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INTEGRAL INEQUALITIES INVOLVING
SECOND ORDER DERIVATIVES

JAMES CALVERT

An integral inequality involving second order derivatives
is derived. A most important consequence of this inequality
is that the Dirichlet form

D(u, u) = I 2 CLikD\uD\ΰ = q\u \zdx ^ 0 ,

for functions q(x) which are positive and "not too large" in
a sense which will be made precise later and for functions
u{x) with compact support contained in D. Some examples are
given and an application is made to an existence theorem for
a fourth order uniformly elliptic P.D.E.

An earlier paper by the author [1] contains some similar results
for inequalities involving first derivatives. The following definitions
and notations will be used throughout the paper. Let

x = (xl9x2, >--,xn)eRn .

Let D be an open domain in Rn which may be unbounded. Let C°*(D)
denote the set of infinitely differentiate complex valued functions on
D and let C™(D) denote the subset of C°°(D) consisting of functions
with compact support contained in D. Let

II u \\q = (\ Σ I D\u |2 + q\ u \2dx)l'\ where D]u = ^L
\JD i=ι J dx\

and q is either equal to 1 or to one of the positive functions to be

defined later. Let Hq(D) be the completion of {ueC°°(Z>): \\u\\q < oo}

with respect to \\u\\q and let Hq(D) be the completion of C™(D) with

respect to \\u\\q. The functions u in Hq{D) or Hq{D) have strong L2

second derivatives which we will denote by the same symbol as for

the oridnary derivative. So that

lim ί \D\u- D\un \2dx = 0
JD

where {un} is any sequence of elements in C°°(D) such that \\u — un \\q—>0.
All coefficient functions considered will be real valued. The variable
functions u may be complex valued. There do not seem to be any
analogues of the basic results with complex valued coefficients.

THEOREM 1. Suppose that the boundary of D is smooth enough
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to apply Gauss9 Theorem. Let aik e C^D) and (aik) be symmetric
positive definite. Let fu f2, , fn e C\D), qk = (fk + Dk)fk and sup-
pose that Σ* aikQi ̂  0, for every k = 1, 2, , n. Then, for any
ueC\D),

Σ aikDluDlΰ - (/<
ik

JD ik
\u. Σ

D i,k

u\2dx

+ 2aikqJk) | u \2]vkds

where vk is the kth component of the normal and the integral on the
integral on the right is assumed to exist. Equality holds if and
only if Dlu = q{u and DiU = fcu, for every i.

Proof. We shall require two integrations by parts.

\ aikqi(uDlΰ + ΰD\u)dx
JD

= ~ \ [aikqiDk

JD

+ \ aikqi(
JD

= \ Dl(aikQi)
JD

+ (. [aikq<
JD

uDk(aikqi)]Dkΰ

\u\2-

ikq<Dh I u |2 -

uDkΰ)vkds

Dku |2 dx

u \2]vkds

and

- \ aik<lifk(ΰDku + uDkΰ)dx
JD

= \ Dk(aikqJk) I u \2dx - I. aikqjk \ u \2vkds .
JD JD

Σ
i,k

aik(D\u - qiu)(Dlΰ - qkΰ) - 2 Σ aik
i

- fku \2 ̂  0

\ Σ aikDluDlΰ - (ft + Dtfaik
JD i,k

u \*dx

^ ί Σ - (fi + DiYciikQk \u |2 + aikqi{uD\ΰ + ΰD\u) - aikqiqk \ u |
JD iyk

+ 2 α u ? i ( | D k u | 2 - fkuDkΰ - fkΰDku + f\\u\2)dx

= \ Σ - [ailefϊqk + fiDMuq*) + A(α«/Λ») + Dl(aikqk)] | u |2

JD i,k

+ [DKaaβi) - aikqiqk + 2Dk(aikqifk) + 1alkq

Dku |2 + 2aikqt \ Dkw \2dx

u |
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I2]M*

2da;

= ( . [ M A I M I2 - ^(ttuίί) I M I2 - 20,^/* I« ΏMβ,

which was to be shown.
(1) We will reserve the notation q(x) for a positive function of

of the form q(x) = Σ*,* (/< + Di)2aikqk.

COROLLARY 1. Suppose that D is any open set. If aik(x) is uni-
formly bounded in D, then

Σ aikD\uD\ϋ - q\u \2dx ̂  0 ,\ Σ
JD i,k

for every u e Hq{D) and equality holds if and only if Dlu — q{w and
= fiU almost everywhere, for each i.

Proof. It is easy to obtain the inequality for functions in C™{D)
by integrating around a sphere containing the support of u. The re-

o

suit for ueHq(D) can then be obtained by showing that

I aikD\umD\ΰmdx -^-» I aikD\uD\ΰdx
JD JD

which follows easily from Cauchy's inequality.
COROLLARY 2. // (aίk) is only positive semidefinite, the same in-

equality holds but the conditions for equality are not necessarily the
same. If aik — 1, the conditions are

Σ (D\u — qiU) = 0 and O(ii — f^u .

EXAMPLE 1. Corollary 2 can be used to obtain inequalities when-
ever a solution uγ of a plate problem

ΔΔu — pu — 0 in D

I on D
Δu = 0)
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is known. Here An = Σ * D2

ku and ΔΔu = Σ*,* D\D\n. Suppose that
u, > 0 in D and let /fc = (Pku^lulm We must show that

For this it suffices to show that Σ * D2

kut ^ 0. If Σ D\v = pu^O
and v = 0 on Z), then v ^ O by the maximum principle. Set v =
Σ& -D*^, then v satisfies the problem and hence Σ ^ D\uί ^ 0 in ΰ .
Calculate

Σ ( f 4- Z) W /* -\~ D ) f = V j k^1 — -T)

So

ί Σ D\uD\ΰ - p\u \2dx ^ 0, for w e Co°°(D) .

In particular, for p = λg, where λ is the first eigenvalue of the plate
problem and ^ is the corresponding eigenfunction, the inequality be-
comes Rayleigh's characterization of the first eigenvalue. In this case,
the conditions for equality become u = kuλ.

EXAMPLE 2. Suppose n ^ 5, then

Ib M=I /

for every ueHq. To apply Corollary 1, let fk = (a/s)xk, where s =

Σ?=iff?> t h e n

Σ gt =
fc

(the other possibility leads to nothing of interest). Calculate,

q = ±a(a - 2)[α - (4 - n)][a - (2 - n)] .
s2

Then g > 0, if a < 0, a — 2 > 0, and α >̂ 4 — n. If we choose a —
(4 — n)j2, then g is maximal and equal to (n2(n — 4)2)/16.

It is unfortunate that the preceding example is only good for
dimensions larger than five. The following inequality, though unap-
pealing, does yield an example for every dimension.
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THEOREM 2. Let fί9f2, •••,/%eC1(Z?) and suppose that

Σ Difi I ζk I2 + (Dkfi + A Λ + /</*)£«& ^ 0

/or ever?/ (fx, f2, ., ξn). Then

+ 2/lAΛ + 4ft fMi + (DkfiY +
+ (Dkfk)(Difi)+fm]\u\2dx

^ [. Σ [2 Re D{(ftu)Dkΰ - A

Proo/.

2 ) Σ [ί>^ - A(/^)][I>^ - Dk(fkΰ)] - A/41 Dku - fku |2

- (DJ, + AΛ + fJkXDiU - ftu))Dkΰ - fkΰ) ̂  0

when expanded the first term in (2) contains the following two terms
which we integrate by parts:

-DiiMDlΰ-DiimDlu and A(/^)A(/^) .

Notice that the order of summation has been changed in the first
term.

- ί DiifiUjDlΰ + Di(fiΰ)Dludx

= \
J

+

Jt + DJiDku + DtftDiU +

(ΰDkDtft + Dtf{Dkΰ + DkfJ)tΰ + f

JtDt \u J{ \ Dku |
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= ( - φlDJd I u |2 + (AΛ) 12>*M I
JD

+ DJiDiUDuΰ +

.[-2 Re D^M
| u |

and

= \ Σ
JD i,

+ f

= \ Σ (DJ
JD i,k

MDtft)(uDkΰ + UDku)

u\2-

+

(4) = ( Σ - it I2 + AMDt

The second term in (2) contains

ΰDku)dx

= - ( KAΛXAΛ) + ΛAA/J
Jz>

The third term in (2) contains

( Σ (DJi + Difk + fifk)(fiUDkΰ +
JD i,k

= ( Σ UDkfi + DJk + fJk)Dk \u\*dx
JD i,k

( 6 ) = - ί Σ D.ifiDufi + fiDJk + f\fk) I u \2dx
JD i,k

t + DJk + f(fk) I u \*vkds .

Expanding (2) and making use of (3), (4), (5) and (6), one can
obtain the advertised result.

COROLLARY. Suppose that f{ is a function of x{ alone. Then
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Σ DluDlΰ - Σ [Dlfi + WiDlfi + ifWJi + 2(Z)i/ί)
2] I u |2

D i,k ί

- Σ WWJi + Φufu)Φifi) + /If 11 I u |2 dx
i,k

o

^ 0, for every ue Hg

where q is the coefficient of | u |2.

EXAMPLE 3. Let /• = a/x{. Then

Σ DJ{ I ξk I2 + (Dkfi + AΛ + fifk)ξiξk
i,k

— V ft I έ 12 I & g E J_ V ^ ^ I £ 12

* ^ τ 2

= α 2 Σ
ί X\ i X\

Let α = l + ε , ε > 0 . The right side will be negative when

Take λi - (I f< |2)/(Σί I ί< Γ), then Σ* λ< = 1 and the inequality becomes

-77 2 J — ^ 2 J λi*—
2 i X\ i X\

It is always possible to choose an ε so that this inequality holds pro-
vided D is bounded and bounded away from the origin. For let
0 < m ^ x\<* M, then

Take ε/2 ^ (m/nM) and the inequality holds.
Let us compute g using the formula in the corollary.

n _ v - 6 α + 8α2 - 4α3 + 2α2 ,
q _ 2 J h

-2α3 + α2

= (α4 - 6α3 + llα2 - 6a) Σ — + α2(α - I)2 Σ

= α(α - l)(α - 2)(α - 3) Σ Λ + α 2 ( α ~ !)2 Σ
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Taking a = 1 + ε

q = ε(l + ε)(l - ε)(2 - ε) Σ \ + ε2(l + ε)2 Σ 4τ
* X% i^r i JO jX k

which is positive for ε < 1 or for ε > 2.

THEOREM 3. A fourth order existence theorem.
Let q(x) be a function of the special form (1) and let p(x) be a

continuously differentiable function such that 0 < p(x) ^ (1 — ε)q(x),

where ε > 0 and fixed. Let \ q~ι \f\2 dx < oo, g e Hq and let Au —
JD

Σ*,/k D%aikD\u) — pu be a uniformly elliptic operator. That is, aik

is positive definite and there exist positive constants M and X such
that

I aik(x) \^M and X Σ I £* I2 ̂  Σ aik(x^k ,

for any (ζί9 ζ2, •••,!») and all x in D. Then the Dirichlet problem

Au — f in D

on D
u = 9

^ - Σ Dig

has a unique weak solution.

Proof. We must show that there is a function ue Hq such that
o

u — g e Hq and (u, Aφ) = (/, φ), for every φ in C". Set u^ — u — g

and consider the equivalent problem of finding u0 e Hq such that

(u0, Aφ) = (/, φ) - (g, Aφ). Let

B(u, v) = \ Σ dikDluDlv — puvdx
JD i,k

= \ Σ uD\{aίkD\v — puvdx
JD i,k

— (u, Av), for u, v e C™ .

We will show that there exist clf c2 > 0 such that

I J5(^, v) I ^ C J I ^ I U I ^ H , and B(u,u) ^ C 2 | |u | | 2 , .

B(u, u) = \ Σ cbikDτuDkΰ — p u\2 dx
JD i,k

^ \ Σ dίkDiUDkΰ — q\u\2 dx + ε\ q\u\2 dx .
JD i,k JD

By Corollary 1, both integrals are positive and hence
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( 1 -\ )B(u, u) ^ \ Σ aikDiUDku + q \ u |2 dx
V 6/ J^>

^ ( λ Σ
Jz> i

^> const |

+ g I u

\g .

The positivity of B(u,u) implies that \B(u,v)\2^B(u,u)-B(v,v) so
that we need only show that B(u, u) ^ const || u \\2

q.

Bin, u) ^ M \ Σ I DiUDkΰ \ + p\u\2dx
JD %tk

^ \ Σ - k ΰ % I2 + I # * M I2) + P

Σ I A ^ Γ + p\u\2dx = Mn\\u\\2

q .
i

Now extend B(u, v) to all of Hq by continuity. We can now apply

the Lax-Milgram Theorem which guarantees that any bounded linear

functional F(φ) on Hq can be represented as B(u0, φ) for some uQeHq.

Take F(φ) = (/, φ) - B(g, φ). Then

+ cJI^IUIflrll, ^ const || ^11, .

So 5(t60, <p) = (f,φ) — B(g, φ) as was to be shown. To obtain the
o

uniqueness result, let Au = 0, ueHq, then
0 = (u, Au) = B(u, u) ^ C21| u ||;.
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