NOTE ON ALDER’S POLYNOMIALS

L. CARLITZ
1. Alder’s polynomial Gy (x) may be defined by means of

(1 ) 1+ i (_1)skﬁlsx%s[(u{+l)s-1)(1 . kw%)(k(xx))s—l
s=1 s

= [ — ko) 5 ¥CnlD)
n=1 t=0 (),

where M is a fixed integer >2 and
(@=01—-0a)l—ax)+-- 1 —ax"), (a)y=1.
Alder [1] obtained the identities

o (1 — w(2M+1)n—M)(1 _ x(2M+1)n—M-1)(1_ g2 +m) =G, ()
R _ 2 G
( ) El 1—2" ”gi (x)t

’

(3) ﬁ 1— x(2M+1)n—1)(1 _ x(wum-m)(l — glasvn) _ o szM't(x)
n=1 1 — x» t=0 (x)t

thus generalizing the well-known Rogers-Ramanujan identities. Singh
[2, 3] has further generalized (2), (3); he showed that

ﬁ (1 _ m(zM+1)n-s)(1 _ x(2u+1)n—w-1+s)(1 . x(wn)n) _ i As(gc, t)Gm_L(%')
n=1 11—z =0 (x)t ’

where the A (z, t) are polynomials in x.
In a recent paper [4] Singh has proved that

(4) G () = ' t<M—1).

In the present note we give another proof of (4) and indeed obtain the
explicit formula

_ _1\s (2), Yss-Dest(1 _ ps t-Ms+s
(5)  Gule) = S gy B = e

valid for all t.

2. Since
(1 — ka*)(kx);-1 = (k2)s + ka*(1 — 2°)(kx)s-, ,
the left member of (1) is equal to
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14+ i(_l)skﬂlsx%s((u{+l)s—1}{ (é‘:’))s + ka(ZZc))s_l}
s=1 s s—1

= S — 1) ks pEsiea+ns=1) (ch)s
T @)

_ i (—1)SkH s+ +1 (5 +D (@M +D (541 =1) (54D (),
§=0 (w)s
— i (_l)skAlsx%s((zu-rl)s—l) (kex)s {1 — kuviguesvessoy
§=0 ()s
Thus (1) becomes

— JpMipeD s e e
1 (z) 1 (1)

1 — JM+1pM+D 2541 = Jaipsi+]
()s =0 (),
For t < M, it is clear that the coefficient of k* on the right is simply

x'/(x),. This proves Singh’s result (4).
For t = M we get

>°i kG () _ i (— 1) kHsgdsten+vs-n
=0 (%), =0

(6)

— — -1 skMsx%s((2M+l)s—1} .
2 (=1

Gy, () - x" xM
(%) L—a (@)
so that
Gy ou(x) = 2™ — x”ﬂ ,
1—x
which also was found by Singh.
For t = M + 1, similarly, we have
GM,M+1(:U) _ xM+1 el xM+2
()41 (%) 241 (1— )’
so that
Gy unn(®) = x"‘“{l — () y1 — xﬂtl—z}
(7) (1— =)

= 21 — (1 + 29)(@)uns} -
also due to Singh.

3. For arbitrary ¢ > M + 1, it follows from (6) that

G, (1) = —1)* (2), (M D51} (s +1) (6= 5)
i) = 33 (1B _

(@)s(2)c- 15

—1)s (%), 2%

M(s+D<t (@) s(2) g2 (5411 '
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where
es=3s{2M+1)s —1} + s+ D{t — M(s+1) —1}(M + 1)2s + 1).

This simplifies to

Gy (2) = ot —1)° (), 3s(s=1) +s(t-a0)
W= T o

(8) + 3 (—=1) (), gAss-n+st
0<ars <t (x)s—l(x)t—Ms—l

or if we prefer

(9)  Guu@) = 3 (—1)— @ ghssvinq g 4 gu-mors) |
Ms<t (x)s(x)p-—Ms

§>0

For example (9) reduces to

— mt - (x)b . L= M +1)
(10) Gm(x)_—ac{l Bt }

for M +1<t<2M —1. When t = M + 1, it is easily verified that (9)
reduces to (7). Singh [4] conjectured the truth of (10) for ¢ < 2(M — 1).
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