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A RADON-NIKODYM THEOREM FOR FINITELY
ADDITIVE SET FUNCTIONS

CHARLES FEFFERMAN

Suppose that 3 is a field of subsets of the set S, and suppose
that x and 7 are complex-valued finitely additive set functions
defined on 3. Assume that . is bounded and 7 is finite and
absolutely continuous with respect to x. (A word of warning
is in order here. The statement “y is absolutely continuous
with respect to .” is often interpreted as “u(F) = 0 implies
7(E) = 0”. This is not the meaning used here. Our definition is
“for every ¢ > 0 there is a 0 > 0 such that | x(F)| < § implies
|7(E)| < e&.” Unless u is bounded and countably additive, the
two definitions are not equivalent.)

TueoreM 1. There exists a sequence {f,} of p-simple func-
tions on S, such that

1. limS Fu()dds) = 1(E)
e
uniformly for FelX

2, lim Sslfn(S) — Ful(8) | 9, d5) = 0,

n,m—oe

where v(x) is the total variation of ..

Theorem 1 is established by a pure existence proof, and
gives no indication of how to find f,. A more constructive
result is given below.

A partition of S is a finite collection of sets E; belonging
to X, such that S is the disjoint union of the E;, and such
that w(E)) +0,1 =1, ---, m.

The set ” of partitions may be directed by refinement,
that is, by the following partial order: P, < P, if for every
Ee P, there exist F', ---, F,€ P, (r may depend on E) such
that E and Ui, F; differ by a z-null set.

If P is a partition of S, define the -simple function f7
to be Direr (7(E)/u(E))xn, where 3, is the characteristic func-
tion of E.

THEOREM 2. If . is positive, then
lim S Fie)ds) = 1(E) ,
PeZ g

uniformly for Ec 3, where & is directed as explained above.

(The notation throughout is essentially that of [2].) For positive
¢, Theorem 1 reduces to Bochner’s Radon-Nikodym Theorem. See [1].
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Proofs of the theorems. Theorem 2 follows with little difficulty
from Theorem 1. Therefore, for the sake of clarity, we shall first
establish Theorem 2, assuming Theorem 1 to be valid.

Proof of Theorem 2. The result is proved by translating the
situation into an abstract problem on the convergence of operators
in a Banach space.

Throughout the proof, we assume v bounded. This assumption
is justified by Lemma 1 in the proof of Theorem 1, which shows that
boundedness of v follows from the hypothesis of Theorem 2.

Let X be the vector space of bounded p-absolutely continuous
set functions on ¥ with the norm |v| = v(v, S). Define continuous
linear operators T» on X, Pe.2”, by the relation

(To(M)(E) = g (s)(ds) .

Theorem 2 asserts that for each ve¢ X, limpe. To(v) = v. In order to
show this, it suffices to prove

(1) that limpe. Tp(v) = v for all v in a dense subset of v;

(2) that the operators T, Pe .7’ are equicontinuous on the unit
ball of X; that is, | T»|, Pe€ &’ are uniformly bounded.

To establish (1), we select as our dense subset the set of all
ve€ X of the form

HE) = | F@)pds),
where f is a p-simple function on S. That this subset is dense
follows from Theorem 1. We must show that if v is of the above

form, then limpe, Tx(7) = 7. But this is immediate from the follow-
ing argument: Let

WE) = | Fouds),
Ec X, where (since f is a p-simple function), we can write
.

with the E; pairwise disjoint, and S = U, E;. Then {E}} is a parti-
tion of S. By trivial algebra,

To(r) = | fi)pds) =7

whenever P is a refinement of {E}}, that is, {E;} > P. This proves (1).
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To establish (2), we shall prove that |T-| <1, Pe. &2, i.e.,
| Tey| < |7],7e X, Pe.&”. Any ve X may be separated into its real
and complex parts, and so it suffices to show that | Tpv| < |v| when
v is real. Since any real v is the difference of its positive and nega-
tive parts, v = (v+) — (7_), and since |7, | + |v_| = |7]| (by definition
of the norm in X), it suffices to show that | T»v| < v when v is posi-
tive, and Pe.Z?. Now we must show that if v is positive, and Pe .,
then | Tpy| < |7 ]| = v(v,S) = ¥(S). By inspection of the definition of
Tr, we see that since p and v are positive, Ty is positive. So we
must show that (TH7)(S) < ¥(S), when v is positive. By trivial
algebra, it follows from the definition of T, that (THY)(S) = ¥(S).

This proves Theorem 2.

We can now proceed to the most important part of the paper.

Proof of Theorem 1. The plan of attack is as follows: First
we prove the theorem for the case in which g is positive, and there
is an N > 0 such that |v(E)| < Nu(E), EcX. Next, we remove the
restriction on 7, and show that the theorem holds for all positive p.
Finally, we extend to the general case of a complex g, using the
approach of [2].

Let us establish a simplified notation. If v is any bounded
p-absolutely continuous set function on ¥, and f is a p-simple func-
tion on S, define the p-absolutely continuous finitely additive set func-
tion fy by the relation

(INE) = | fGsyrds) .

This operation makes X, the space defined earlier, a module over the
set of p-simple functions on S.

This notation allows us to reformulate Theorem 1 in terms of
the space X. Conclusion (1) states that lim, . f,2# =7 in X, that
is, lim, ... v(v — f.p, S) = 0. Conclusion (2) asserts that the sequence
{f.p} is Cauchy in the X-norm. Since convergent sequence in X are
Cauchy, conclusion (2) follows from conclusion (1).

The fact that lim, .. v(v — f,z¢, S) = 0 if and only if conclusion (1)
of the theorem holds, should be noted carefully, since this is the form
in which the theorem will be proved.

We now present the series of lemmas which establishes Theorem 1.

LEmMA 1. Let p and v be finite real-valued finitely additive set
Sunctions on 2. Suppose that p is bounded anrd positive, and v is
p-absolutely continuous. Then v is bounded.
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Proof. Suppose not. Then .7 ={EeX|v(v,E) = 4} is non-
empty. Let M = inf{u(E)|Eec _}. Pick a 6>>0 so small that p(E) <o
implies |v(E) | < 1. Pick an E, e _# such that p(E,) < M + (6/2). Since
E,e #,v(v,E) = +o. On the other hand, we shall show that for
every FeX, FCS E,, |Y(F)| + |v(E, — F)| = |v(E,)| + 2. This will be
a contradiction, since, v being real,

(v, Bo) = Sup (|7(F) | + |7(E — F) ) = [7(E) | +2 < +oo.

F<=E,
So to establish Lemma 1, we need only show that if FelX,
Fc E, then |v(F)|+ |v(E,— F)|<|v(E)|+ 2. Pick an FeJ,
Fc E,. If we had p(F') = 0, m(E, — F') = 0, then by finite additivity,
Wl = ((Ey) — (B, — F)
0 )
2 _ - < 9\ _
<(M+ 2) (K, F)=(M+ 2) o< M

(B, — F) = ((E) — ((F)
<<M+—'Z—>—ﬂ(F)§<M+%>—6<M

so that, by definition of M, F¢ _# and E — F¢ _#. But then,
v(v, F) < + o and (v, E, — F) < + 0, so that v(v, E,) < + o, con-
tradicting E,e # .

Therefore, if F'e X, F < E,, then either p(F') < 6 or u(E, — F') < 9.
Suppose that p(F') < 0. Then by definition of 9, [v(F)| =< 1. On the
other hand,

|7(E, — F) | = [7(Eo) — v(F) |
< [vE) |+ [7(F) | = [v(E) |+ 1.

Therefore,
[YE) |+ (7B — F) | = [v(E) | + 2.
Similar arguments show that if p(E, — F') < 9, then
[YE) |+ [v(E, — F) = |[7(E) | + 2.
So whenever Fel, FS E, |[7(F)|+ |[Y(E,— F)| =< |7(E)]| + 2.

LEMMA 2. Let p be a positive bounded finitely additive set
function on X, and let v be a real-valued finite, finitely additive
set function on 2. If there is an N > 0 such that |7(E)| < Nu(E)
for all Ec X, then there exists a sequence {f,} of p-simple functions
on S, such that
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WE) =lim | fuo)uds) ,
uniformly for EeX.

Proof. Let & be the space of p-simple functions on S, with
the norm

1= ] (Fermas,

and let .7 be the completion of &¥. _&7 is obviously a Hilbert space.
For example, if g is countably additive, then &~ is just the space L,.
Define a linear functional & on & as follows:

of = sz(s)v(ds) .
To check that ¢~ is continuous, observe that
(12| 176 100, d9) < N| | £()| p(ds) = N | 7 1-]1]

where 1 is the p-simple function which maps all of S to 1. (The last
inequality is just Holder’s inequality with g = 1.)

Since ¢ is continuous on &, it has a continuous extension 7
to all of .&#. Since ¢~ is a continuous linear functional on a Hilbert
space, there is some ze_o” such that for all ye &2, 2y = - v.
Since &~ is dense in &2, there exists a sequence {f,} of elements of
& (i.e., a sequence of p-simple functions on S) such that lim,_.. f, = «
in &#. Therefore, for each positive M, lim,_.. f,-y = <°f uniformly
for y in the M-ball of <~.

For EclX, |yz] in &7 is just

st = ¥/ | o ptas

— ]/SElp(ds) = VIE) < VIS) .

Therefore, {}|FE €2} consists entirely of elements of the M-ball of
.&7 where M = 1/p(S). By the result of the last paragraph,

lim f, X = &z »

n—oo

uniformly for FeZX. Recalling the definitions of #~ and of the dot
product in &, this equation becomes
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lim sz,xs)xE(sm(ds) = | wornas)

n—oo

uniformly for Ee X, i.e.
tim | £.(s) pu(ds) = +(E)

uniformly for Ee X,

The next step in the proof of Theorem 1 is to extend Lemma 2
to the case in which we no longer have |v(E)| < Nu(E). It becomes
easier to see how this extension may be accomplished, if we rephrase
the conclusion that we are trying to prove, We are trying to show
that if g is as in Lemma 2, then {fs|f a p-simple function on S }
is dense in X. By Lemma 2, {fu|f a p-simple function on S} is
dense in X, = {ye X|IN > 05VEeX, |v(E)| = Nu(E)}. So we want
to show that X, is dense in X, i.e., for every p-absolutely continuous
finite v, there is a sequence 7, of set functions of X, such that
1 7B € nqE), Ec 3, and lm, . vy —v,, S)=0. We find {v,} as
follows:

DEFINITION. Let v, and v, be finite positive finitely additive set
functions on Y. Define the set function v, A 7, on ¥ by the relation

(7 A VB = ;rg; [V(F) + 7B — F)] .

F<E

Observations.

1. v A7, is finitely additive. This is easy, and the proof is
contained in the proof of Theorem III 7.3 in [2]. Therefore the proof
will not be included here.

2. ATy and YAV E .

38, If v.< v, then v, A7 =7 A Vs

LEMMA 3. Let p be a positive bounded finitely additive set func-
tion on 3, and let v be o positive bounded finitely additive p-absolutely
continuous set function on . Let v, = (np) N Y. Then

limo(y —7,,S)=0.

n—rc0

Proof. 0 =<7, < Yu1="7, so that if lim,_.. 7.(S) = 7(S), the lemma
is proved. Let ¢ > 0 be given. By hypothesis, there is a 6 > 0 such
that if u(E) <d,EcX, then v(E)<e. Let N =(S)/0. Consider
any Fel.

Case 1. p(F)> 4. Then Nu(F) = ~(S), so that
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NuF) + %S — F) =z ¥(S) .

Case 2. p(F')<d. Then v(F)<e¢, so that v(S — F) = ¥(S) — ¢,
and so

NF) + 7S — F)=(S) —¢.
In either case, Nu(F') + (S — F) = v(S) —e. So
T(S) = }rg (Ni(F) +vS — F)) =%S) —¢.

Therefore, lim,_.. 7.(S) = 7(S).

LEMMA 4. Let p be a positive bounded finitely additive set
Sfunction on X, and let v be a complex-valued finite p-absolutely
continuous finitely additive set function on Y. Then there exists a
sequence {f,} of p-simple functions on S, such that

llmv(V—fnﬂ,S) =0.

Proof. v can be separated into its real and imaginary parts, so
that it suffices to consider v real. Any real v may be separated into
its positive and negative parts, v =¥, —v_. Lemma 1 assures us
that v, and v_ are bounded. So it suffices to consider v positive.
For n > 0, pick N, so large that

oy — (Nopt A7), S) < .
2n

This is possible by Lemma 3. By Lemma 2, and by the fact that
(Nt AV)NE)| < N,u(E), EecX, there is an f,, a p-simple function
on S, such that

(Nopt A7) — Fupty 8) <
2n
Then
oY = fulty S) S 0((v — Nyt A7), S) + o(N,pt A7) — furt, S)

2n 2n n

so that lim, . v(v — f.z, S) = 0.

We have now completed the second step in the proof of Theorem 1,
namely, we have proved the theorem for the case z# = 0. The final
step is to establish the theorem in the complex case. To accomplish
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this, we carry over the procedure of [2], which is valid for the
countably additive case. In [2], the argument (to prove the usual
Radon-Nikodym Theorem in the complex case, given its validity in
the case g = 0) is roughly the following: Let p and v be bounded
measures on the sigma-field ¥, and suppose that v is p-absolutely
continuous. Then v and g are both v(y, -)-absolutely continuous. So
there are integrable functions g and % on S such that

wE) = | sy, ds)

and
WE) = | g0l ds),
EeX., It is then proved that

vy, B) = SE—}L%)—#(OZS) ,

EeZ, and from this it is shown that

_{ 96
v(E) = SE%_) 1(ds) .

In order to apply this type of argument to the present situation,
we need two estimates:

LEMMA 5. Let p be any bounded complex-valued finitely additive
set function on X, and let w denote the set function v(y, -). Then
there exists a sequence {f,} of p-stmple functions on S, such that
| fu(8)] = 1/2 for » >0 and se S, and such that

limv(¢e — fou, S) =0.

n—oo

Proof. By Lemma 2, there is a sequence {g,} of p-simple func-
tions on S, such that lim,_. (¢ — ¢,u, S) = 0. Then

lim [v(p, B) — v(g,u, )| =0
uniformly in EeX. Now
o(ga B) = | [0.05) | o(p, ds)

so that
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|o(et, B) — v(a,u, B)| = o, B) = | 9.9) | 0(z, d9)|
= [1,8 = 10, Do, ds)| .
Therefore,
lim | (1= 19, (e, ds) = 0
uniformly for e X, Hence,
lim | |1 = 1g.6) | v(rt, ds) = 0.
If |g.(s)| < 1/2, then |1 — [g,(s)|| > 1/2. Therefore, setting
S, ={seSllae <<},
Lo(m fsesllo@ <) = [ 11— 100 1oz s

< gsll — 1 g.(8) || v(ee, ds) .

So lim,_. v(z, S,) = 0. Let x, be the characteristic function of S,.
Then

lim | 172.65) | o(, d5) = 0.,

Define f, = ¢, + ¥%.. By checking the two cases |g.(s)| =1/2 and
| g.(s)| < 1/2, we see that |f.(s)|=1/2,n > 0,s€S. Now

v(fnu' — g%, S) = /v((fn - gn)u’y S)
= oz, 8) = | 17.06) | (e ds) -

Since lim, . v(¢t — ¢,u, S) = 0, we have lim, .. v(¢t — f,u, S) = 0.

LEMMA 6. Let p and w be as in the previous lemma. Then there
exists a sequence {g,} of p-simple functions on S, such that

limv(uw — g, S) = 0.

n—rco

Proof. Let {f.} be a sequence of p-simple functions on S, as in
the conclusion of the previous lemma, and define g,(s) = 1/f.(s)-g is
well-defined, since f,(s) = 0.

Now g, = g.fouu + 9.t — fuul = u + g.[p — fau]. Since
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| fa(s) | =

, l9.(s)| = <2,

|~

_1

| fa(s) |

so that v(g.[p — f.ul, S) < 2v(pe — f,u, S). But
limv(pe — f,u, S)=0.

So
lim v(g,pt — u, S) = limv(g,[pt — fuu], S) =0.

n—oo n

Proof of Theorem 1. By Lemma 4 there is a sequence {&,} of
p-simple functions on S, such that lim,_.v(y — k,u, S) = 0, where
w, as usual, stands for wv(y, -). By Lemma 6, there is a sequence
{9.} of p-simple functions on S such that lim, .. v(v — gz, S) = 0.
Now

T = hmu + (/Y - hmu) = hmghf" + hm(u - gN#) + (7 - hmu) .

Given n > 0, pick m, so large that v(y — h, u, S) < 1/2n. Since h,,,
is p-simple, we can pick M, > 0 such that |k, (s)| < M,,seS. Pick
N, so large that v(u — g, p, S) < 1/2nM,. Then it follows that

?)(7 - hmngxn#, S) = U(hmn(u - gNn/‘t)v S) + /U(7 - hmnuy S)
é M,,/U(’LL - gyn#y S) + /0(7 - hmnu’ S)
1 1 1 1 1

M, —t —=— + = =,
< 2nM, 2n 2n+2n n

So, if we define f, =h, gy, then we have v(v — f,z, S) < 1/n.
Therefore,

limv(y — fope, S) =0.

n—oo

Some examples. This section exhibits counterexamples to show
that the principal hypothesis, boundedness of f, is needed to prove
Theorem 1.

ExaMPLE 1. Let S be the set of natural numbers, and let 3 be
the set of all subsets of S. Define a countably additive set function
¢ by p({n}) =1, and let v be any finitely additive set function on X
that is not countably additive. If »(y, E) < 1/2, then E must be
empty, so that v(E) =0. Therefore v is p-absolutely continuous.
But if v were representable as in Theorem 1, then we could show
that v is countably additive.
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ExamMPLE 2. Let S and 2 be as in Example 1. Define finite set
functions g and v finitely additive on X by setting p({n}) =1,
v({n}) = n, and extending by a Zorn’s lemma argument. p and v are
finite, but not bounded. By the reasoning of Example 1, v is py-
absolutely continuous. If v were representable in the form of
Theorem 1, then we could write v = v, + v, where v(v,, S) < 1 and
[7(E)| < M| pnE)|, EcX. In fact, the above decomposition of v is
impossible.
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