will follow the methods of Moret and
Nualart [14] and we will use Malliavin calculus to obtain the necessary
estimates for the Riemann sums.

The existence of the quadratic covariation is not one of our main ob-
jectives. Nevertheless, it will be an important tool in our computations.
We recall its definition.

Definition 1. Given two stochastic processes Y = {Y;, ¢t € [0,1]} and
Z = {Z;,t € [0,1]} we define their quadratic covariation as the sto-
chastic process [Y, Z] given by the following limit in probability, if it
exists,

[Y7 Z]t = 111?1 Z (Y;fzurl - Ki)(Zt'H»l - Zti)’

ti€Dy, t; <t

where D,, is a sequence of partitions of [0, 1] whose mesh tends to 0 as
n goes to oo.

We will assume that the partitions D,, satisfy

(M) lim, sup,ep, (tiy1 —t;) =0, M :=sup, sup,,cp, ttl < 0.

We impose this condition in order to avoid certain possibly exploding
Riemann sums.

Other extensions for It6’s formula has been obtained recently. Among
others, there is the paper of Dupoiron et al. [7] for uniformly elliptic dif-
fusions and Dirichet processes, the work of Ghomrasni and Peskir [12] for
continuous semimartingales, the paper of Flandoli, Russo and Wolf [10]
for a Lyons-Zheng process or the work of Di Nunno, Meyer-Brandis,
(Oksendal and Proske [6] for Lévy processes.

The paper is organized as follows. In Section 1 we give some basic
definitions and results on Malliavin calculus, recalling some results ob-
tained in [14]. In Section 2 we define the space where we are able to
construct an integral in the plane with respect to the local time of a
nondegenerate Brownian martingale. Finally, Section 3 is devoted to
present our main result the extension of It6’s formula.

Along the paper we will denote all the constants by C, Cp, K or K,
unless they may change from line to line.
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1. Preliminaries

Let (92, F, P) be the canonical probability space of a standard Brown-
ian motion W = {W;, 0 <t < 1}, that is,  is the space of all continuous
functions w: [0,1] — R vanishing at 0, P is the standard Wiener mea-
sure on {2 and F is the completion of the Borel o-field of Q with respect
to P.

Let S be the set of smooth random variables of the form

(1) F=fWy,...,We),

n

f€CP(R™) and ty,...,t, € [0,1]. The Malliavin derivative of a smooth
random variable F' of the form (1) is the stochastic process {D,F, t €
[0,1]} given by

"9
DtF = —f (th, ey th)I[O,ti](t)u te [0, 1]
ox;
i=1 "

The Malliavin derivative of order N > 2 is defined by iteration, as
follows. For FF € S, t1,...,tn € [0,1],

wF=DyDy,...D; F.

.....

For any real number p > 1 and any integer N > 1 we denote by DV-?
the completion of the set S with respect to the norm

1Elvp =

N P
E<|F|P>+ZE<||D1F||’;2(W>] .

i=1

The domain of the derivative operator D is the space D2

The divergence operator § is the adjoint of the derivative operator.
The domain of the operator d, denoted by Dom ¢, is the set of processes
u € L2([0,1] x ) such that there exists a square integrable random
variable d(u) verifying

E(F§(u)) = E </01 D,Fu, dt) :

for any F' € S. The operator § is an extension of Itd’s stochastic integral
and we will make use of the notation §(u) = fol us dWs.

We will recall some useful results from [14]. We refer the reader to
this paper for their proof and a detailed account of these results. We
also refer to [16], [15] for any other property about operators D and .
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Proposition 1.1. Let Y be a random variable in the space DV2? such
that f:(DSY)st > 0 a.s. for some 0 < a < b < 1. Assume that

(DY/ f:(DSY)2 ds)ljq belongs to Domé. Then Y has an absolutely
continuous distribution with density p that satisfies the inequality

/ NGRS  P
o \ J(DyY)2 ds o

Proof: 1t follows from Proposition 1 and (2.6) in [14]. O

p(z) < E

The following proposition is also a slight modification of Corollary 2
of [14].

Proposition 1.2. Let Y be a random variable in the space DV2 such
that fol (DsY)?ds > 0 a.s. Let Z be a positive square integrable random
variable such that (ZDY/ fol(DSY)2 ds)ljo) belongs to Domd. Then,
for any f € L?(R), we have

BUC P2 = 118 (s )|

Proof: See Corollary 2 in [14]. The same proof works using a dominated
convergence argument. o

Lemma 1.3. Fiz p > 1. Suppose that u satisfies hypotheses (H1) and
(H2). Let Z € DY2P. Then, we have, for 0 < a <b < 1:

DtXb ?

Xp)2dt

p) 1/2

Proof: See Lemma 10 in [14)]. O

< Co(b—a)~P/? (E|Z|2”)1/2 + <E

/ab(DtZ)th

where Cy 1s a constant does not depend on Z.
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2. Stochastic integration with respect to local time of
the martingale

Following the ideas of Eisenbaum [8], we consider first the space of
functions for whose elements we can define a stochastic integration with
respect to local time.

Let f be a measurable function from R x [0, 1] into R. We define the

norm || - || by
1 1 3
£l = </0 /Rf2($,8)s—idxds) )

Consider the set of functions
H={f:|fll <+oo}.

Since H is L?([0,1] x R,s~3/4dx ds), it is a Banach space, in fact, it is
a Hilbert space.

Let us consider X a nondegenerate martingale of the type X; =
fg us dWs where u is an adapted stochastic process satisfying hypothe-
ses (H1) and (H2). Let us show now how to define a stochastic integration
over the plane with respect to the local time L of the process X for the
elements of H.

Let fa be an elementary function,

fA(:E,S) = Z fklj($k7$k+1]('I)I(SlvsH»I](S)’

(zk,51)€EA

where (zx)1<k<m, is a finite sequence of real numbers, (s;)1<i<m, is a
subdivision of [0, 1], (fxi)1<k<my;1<i<ms, IS & sequence of real numbers
and finally, A = {(xg, s1), 1 <k <mq, 1 <1 <mso}. It is easy to check
that the elementary functions are dense in H.

We define the integration for the elementary function fa with respect
to the local time L of the martingale X as follows

1
/0 / fale,s)dlz = 3 fa(Loe — Lo — Lo 4 [,

(zk,51)€EA
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Let f be a function of H. Let us consider (f,)ren a sequence of elemen-
tary functions converging to f in H. We will check that the sequence

(fol Jg fn(z,5) dLﬁ) , converges in L' and that the limit does not de-
ne

pend on the choice of the sequence (fy,)nen. So, we will use this limit as
the definition of the integral fol Jg [z, s)dLE.

First of all, let us see two previous lemmas.

Lemma 2.1. For any locally bounded Borel measurable function f and
any t € (0, 1] we have

/R f(a) do L8 = — [f(X), X],

where d, L} denotes the integral with respect to a — L.

Proof: Tt follows easily from Theorem 0.3 and Theorem 0.1. O

Lemma 2.2. Consider fi(x) := I (x) and fo(x) := I(cq(x), where
a < b and c < d are real numbers. Then for all t; <t; <t,

E [fl(Xti+1)f2(th+l)(Xti+l - Xti)(th+1 o Xt]‘ )}
<FE [fl (Xti+1)f2(th+1)Cij} ’

where
(tit1 — ti)(tj41 — ¢5)
Vg1 (o1 — tipr)

and C does not depend on f1, fa, i and j.

[Cijlle < C

)

Proof: When fi1 = fo = f € C¥(R), this inequality is checked in the
proof of Proposition 14 in [14]. The same proof also works when f1 # fo
with fi, fo € C¥(R). Now, fixed our functions fi, f2 let us consider
sequences fI' T f1 and f3 1 fo with f € C¥(R) for all n and i €
{1,2}. Then, the result can be obtained by a dominated convergence
argument. O

Theorem 2.3. Let f be a function of H. Then, there exists the inte-
gral f(f Jg f(z,s)dLE for any t € [0,1].
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Proof: Let fa be an elementary function. From Theorem 0.2 and Lem-
ma 2.1 it is easy to get that the quadratic covariation [f(X,.), X]; exists
and that

/Ot/RfA(x,smLz — [fa(X, ). X],.

The key of the proof is to check that for all elementary function fa

/O t / fale,s)dL?

where the constant does not depend on fa.
Notice that,

E(/Ot/Rfa(w,S)dLi

= E('[fA(X7 )7X]t|)

@) 5 ( ) <clsl,

=F lim Z (fA(Xti+1ati+1)_fA(Xtivti))(Xti+1_Xti)

n— 00
t; €Dy, t; <t

(3) -
< 2liminf ¥ Z fA(Xtin ’ ti-l-l) ('Xti+1 - th)

n—oo

t;€Dn, t; <t
1
2 2
+ 2lim inf B S X t) (X, — X))
ti€Dp,t; <t

— (2 (liminf Il) +2 (liminf 12))% :

n—oo n—oo

where in the last inequality we have used Fatou’s lemma.

Along the study of I; and Iy we will make use of the methods pre-
sented in the proofs of Propositions 13 and 14 in [14]. For the sake of
completeness, we will give the main steps of our proofs in the study of I5.
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By the isometry, and using Proposition 1.2 and Lemma 1.3 with Z =

f::“ uf ds,b=t;and a =0

tit1
I=F Z fi(Xtiati)/ u? ds
t

ti€Dn, t; <t ¢

= Z E<f§(Xt. ti)/ti+1 u2ds)
79 ti S

ti€Dy,t; <t
(U

< Z /Rfi(:zr,ti) dxFE

ti€Dn, t; <t

<C Z / fA(z,t;) d:z:t;%
R

t,€Dy,t; <t
tit1 2 ti tit 2
X E / u2ds| + E/ (Dt </ u? ds)) dt
ti 0 ti
m1 Mmsa

1
<C Z /l% Z Z flglj(mk,;mwd] (x)I(ShSH»l] (tl) ti 3 (tiJrl - ti) dx

t;€D,, t;<t VR g=11=1

DX, 113

mi1 Mma 1
= Z Z flgll(ﬂc;mmxwﬂ () Z I(Szﬁsz+1] (ti)t; 2 (tiv1—t:) | dx
Rp—11=1 ti€Dp, t; <t
mi1 Mmso
—C [ Flran(®)
Rg=11=1

t _1
X /0 Z I(Sz7sz+1](ti) ti ZI(ti,tHl](S) ds dx.

ti€Dn, t; <t

Using the condition (M) over the partitions, we have that, by bounded
convergence,

t

. K -1 _1
nh—>ngo/0 Z Tsrysipn) (t) i 2 A1, 0,00 (5) dS:/O Loy s144)(8) 572 ds,
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and then,
mi1 Mmeo

t

o _1

hmlnflggc/Rg g f,fll(mk@kﬂ](x)/ Itg.s.1)(8)s 2 dsdx
0

n— o0
k=11=1

t
1

_ 2 el

—C/O /RfA(x,s)\/gdxds

< Cllfal?.

(4)

On the other hand,

L =F Z fA(Xti+17ti+1) (Xt'H»l - th)

ti€Dn, t:<t

=K Z fZ(XtHlatiJrl) (Xt'H»l - Xti)2

ti€Dn, i<t

(5)
+2F Z fA(Xti+17ti+l)fA(th+1’thrl)

ti,tjEDn,ti<tht
X (Xti+1 - th.) (th+1 - th)

= 1171 =+ 2[172.

Following now the methods of Proposition 14 of [14] and using again
Propositions 1.2 and 1.3 as we did in the study of I, we get that

_1
nasC Y [ A doti b )
R

t;€Dn,t; <t
By similar computations to those of the term I we obtain that

(6) liminf I; ; < C| fa
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Let us study now I; 2. Using Lemma 2.2, notice that

Il,2 =FE Z fA(Xti+17ti+1)fA(th+17tj+1)

ti,tjEDn,ti<tht
X (Xti+1 - th‘) (th+1 - th)

< > B (fa(Xtips tisn) fa(Xey 0 ti41)Cij) -

ti,t; €00, t;<t; <t

Following again the methods of the proof of Proposition 14 of [14] —more

precisely, the proof of inequalities (5.36) and (5.37)— the last expression
is bounded by

=
=

Z E (fi(XtiJrlvti+1)fi(th+17tj+1))

tit; €D, t;<t;<t

E(C5)

<c Z (tig1 —ti)(tj+1 — t;)

3
Litj €Dy, ti<t;<t (tiJrl(thrl - ti+1))4

" X (/R R dxf ( /R SR (@, t54) dgc)é

<c Z (tiv1 —ti)(tj41 —t;)

3
titj €Dy, t;<t; <t (tir1 (i1 — tisn))

X (/ fi(%tiﬂ)dﬂ?*'/fi(xvtjﬂ)dﬂ?)
R R
=C(l121+ [12,2)-

Since

Z (tjv1 —t5)

t;€Dn, t;<t;<t (tj+1 - ti+1)

! 1
= / Z 7%,[@].7%4»1] (8) dS,

titl g €D, t<t; <t (tjr1 —tiva)

(S
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we get that

I < Z (ti-i-l—ti)/t 1 ds(/f ot )d:v)
bl t% tit1 (5 - tz+1 A il

ti€Dp, t;<t;<t i+1

<C Z ZH /fA x,ti11)d

tiEDn) ti<tj <t

And this clearly yields that

n—oo

(8) liminfI; 51 < C/ /fA x,s) iﬁ ds = CHfA||2.
S4

Finally we have to consider I; 2. First of all, notice that

fi22:= Z T (/ fA(z ta+1)dx>

tiyt; €Dy, ti<t; <t (tiv1(tjrr — tit1))

_ 3 (tiv1 —ti)(tj+1 — 1))

3
tiyt; €Dy, ti<t; <t (tiJrl(thrl - ti+1))4

(/Zkal (Tk,Th+1] )I(SL;SZ+1]( J+1)d >

k=11=1

AR (tig1 —ti)
< Zz.fkl (ko , T y1] ) Z - 3

Rp—11=1 t;€D,, ti<t Uiy

X / — 3 I(Sth»l]( j+1)I(tj,tj+1](5> dsdzx.
tJEDn,t1<t <t tir ( tiy1)

From the obvious inequality
I(Szvswl] (tj+1 )I(tj sty (8) < I(Sz ,8141] (S)I(tj it (S) + I(tj 161 (S)I(tj it (Sl)’
we obtain the bound

9) Lioo <Tipo1+ 11229,
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where
A 2 (tiv1 —ti)
11221_ szkl Ik,$k+1 ) Z 3
Rik=11=1 ti€Dn ti<t bty
¢ 1
X Z 751(517&“] (S)I(tj,tﬁl] (s) ds dx
teDm ti<ty<ttivn (8 = tip1)?
X 2 (tig1 —ts)
11222_ szkl Ik,$k+1 ) Z 3
Rg=11=1 ti€Dn ti<t  ligq
X / I(tj,sl]( )I(tj,tj+1](5l)d5 dCC
t1+1 - Z-‘rl

tJeDn,tl<tj<t
Now, since we can write

z+1
I192921 = / Z /
R tiy

fA(x,s) ds dz,
ti€Dy, t; <t tit1

- z+1

using an argument of bounded convergence we have that

Lot 1
llmlnf[1221<// —S/fi(x,s)isdsdudz
n—00 rRJo u? Ju (s —wu)i
1
//fos/Tigdudsdx
(10) ui (s —u)i
t 1
2
SC// falz,s)— dsdux
R JO 52

< Clfal?.

On the other hand, observe that fixed [, there exists only one j (that
we will denote by j(I)) such that t;;) < s; <tj)41. So,

(tig1 —t;) [* 1
Z +§ 3 I(tj)Sz] (S)I(tj)tﬁll(sl) ds
tit1 (3

titj €D, t;<t;<t ti4+1 N ti+1)4

(tig1 — i) tiy+1 1
< Y e ———=ds.
210} ( 4

4 — 1.
ti€Dn, ti<tju)<t ti-i—l S tl-i—l)
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Now, using that for ¢ < j(I)

W+ 1 W+ 1 L
/ 73ng/ ﬁdSSLLan'Zu
iy (8—tiy1)3 tay (5=t
and that

tivy —t |
Gin=t) o [ 10w
0 S%

ti€Dn, t;<tja)<t ti4+1
we obtain easily that
(11) lim 11)272)2 =0.
n—oo
So, putting together (3)—(11), we have proved (2).

Now, given f € H, let us consider {f,}nen & sequence of elementary
functions converging to f in H, and we define

/Ot/Rf(x,s)dLi—Ll—n1Lngo </Ot/an(3:,s)dL§),

Clearly, this limit exists. Indeed, for any € > 0 there exists ny such that
for any n,m > no, ||fn — fml|l < € and using inequality (2) we obtain

that
[ [ [ [ faes)ar:

/Ot/R(fn(an) — fm(x,8))dL"

Moreover, using again inequality (2), it is clear that the definition does
not depend on the choice of the sequence (f,). Indeed, given (f!),en
and (f2)nen two sequences converging to f in H, we have

( f:vdew //fQ:vdeI>

<fa = £ < W fa = £+ 1 = 21

that goes to zero when n tends to infinity. O

=F SNfe—fmll <e

Remark 2.4. If f satisfies condition (C), from Theorem 0.2 we know
that the quadratic covariation [f(X, '), X] exists. Moreover, if f € H,
from the uniqueness of the extension in the construction of the integral
in Theorem 2.3 we get that

/ t [ stesyanz = 1550, x],.
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The following result is an obvious consequence of Theorem 0.2 and
Remark 2.4.

Corollary 2.5. Let u be a process satisfying (H1) and (H2). Set X =
fot us dWs. Consider a sequence D,, of partitions of [0, 1] verifying con-
ditions (M). Let F(z,t) be an absolutely continuous function in x such
that the partial derivative f(-,t) satisfies (C). Then, if f € H, we have
the following extension for the Ité’s formula:

F(X,,t)=F(0,0)+ /f 5, 8 dX——//f:z:dex/ F(X,,ds).

3. Ito’s formula extension
Now we can state the main result of this paper.

Theorem 3.1.
Hypothesis over the martingale:
1) Let u be an adapted process satisfying (H1) and (H2). Set X; =
5 s dW.
Hypothesis over the function:

1) Let F be a function defined on R x [0,1] such that F' admits first
order Radon-Nikodym derivatives with respect to each parameter.
Assume that these derivatives are measurable in both variables.

2) Assume also that these derivatives satisfy that for every A € R,
1 A
oF 1
/ / s)| dz—ds < 400
0 J-a Vs
1 A 2
oF 1
—(x, s dr——=ds < +00.
/0 /7,4 (3517 ( )) Vs

Then, for all t € [0,1],

t t
F(Xt,t>:F<o,o>+/ 8—I“YXS,s)dXﬁ/ OF . 5)ds
0 a.’l; 0 (9t

// (2,5) L.

Remark 3.2. Notice that under the hypotheses of Theorem 3.1, it is pos-
sible that aF does not belong to the space H. In this case, using the local-
ization arguments we can always assume that ( (z,8)I(c)(s), = €R,



IT0’S FORMULA FOR NONDEGENERATE MARTINGALES 203

s €0, 1]) belongs to H for any ¢ > 0 and we define, in the previous
theorem,

//axa:dex—ah_I%// (z,8)(c)(s)dLT.

At the end of the proof, we will justify that this limit exists.

Proof: Using localization arguments we can assume that F' has compact
support and

d:v— ds < +00

7

//( “) do—ds < +oc.

Let g € C* be a function with compact support from R to Rt such
that [, g(s)ds = 1. We define, for any n € N,

gn(s) = ng(ns)
and
n(x,t) / / (y, $)gn(t — 8)gn(z —y) dy ds.

Then F,, € C*(R x [0,1]). Hence, by the usual Ité’s formula, for ev-
ery € > 0, we can wrlte

t t
(12) Fn(Xt,t):Fn(XE,s)+/ %(Xs,s)dXs—l-/ %(Xs,s)ds

1 (" ,0%F,
—|—§/ U5 (X s) ds.

Using the arguments of Azéma et al. [1] we will study the convergence
of (12).

Since F' is a continuous function with compact support, it is easy to
check that (F,(X¢,t))nen converges in probability to F(Xq,1t).

On the other hand

drds < ds < +oo.

\/_

Hence, %1; € L*(Rx[0,1]). Under our hypothesis over the martingale X,

it follows from Proposition 1.1 and Lemma 1.3 that for any ¢ € [0, 1], the

LL’S LL’S

815
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random variable X} is absolutely continuous with density p; satisfying
the estimate

%9

pe(x) <

Then, it is easy to see that (ft 68%(X57 s) ds) converges in proba-
neN

)

bility to ( [tor (Xs,s)ds). Indeed,

e Ot
t (OF, OF
.E‘(/{5 (W(XS,S)—E(XS,S)) ds
t [ |OF, OF
< - _
—//R ot (&%) = 57 (@:9)
t
<cf |
£ R

S

that goes to zero, when n tends to infinity, since 25 € L'(R x [0,1]) and

oF

oF,
W(I,S) - E(

oF, oF
W(I,S) - E(%S)

oF, L roF
W(x’t)_/o /RE(y,S)Qn(t—S)gn(w—y)dyd&

Similarly, we can prove that ( f ; 66%

(X5, 5) dXs) converges in
neN

probability to (f; or (Xs,8) dXS). Indeed, using the same arguments

Bz
2)

we get that %—5 € L*(R x [0,1]). Then,

B ( / (%i;(xs,s - ‘g—fm,s) e
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Following the same ideas of Proposition 12 in [14], Proposition 1.2 and
Lemma 1.3 yield the following bound for the last expression

(13) C/:/R(%(m,s)—%—i(m,s))zﬁdxds
- (Z—i(:v, 3))2 dx ds

<& (-

that goes to zero when n tends to infinity, since %—i € L*(R x [0,1]) and

OF, ' [oF
—(x,t) = — n(t — s)gn(x —y) dy ds.
Gty = [ G s)an(t = s)gula — ) dy s
So, letting n to infinity in (12), we get that the sequence
2Fn
29 (Xs, s) ds)

1 /t
— w2
2 J. ox? neN

converges in probability to
t t
oF OF
F(X,t)— F(X — —(Xs,8)dXs — Xs,8)d
(¥ut) = F(Xe0) = [ GoXanaX,— [ Grxas)is

(z,8)I(c4)(s) € H, from Theorem 0.2 and Corollary 2.5,

The next step of the proof is to check that (%Fgg‘
B_F(x, S)I(s.,t)(s)v reR, se [0’ 1]) It

converges in H to (ax

But, sinceaa%
we get that
b 0%F, OF, OF,
2 N(X,,s)ds = | —2(X, ), X| — | =2(X,), X
[ G sy ds = | x| - [ Fron.x]
' [ OF, N
= — A Rg(l’,s)l(at)(s)dl/s.
(z,8)I(c)(s), = €R,

s €[0,1]), cn
suffices to notice that,
b (OF, OF ’1
/E/R(E(x’S)_%(x,S)> S—%dacds
oF, OF 2
W( ,8) a—(I,S)> dx ds



206 X. BARDINA, C. ROVIRA

that converges to zero when n tends to infinity. Then, we clearly have

proved that
1
oF, )
—— (=, 8)I(c1)(s) dLY
</0 /IR O (®:5) ol ) neN

converges in L! to fol Jo G (2, 8) I 0y (s) AL2.
So, we have that for any € > 0

Lor
.ot

1 [*[OF N
-1 /O /R () (e (3) L.

The last step is to let € to zero. But we need to check that the limit of
the stochastic integral exists. Actually, it is enough to show that

¢
(14) F(Xy,t) = F(X.,¢) +/ (??_Z(XS’S) dXs + (Xs,8)ds

t
E( ; %—I;(Xs,s)ds) < o0
and that
)a ?
E( ) %(XS,S) dX5> < 00.
But,

OF 1
E(I,S) dI—S dS < +00.

([ Spevosl) < | f[oo]

On the other hand, following the same type of arguments that in (13),
we are able to write

E ( Ot Z—f(xs,s) dXs)Q =E (/Ot (Z—Z(Xs,s>)2u§ ds)

tOF !
gC// (—x,s) —dsdx < oo.
RJ0O 3$( ) Vs

Letting ¢ to zero, the proof is finished.
When %—5 does not belong to the space H, as we explained in Re-

mark 3.2, we define

b [or ' ror
— dL? = 1i — I dL?.
| [ Gt sz =tim [ [ S sz

This limit clearly exists in probability since all the other limits in (14)
exist. O
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