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This note deals with the Dirichlet problem for the second order
elliptic operator

1 0 0
L= 3 (@@ = )+e@

whose coefficients are defined in a bounded domain G — E". We suppose
the following:

(a) The a,;;(x) are complex valued and of class C’' in G;a;; — @;;.

(b) c(x) is real valued, continuous, and bounded below in G.

(¢) 7(x) is continuous and positive in G.

(d) There exists a function a(x), continuous and positive in G

satisfying

2 a;;£:8; = OZISi [
1,5=1 =1
for all # in G and all complex n-tuples E = (£, &, -, ).
Under these assumptions it is easy to show that L is formally
self-adjoint in the Hilbert space <“%G) of functions which satisfy

S'r|u|2dac<oo.
Qq

We denote by C:(G) the set of infinitely differentiable functions with
compact support in G. The operator L defined on C{(G) is a semi-
bounded symmetric operator in _<°%G) and therefore has a Friedrichs
extension which is self-adjoint in <#%G). This operator, to be denoted
by L, will be referred to as the Dirichlet operator associated with L
on G. It is well known that L is unique, has the same lower bound
as the symmetric operator L, and that in sufficiently regular cases, L
can be obtained by imposing Dirichlet boundary conditions on the
domain of L*. The purpose of this note is to state a criterion for the
discreteness of the spectrum of L.

We shall say that the spectrum of an operator A is discrete if the
spectrum of A consists of a set of isolated eigenvalues of finite multi-
plicity. The complex number A belongs to the essential spectrum of 4
if there exists an orthonormal sequence {u,} it the domain of A for
which (4 — M)u, — 0. If A is self-adjoint, then it can be shown (see
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[2]) that ) belongs to the essential spectrum of A if and only if ) belongs
to the spectrum of A and is not an isolated eigenvalue of finite multiplicity.
Thus the spectrum of a self-adjoint operator is discrete if and only if
the essential spectrum is empty.

In case G is bounded and the conditions (a)-(b) are satisfied in G
as well as G, then it is well known that L has a discrete spectrum.
Here we shall allow the possibility that ¢(x) and »(x) tend to 0 or < on
a set S 8G. With this generalization the spectrum of I need not be
discrete.

In order to state criteria for the discreteness of the spectrum of
L, it is convenient to express the problem in the canonical form where

Gc x|z, >0
Sc x|z, =0

(00 2 )50 (0, 0)
L = i
oz, \ " b, +mz=1 ox; \ "5, te

Mihlin [1] has shown that this canonical form can in general be attained
by a change of variables. Previous criteria for discreteness derived by
Mihlin [1], Wolf [2], and others depend on the behavior of a,, near S.
The criterion to be derived here is independent of the behavior of a,,;
with minor modification, the method can also be applied if G is an

unbounded domain.
We define

E=GN{x|z, =1},

and denote by # the coordinates (x,, ---,2,-,) in E,. Let L, denote the
Dirichlet operator associated with L on G,. Then the following is a
special case of an invariance principle due to Wolf [2].

LEMMA 1. For t >0 the essential spectrum of L, is identical
with the essential spectrum of L.

LEmMMA 2. Iflim inf -(!-%Z—'Ii“{) = oo, then the spectrum of L is discrete.
t-0 u€057(G,)

Proof. Suppose to the contrary that there is a )\, < o which
belongs to the essential spectrum of L. We can choose ¢, > 0 sufficiently
small so that

inf L) > 4
ue03 (@, ) T ll

Then, by the definition of L,
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(Etou’ u) > )\’0 + 1
KAl

for _all % in the domain of I_/to, and )\, does not belong to the spectrum
of L,. By Lemma 1 this is a contradiction.
For ¢ > 0 the operator

1 n—1 _ 6 _
t = EAGE) t)— ’
T, G0 ig:l(a , t) o, ) +e(Z, 1)

is a nonsingular elliptic operator defined on E,. Therefore T, the
Dirichlet operator associated with 7, on E,, has a discrete spectrum.
Let m(t) denote the smallest eigenvalue of T,.

THEOREM. If lim m(t) = o, then the spectrum of L is discrete.
t—0

Proof. If ueCg(G), then clearly w(Z,t)e Cy(E,). Thus for all
ueCy(G)

m(t)SE | [PrdE < SE [2 “”ng— gf +re|uw |2]dz
¢ getI=l i i

ou
o0x,

§ S [aﬂﬂ
By

Defining m(t) = inf m(r) and integrating both sides from =z, =0 to
Tt

[ann
G

2 "= du  ou
S, —— —— +7rc|u 2]dx .
+ %=1 axi axj | |

z, =t we obtain

871,2_{_"2‘ ouw ou

m(t)sa | Prde < S

+rc|u|2]dx.

A ox, = or; 0x;
Since lim 7(t) = « we have
t—0
lim inf _(Iﬂ?_ = o .
=0e0r@, || Wl

The desired result now follows from Lemma 2.
We give two simple applications of the preceding theorem.

COROLLARY 1. Let V, denote the (n — 1)-dimensional Lebesgue
measure of E,. Let ¢(t) and p(t) be continuous positive funmctions
satisfying

(i) o) = @, 1
() #0516 S oy D8, for all = G -+, £
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If lim ¢(t)/o(t) Vi"* = oo, then the spectrum of L is discrete.

Proof. Let p(t) denote the smallest eigenvalue of the Dirichlet
operator associated with —4 = —31210°/0x} on E,. By (i) and (ii)
m(t) = o) ut)/e(t). It is well known that p(f) is minimized if E, is a
(n—1)-dimensional sphere of volume V, and that then u(t) = C/V¥*, C
being a constant. Therefore m(t) = Cp(t)/o(t) V"' and the result
follows from the preceding theorem.

The preceding corollary made no use of the shape of E,. The
following corollary gives stronger results in case E, becomes ‘‘narrow’’
in the proper sense.

COROLLARY 2. Suppose we can find functions a(x,), .-, a,_1(2,),
v(x,) and o(x,) which satisfy conditions (a)-(d) and
(1) D) & < Sauts; for all §=E, ) £) and all o
= t,5=1

n G.
(ii) v(x,) = c(x) for all z in G.
(i) p(x,) = r(®) for all x in G.

Suppose also that we can enclose G in a region
:{x‘.ft(xn) < xi<gi(xn)”i:1; "'7’"'_1;0 < Ly <b< 00} .
If for some © < mn

. ai(t) t) = oo
Lim p®lg:t) — F®OF 0

then the spectrum of L is discrete.

Proof. Denote by p(t) the smallest eigenvalue of the Dirichlet
operator associated with

7(t) = (t) Z a(t

on I' N {x|x, =t}. By classical variational principles ¢(t) < m(t). Since
we can compute

pt) =% 2(t) + (),

=1 p(8)[g:t) — f:(OF

the discreteness of the spectrum of L follows from the preceding
theorem,
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