INTEGRAL CLOSURE OF RINGS OF SOLUTIONS OF
LINEAR DIFFERENTIAL EQUATIONS

EpwarD C. POSNER

Let K be an ordiary differential field of characteristic zero with
field of constants C. Let R be a differential subring of K containing
C and having quotient field K. A differential subring V of an ex-
tension differential field M of K is called a fundamental differential
ring (over R) if V contains R and if, for each v in V, there exist
Uy +++, v, in V, n depending on v, such that v, v, ---, v, form a funda-
mental system of solutions of a homogeneous linear differential equation
with coefficients in K. Throughout this paper, {---} denotes differ-
ential ring adjunction, <-...> differential field adjunction.

THEOREM 1. Let K,C,R, M, V be as above. Then V is a funda-
mental differential ring over R if and only if V= R{v,,,acA,1=<1
= .}, A an indexing set, where for each a in A, Vuy, Vay, ** *, Van, fOrm
a fundamental system of solutions of a homogeneous linear differential
equation over K.

Proof. If V is a fundamental differential ring over R, we may let
A = V; the interest attaches to the converse. It amounts to proving
that every differential polynomial with coefficients in R in the v,; is one
element of a fundamental system of solutions of a homogeneous linear
differential equation over K, all the elements of which system of
solutions belong to V. By use of induction, we may reduce the problem
to consideration of the four differential polynomials s, s+ ¢, st, and 7s,
re K. We treat the polynomials s’ and s + ¢; the polynomials st and 7s
are treated in a like manner,

Let s™ +a,_ 8" + v+ +a,s5=0, a;€K, 0=t=n—1. (There
is no loss of generality in supposing that the leading coefficient of this
differential equation is 1.) If @, = 0, then s’ already satisfies a homo-
geneous linear differential equation (of order n — 1) over K; if a, # 0,
we differentiate the expression

(oo (B s s (24

to obtain a homogeneous linear differential equation of order = in s
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with coefficients in K.

To prove the result for s + ¢, let s,t be in V with s + ¢ # 0; let
8,8, +*+,8, be n elements of V forming a fundamental system of
solutions of a homogeneous linear differential equation over K, and the
same for ¢,t, +--,t,. Let s, =s,t, =%t Let u, =s +t, and choose
Uy, Uy, *++, U, from among s,, S;, +-+, S, &y, by, -+, t,, such that u, u,, -,
u, form a basis over the constants for the vector space spanned over
the constants by s, s, ++-, 8p; b, sy ¢, L. Let W(zy, 2, -+, 2,) denote
the wronskian of the p elements 2,2, ---,2,. Consider the linear
differential operator of order r, & (y) = W(y, %y, =+, w) Wy, -+, u,).
(Since u,, -- -, u, are linearly independent over constants, their wronskian
is nonzero.) < (u,) =0, 1 <N =7, and & # 0 since the coefficient of
Yy is 1= WUy, -+, u,) Wy, -+, u,). We shall prove that all the
coefficients of & are in K; <(y) = 0 will then be the sought-after
differential equation.

Let 0 be a differential isomorphism of K<s,, 8, +++, Sy €1, oy =+ +, t0y
over K; then o(s,) = S 7cus;, 1 = £ =n and o(t,) D.jdyit;, 1 = v = m,
where the c¢,; and d,; are constants. This is true because s, s, -+, 8,
span over constants the vector space of solutions of the homogeneous
linear differential equation over K satisfied by s,; similarly for ¢, ---,
tn. These two sets of equations taken together imply o(u,) = >
eny, 1 =N = 7, ¢, constants, for each o(u,) is in the vector space
spanned over the constants by s;, -+, 8,; &, =<+, tu.

This implies that W(y, ou,, ---, ou,) = (det (ex.)) W(y, uy, « - -, u,),
and similarly W(ou,, ---, ou,) = (det (ex,)) W(uy, -+, %,). Therefore the
coefficients a,, 0 < p =< r, of <(y) are invariant under o, for all
differential isomorphisms ¢ of K<{s;, +++,8,;t, *++, ¢, over K. By
Theorem 2.6, pg. 16 of [1], a, is in K, as required. This proves the
theorem.

The above theorem has the following immediate consequence.

COROLLARY. If M is a wuniversal differential field extension of
K ([2], Sec. 5, esp. pg. 771, Theorem), the set V of all elements of M
satisfying a homogeneous linear differential equation over K forms a
Sfundamental differential ring.

The following lemma isolates the key property of fundamental
differential rings that will be used to prove integral closure. An
element w in an extension differential field of K is called a wronskian
over K if w # 0 and w'/w belongs to K.

LEMMA. Let V be a fundamental differential ring over R. Then
any monzero differential ideal I of V contains a wronskian over K.
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Proof. Let u, be a nonzero element of the differential ideal I of
V, and let w,, u,, -+, u, be n — 1 elements of V such that u,, u,, -,
u, form a fundamental system of solutions of a homogeneous linear
differential equation over K. Then W(u,, %, -+, %,) is a nonzero
element of I: it is nonzero since u,, U,, + -+, %, are linearly independent
over constants; it belongs to I because each term in the expansion of
the determinant defining W(u,, ---, u,) contains a derivative of u, as
a factor. Since W(u,, ---,u,) is a wronskian over K, the proof is
complete.

DEFINITION. A differential ring is called differentiably simple if
it has no differential ideals other than zero and itself.

THEOREM 2. Let R be differentiably simple (in particular, R =
K), and for every wronskian w over K belonging to V, let there exist
a nonzero h in R such that hjw is in V. Then V too ts differentiably
stmple. (When R = K, the assumption is that V contains the inverse
of every wronskian over K which belongs to V.)

Proof. Let I be a nonzero differential ideal of V. To prove that
I=1V, let w be a wronskian over K in I; such exist by the lemma.
Now by hypothesis, there is a nonzero & in B with A/w in V. Thus
w-hjw =h is in I, so that IN R is not the zero ideal of R. Since
IN R is a differential ideal of R and R is differentiably simple, IN R
=R, so that 1eINR, and 1eI. Thus I = V as required.

The next theorem is a sort of converse to the previous theorem.
(Here V need not be a fundamental differential ring over R; V can be
any differential subring of M containing R.)

THEOREM 3. Let V, but not necessarily R, be differentiably simple,
and let w be a wronskian over K belonging to V. Then there is a
nonzero h in R such that hjw is in V. (Thus if R = K, 1/w isin V.)

Proof. Since K is the quotient field of R, there exist b,c¢ in R,
with ¢ # 0, such that w' = (b/c)w. Let I denote the set of elements
of V of the form ve~?w, p a nonnegative integer, v an element of V.
I can readily be shown to be an ideal of V; we shall prove that I is
closed under differentiation. If wvc?wel, then (ve~?w) = v'¢™?w —
pve~?c'w + ve~?w' = (v'e)e*w — (pve)e*w + (bv)e P 'w = (v'e — puc’
+ bv)e?'w is an element of V and hence of I. Thus I is a differential
ideal of V, and is nonzero since w is in I. Since V is differentiably
simple, I = V,and 1€ I. Thus 1 = ve~?w for some ve V,p = 0. Then,
if ¢ = h, we have h/w = ve V, with . an element of R. This proves
the theorem.
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The following theorem with K = C generalizes a consequence of a
result of Ritt ([4], Sec. 1, pg. 681) to the effect that if C is the field
of complex numbers, the ring C [¢, all complex \] is integrally closed
in its quotient field. In fact, Theorem 4 also implies that C [z, e**] is
is integrally closed in its quotient field.

THEOREM 4. Let K be a differential field of characteristic zero
with field of constants C. Let K be differential algebraic over C. Let
V be a fundamental differential ring over K which contains the in-
verse of every wronskian over K im it. Then V 1is integrally closed
in its quotient field (it is differentiably simple by Theorem 2).

Proof. Let u be an element of the quotient field M of V integral
over V: that is, there exist elements »; in V, 1 <14 =< n, such that
u* + Sy wut =0, and there exist v, Vpiy In V With % = V,11/Vs 0.
Let v; be a solution of a homogeneous linear differential equation <Z,(y)
=0,1=1=n+2 where &F(y)=Srby",1=t=n+20=j5=
M3 b, =1,1 £ ¢ < n + 2. Furthermore let v,,,1 < k < n;, be for each
1 a fundamntal system of solutions of <“,(y) = 0, with v, = v,. Let
Y be a differential indeterminate, and, for each 14,7, let P,(Y)e C{Y}
be a differential polynomial of lowest order »;; say satisfieg by b;; over
C and such that the degree of P;; in Y™ is as small as possible
among these differential polynomials of order r;;. Define the separant
S;; of P;; as the (partial) derivative of P,; with respect to Y. One
verifies, using the minimal property of the P,;, that S;;(b;;) is nonzero.
Then b5/ is S;(b;;) multiplied by a differential polynomial over C in
b;; of order at most r;;. This implies that C{b,;} = C[b{?,0 = p = 7],
all 4,5. (This argument is well known.)

Now define V = C{b;;, Si/(v:;), vir, 3all 1St =0n+20=75=m,
1<k =<mn}; observe Vc V. Since <; has leading coefficient 1 and
L) =0,1<1=n+2,1 =<k =<mn,;, and because of the above prop-
erty of each Cf{b;}, one concludes that V = C[b®, S;'(b:;), v, all
1=1=0+2,0=7=n,1=k=n0=<p=r;0=q=n,—1]. This
is what we were after: we have proved that V is finitely generated
as an ordinary ring over C. We can now apply Theorem 2 of [3] to
conclude that the integral closure O of V in its quotient field M is in
fact a differential subring of M. But  is in O; if we can prove that
O is contained in V, the proof will be completed.

So consider the ideal I of V consisting of all  in V such that
hO c V. By [5], pg. 267, Theorem 9, I is nonzero; a fortiori, the
ideal I of V consisting of those & in V with A0 c V is also nonzero,
since it contains I. We assert that I is a differential ideal of V: let
weO; then hweV, (hw) = W'w + ho'c V. Since O is closed under
differentiation by [3], pg. 1393, lemma, ®'cO, so that, since hel,
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how'e V. Thus Wwisin V if ® is in O and & is in I. In other words,
I is a differential ideal of V. Since V is differentiably simple by
Theorem 2, and I is nonzero, we conclude that I = V. Therefore 1€ 1.
This implies that O =1-0 is contained in V, as promised. This
completes the proof of Theorem 4.

(The above theorem could be strengthened by use of the following
unproved result: a differentiably simple ring of characteristic zero is
integrally closed in its quotient field. This result would generalize
Theorem 1 of [3].)

Theorem 4 has the following corollary.

COROLLARY. Let K be a differential field of characterististic zero
with field of constants C. Let K be differential algebraic over C.
Let M be a universal differential field extension of K. Let V be the
subset of M comprising those elements of M satisfying a homogeneous
linear differential equation over K. Then V 1is integrally closed in
its quotient field.

Proof. That V is a fundamental differential ring over K follows
from the corollary to Theorem 1. To prove V integrally closed in its
quotient field, we shall prove that V contains the inverse of every
wronskian over K in it, and then apply Theorem 4.

Now if w is a wronskian over K in V, then w # 0 and w' = kw,
ke K. Then /w) = (—1/w?)-w' = (—1jw?-kw = —k-(1jw). So 1jw
satisfies a (first order) homogeneous linear differential equation over K;
by the definition of V, (1/w) belongs to V, as required for the applica-
tion of Theorem 4.

REMARK. Let V,= V and V,,,n =1, be the differential subring
of M consisting of those elements of M satisfying a homegeneous linear
differential equation with coefficients in V,. Then V,,, contains L,
(thus UV, = V. is a field), for if f(+0) is in V,, then (1/f) =
—f'|f-1]f. Thus 1/f satisfies a first order homogeneous linear differ-
ential equation with coefficients in L, and soisin V,,,. Since V,,, con-
tains V,, and now the inverse of every nonzero element in V,, V,,, con-
tains L,. But each L, is differential algebraic over C, and M is still a
universal differential extension of L,. The above corollary thus implies
that each V, is integrally closed in its quotient field L,, n = 1.
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