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1. Introduction* In this paper consideration is given to conditions
under which the property of being non-dense in a space in the sense
of containing no open set in that space is invariant under certain types
of mappings. In some spaces and for some mapping types the issue
involved is essentially equivalent to the question of dimensionality preser-
vation. These questions are of interest and importance in numerous
mathematical fields. They are especially so in the study of topological
aspects of the theory of functions and it is toward this connection that
the results and methods in this note will be largely directed.

A single valued continuous transformation f(X)=Y will be called
a mapping. Such a mapping is open if open sets in X have open images
in Y and is light provided f~\y) is totally disconnected for each yeY.
Also / has scattered point inverses provided that for each yβY, f~ι(y)
is a scattered set in the sense that no point of f'\y) is a limit point
of / - % ) .

As indicated above, a set K in a space X is non-dense in X provided
K contains no open set in X. On the other hand that K is dense in X
means that every point of X is either a point or a limit point of K. A
mapping f(X) = Y is said to preserve non-density for compact sets pro-
vided that f{K) is non-dense in Y whenever K is compact and non-dense
in X. For a mapping / ( X ) = F , a subset Xo of X is said to be semi-
dense in X provided XQ is dense in some open subset of every open set
U in X whose image f(U) is also open in Y. Thus the property of
semi-density is a property of a subset of X relative to a mapping f on
X and not an intrinsic property of Xo alone.

For a mapping f(X) = Y, the set of all xeX such that x is a com-
ponent of f^fix) will be designated by the symbol Df. Also the symbol
Lf will be used for the set of all xeX such that f~ιf{x) is totally dis-
connected. Thus Lf is the maximum inverse set in X on which the
mapping / is light, where by an inverse set I we mean a set which is
the inverse of its transform under / , that is, one satisfying the relation

Accordingly Lf may be thought of as the lightness kernel or ^-dimensional
kernel of the mapping / . Obviously we have LfCDf.
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2 General setting* We begin with a theorem which was suggested
by the theorem of Alexandroff s [1] on invariance of dimension under
countable-fold open mappings. Our proof closely parallels that of Alex-
androff for his theorem.

(2.1) THEOREM. Let f(A)=B be open and have scattered point
inverses, where A and B are locally compact separable and vietric. Then
A is the union A=^An of a sequence of compact sets such that f\An is
topological for each n.

Proof. Let (Un) be a countable basis of open sets in A, so chosen
that Un is compact for each n. For each n, let Fn be the set of all
xeUn such that g^g nfa)^^ where gn denotes the mapping f\Un. Then
Fn is closed in Un by openness of / . Accordingly each Fn is the union
of a countable sequence of compact sets and thus we can write ^Fn=
Σ i M where each An is compact and lies in some Fm. Thus f\An is
topological for each n. Finally, YΛAn=A, because if xe A, there exists
an m such that xeUm and Um-f~1f(x)=x and hence so that xeFmd

(2.11) COROLLARY. For any closed set K in A we have

dim/(iΓ)= dim if .

(2.12) COROLLARY. If K is any closed set in A and V is any open
subset of f{K)y then V contains an open subset U which is homeomorphic
with a subset of K.

For let Kn denote the set KΆn for each n. Then since VC
and each f(Kn) is compact, some f(Kn) contains an open subset U of
V. Then Kn'f'^U) maps topologically onto U under / .

(2.13) COROLLARY. If A and B are 2-manifolds, (or n-manifolds),
then if K is non-dense in A, f(K) is non-dense in B.

(2.2) THEOREM. Let A and B be locally compact separable metric
spaces and let f(A)=B be a mapping preserving compact non-dense sets.
Then for some yeB, f~Ί(y) is totally disconnected.

Proof. For each integer n^>0 and each xeA, let U% be an open
set of diameter <^ IIn containing x and having a compact boundary Fn

x.
Let ZJ%χ, V%t, be a countable collection of these sets Ul whose union
covers A and set
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Now f(F)φB. For if f(F)=B, then for some n and i the set f{Fn

x)
must contain an open set in B, as B is locally compact and this is
impossible by hypothesis because F*. is compact and non-dense for each
n and i. Accordingly there exists a yβB-f(F). Clearly f~\y) is
totally disconnected, because if it had a non-degenerate component Cy,
then for l / n < the diameter of Cυ9 we would have Cy F2.#0 where

(2.21) COROLLARY. Under the same hypothesis, the set Y of all
yeB with f~\y) totally disconnected is dense in B and Lf=f~1(Y) is
semi-dense in A.

For if BQ is any open set in B, we have only to set Aϋ=f-1(BQ) and
apply the theorem to the mapping f\AQ to obtain the first conclusion
that Y is dense in δ . To prove the second conclusion suppose on the
contrary that for an open set U which has an open image and which
we first suppose conditionally compact, Lf U is dense in no open subset

of U. Then Lf U is compact and non-dense, whereas f(Lf U) must
contain f(U) since Y is dense in f(U) by openness of f(U). This is
a contradiction.

Finally, to see that U need not be conditionally compact, we need
only show that any open set V in A with an open image contains a
conditionally compact open subset U with an open image. To do this,
set V= Σ Vn where each Vn is open and conditionally compact and

VnCU. Then since / ( F ) = Σ / ( F » ) , s o m e f(Vn) contains an open set
G. Since / [ F r ( F J ] is non-dense, Q=G — /[Fr(Vn)] is open and non-
empty. Then U=Vn-f~\Q) meets our condition.

(2.3) THEOREM. Let A and B be locally compact separable metric
spaces with dim A=k <^oo and let f(A)=B be a mapping such that the
image of every compact non-dense set K with dim K<Ck is non-dense.
Then the set Y of all yeB with f~\y) totally disconnected is dense in B.

For, in the preceding proofs the sets Fn

x could now be taken of
dimension <Lk-~ 1.

3. Quasi-open mappings. Region on a sphere* A mapping /(X) =
Y is quasi-open provided that if y e Y and K is a compact component
of f~1(y)f then for any open set U in X containing K, y is interior to
f(U) rel. Y, and is strongly quasi-open provided y is interior to f(U)
relative to a larger space Y0^Y. A mapping f(X) = Y is monotone
provided f~ι{y) is a continuum (compact and connected set) for each
yeY; and / is compact provided f~ι(K) is compact for every compact
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set K C Y or, equivalently, provided / is closed and has compact point
inverses. For compact mappings, quasi-openness is equivalent to quasi-
monotoneity as defined originally by Wallace [3].

(3.1) THEOREM. Let f(X) = Y be a compact and quasi-open mapping
where X is a region on a sphere S, Y is a metric space and where no com-
ponent of a point inverse separates X. In order that the image of every
compact 1-dimensional set in X be of dimension <L1 it is necessary and
sufficient that the set Df be semi-dense in X.

Proof Let f^lm, m(X)=X', l(X') = Y be the monotone-light factori-
zation of / . Let the mapping m be extended to the whole sphere *S
by decomposing S into the sets m~\xf), xf e X' together with the com-
ponents of S—X so that we obtain a monotone mapping φ(S)=Sf of S
onto a sphere S' containing X' (φ is the natural mapping of the de-
composition) which is identical with m on X. That Sr is a topological
sphere follows from the readily verified facts that the described decom-
position of S is upper semi-continuous and no element of this decompo-
sition separates S, together with the classical theorem of R. L. Moore
[2] that the hyperspace of any such decomposition of a sphere into
continua is itself a topological sphere. Then l(X') = Y is a light open
mapping which is compact; and since Xf is a region on S', Y is a 2-
manifold by the invariance of the 2-manifold property under such map-
pings [4].

Now to prove the sufficiency of the condition let if be a compact
1-dimensional set in X. Then dimm(K)<Ll. For, if not, then m{K)
contains an open set U in X'. Then l(U) is open in Fand thus m~ι{U)
is an open set in X whose image under / is open in Y. Accordingly
Df is dense in an open subset Q of m~Ί(U). Since Q cannot lie wholly
in K, Q — Q-K contains a point x of Df. But then since x=m~1m(x)f

m(x) cannot lie in m(K), contrary to the supposition that m(x)e U dm(K).
Thus άimm(K)<Ll.

It remains to show that dimlm(K)<Ll. Since I is compact, open
and light and X' is a 2-manifold, I is finite to one [4]. Hence by (2.11)
we have dim lm(K)=dim m{K) <I 1.

To prove the necessity of the condition we note first that it follows
from our hypothesis that / preserves non-density for compact sets. For
if K is a compact, non-dense set in X we have dim K <I1. Whence
dim f(K) <11 and since as shown above Y also is a 2-manifold, it
follows from this that f{K) is non-dense. Accordingly, by (2.21) not
only Df but also Lf must be semi-dense in X.

Clearly we have the following alternative form of (3.1) which we
state as
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(3.2) THEOREM. Let f, X and Y be as described in the first sen-
tence of (3.1). In order that f preserve non-density for compact sets it
is necessary and sufficient that Lf be semi-dense in X.

4. Quasi-open mappings on the general 2-manifold. We now show
that the case of a mapping of this same type operating on an arbitrary
2-manif old can be reduced essentially to the case of a region on a sphere
so that similar conclusions hold.

(4.1) LEMMA. Let f(X) = Y be quasi-open where X is a 2-manifold
without edges and Y is a locally connected generalized continuum and
suppose that f(Lf) is dense in Y. If there exists in X a compact set K
of dimension <I 1 whose image contains an open set in Y, then there
exists a region R in X contained in a 2-cell of X such that Q=f(R) is
open in Y, the mapping f(R)=Q is compact and quasi-open and for some
compact subset Kλ of K R, f{K^) contains an open set.

Proof. Let V be an open set in f{K). Then there is a point yeV
such that f~\y) is totally disconnected. Now for each xeK*f~\y)
there exists a 2-cell Ex on X with edge Cx and interior Ix such that
f(Ex)CV, C . / ^ G / H O . Thus if Qx is the component of Y-f(Cx)
containing y and Rx is the component of f~\Qx) containing x we have
RxClχ because Rx-Cx=0. Accordingly, Rx being conditionally compact
[5], f{Rx)=QxCV and the mapping f(Rx)^=Qx is compact and quasi-
open.

Now since K f~ι(y) is covered by a finite union U of the sets Rx

and f{K*U) contains an open set V—f(K—K-U) in V about y, some
one of the sets Rx, say R, is such that f{K-R) contains an open set.
Since K-R is closed in R, for some compact set Kτ(ZK R, f(Kx) must
likewise contain an open set in Q=f(R). Thus the lemma is proven.

Since a region on a 2-cell may be considered as a region on a sphere
(by mapping the 2-cell topologically onto a 2-cell on a sphere), this
lemma together with the theorems in § 3 yield at once

(4.2) THEOREM. Given a quasi-open mapping f(X)=Y where X is
a 2-manifold without edges and Y is a locally connected generalized con-
tinuum such that no component of a point inverse lying inside a closed
2-cell on X separates X, in order that f preserve non-density for com-
pact sets it is necessary and sufficient that Lf be semi-dense in X.

Note. Most of the results in this paper were stated without proof,
or with only brief indications of proof in some cases, by the author in
his Presidential Address before the American Mathematical Society [6].
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For further discussion of these results, in particular for cases in which
alternative dimension preserving forms of (4.2) above are possible, see [6].

5* Differentiable functions* We now show that a mapping from a
region of the z-plane Z into the w-plane W generated by a function
w=f(z) satisfying certain differentiability conditions will satisfy the
requirements needed in the preceding sections to insure the preservation
of non-density for compact sets.

(5.1) THEOREM. Let w=f(z) be continuous in a region X of Z and
differentiable at all points of a dense set f'1{ Yo) in X which is the inverse
of an open subset YQ of Y=f(X). Then f is strongly quasi-open, no
component of a point inverse lying inside a closed 2-cell on X separates
X and the set f(Lf) is dense in Y. Further, Lf is semi-dense in X.

Proof. (Note. In the proof of all but the final statement use is
made of only easily established topological properties of functions meet-
ing minimum differentiability requirements. In proving the last one,
however, we use the property, rather more difficult to establish topolo-
gically, that a non-constant function everywhere differentiable in a region
R cannot be constant on any open set in R.)

To prove / strongly quasi-open it suffices (see § 7 of [6]) to show
that for any elementary region R in X with boundary C in X,

(*) /(i?+C)=/(C)-f the union of bounded components of W-f(C) ,

where " elementary " means that R is bounded and C consists of a finite
number of disjoint simple closed curves. To accomplish this, let S be
a component of W—f(C) such that the set S0=S f(R) is not empty.
Since R f'^So) is open and nonempty, it therefore intersects / " ^ F Q ) .

Thus S0ΎQ is not empty. Let Q be a component of SQ YQ. Since
R f~\Q) is open and thus has only a countable number of components,
there exists a component T of R f~ι(Q) on which / is not constant.
As / is differentiable on T by hypothesis [because T C f~Ί(Yo)] there
exists a point zoeT where ff(zύ)Φ§. Now using properties of the
circulation index, it readily follows that Q contains the interior of a
square and thus contains a point q such that ff{z)φ0 for all ze f~ι(q).
Since this makes the circulation index equal 2πi times a positive integer
when taken around any sufficiently small circle enclosing a point of
f~ι{q), it results at once that the circulation index taken over all of C
of / about q must be Φ 0. Further, since this latter index is constant
throughout S, that is, it has the same value when any p e S is sub-
stituted for g, it follows that every point p of S must belong to f(R).
For details of the argument needed here using the circulation index the
reader is referred to the last paragraph of § 5 of [7].
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Hence we have S CZf(R). This gives (*), however, because f(R-{-C)
obviously cannot contain the whole unbounded component of W—f(C).
Thus any component of W—f(C) intersecting f(R) must be bounded
and must lie wholly in f{R). Accordingly / is strongly quasi-open.

Suppose, contrary to the second assertion, that some component K
of /^(wo), for some w0 e Y, lies inside a closed 2-cell A on X and sepa-
rates X. Then one component Q of X—K must lie wholly inside A
since only one component of X—K intersects the edge of A. Let y be
a p o i n t o f f ( Q - h K ) s u c h t h a t \y — wd\ = m a . x \ f ( z ) — wQ\ f o r zeQ + K.
Then Q contains a component H of f~\y) and H is compact. Accord-
ingly, by the strong quasi-openness of / , y must be interior to f(Q)
contrary to \f(z) — wo\<L\y — wo\ for all zeQ.

That f(Lf) is dense in Y is an immediate consequence of the fact
that Yo is dense in Y and the quasi-openness of / already established.
For any open set in Y thus contains the interior / of a square such
that / is differentiate everywhere on f~\I). Thus for some qel,
f'(z)Φ$ for all zef~ι(q). This makes f~ι(g) a scattered set which
therefore surely lies in Ls.

Finally, to prove Lf semi-dense in X we note first that if T is any
region in X on which / is non-constant and everywhere differentiable,
then as shown above in the second paragraph of this proof, T contains
a point z0 where / ; f e ) # 0 and indeed f(T) contains points q such that
f'{z) does not vanish on f~\q), so that f~\q)(ZLf. Accordingly any
such region T intersects Lf. Now if U is any open set in X with an
open image, f(U) Y0 contains a region Q and if T is any component
of f~ι{Q) Uon which / is not constant (and there are such components
T because the collection of all components of f~\Q) U \& countable),
then T intersects Lf as shown above. However, the same holds for an
arbitrary subregion TQ of Γ, because / is likewise non-constant and
everywhere differentiable on To. Thus Lf is dense in T.
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