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THE #-PROCESS AND RELATED TOPICS II

RicHARD R. TUCKER

This paper considers three transforms of a complex series
Ya,: namely, (1) Aitken’s dé*-transform 2b,, (2) Lubkin’s W-
transform Yc,, and (3) a closely related transform Xd,. which
the author calls the Wl-transform and for which 377 d, =
Sattep, If an-y # 0, set 7, = a./a,-.. If, moreover, Za,
converges, define T, = (a, + @p+1 + - -)/as—1 and let MR(Fa,)
be the class of all series converging more rapidly to the sum
S = Ya, than Xa,. Some of the results proven in this paper
are as follows:

(1) Ifb,/a,— 0,then the three conditions (i) 30, MR(Ya,),
(ii) Ye,€ MR(Za,), and (iii) ¥d,€ MR(Xa,) are equivalent,

(2) 2b,e MR(Xa,) if and only if 47T, — 0,

(8) If |r,| = p <1 for all sufficiently large », then the
three conditions (i) 2b,€ MR(Za,), (ii) 4r, — 0, and (iii) b./a,—
0 are equivalent,

Samuel Lubkin has given several sufficient conditions for
3b,e MR(Za,) in case Ya, is a real series. The third result above
contains a generalization of one of his results to the complex plane
while relaxing some of his hypothesis.

The following results on complex products are also proven:

(4) If the sequence {l/a, — l/a,_,} is bounded, then the product
I 1 + a,) diverges.

(5) Suppose that |r,| < o<1 for all sufficiently large » and
a, # —1 for all n. Then a necessary and sufficient condition for the
o%-transform to accelerate the convergence of the infinite product
e (1 + a,) is that 47, — 0.

The notations and definitions set forth in Tucker [2] will be used
in this paper. In particular, S, =a, +a, + -+ + a,, 2a, = 37 a,,
and S = Ya, if Ya, is convergent. Given a second series Ya, we use
the notation S, =a}+ --- + a,, 7, = a,/a,_, for a,_,+ 0, S'=23a) and
T, = (S"— S,_)/a,_, for a,_, + 0. Likewise, given a “transform se-
quence” {a,}, @, complex, we set S,, = S, + a,+,0,4; for n =0, a,=
Sw = a, + a,,, and a,, = S, — Sawm_y, for n =1,

The transform sequences associated with the 6%, W, and W1 trans-
forms are defined respectively as follows:

(i) a, =11 —-1r),n=1,

(ii) a, = —aja;a, =1 —r,_)/L =20, +7r,7,), n =2,

(iil)) @, =1 —7r, )/ =27, + 1,7,0), 0 = L.

Whenever division by zero occurs in (i), we set «, = 0. We do
likewise for (ii) and (iii). As in Tucker [2], we retain the notation
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{0,} for the é*transform sequence, and if “*” denotes any relation,
the notation “*.” means that * holds for all sufficiently large # and
“*:” means that * holds for infinitely many positive integers x.

In what follows, the author is generally interested in the interrela-
tionships between the conditions (1) 26, € MR(Za,), (2) Z¢, € MR(Xa,),
(3) 3d,e MR(%3a,), (4) b,/a,— 0, (5) 4T, —0, (6) 4r,—0, (7) [r,]| =.
B for some B, and (8) 0 < B<. |1 — r,| for some B. Also, the no-
tation 3b,, Ye¢, and Xd, specified in the first paragraph for the respec-
tive 62, W and W1 transforms will not be used in what follows.
Instead, the appropriate Ya;, or Ya,, notation will be employed.

The following two theorems, the second in particular, are helpful
when investigating acceleration.

THEOREM 1. Suppose that Za, is a complex series, {b,} is a
complex sequence, and Za, 1s a series with partial sums S, =. S, +
bo+i. Then Za, e MR(Za,) if and only if b,y ~ S — S, —0.

Proof. If either condition holds, then
S—8,=.8S—8,+b,:,,#.0,

so that b,.,/(S—8,) + (S—8,)/(S—S,) =.1. Thus (S—S.)/(S—8S,)—0
and S — S, —0, if and only if, b,.,/(S—S,)—1 and S — S, — 0; but
this is equivalent to b,., ~ S — S, —0.

From Theorem 1, we see that the class of all sequences {¢,} such
that Ya, ¢ MR(Xa,), where S, = S, + ¢,+,, is completely determined
by one such sequence {b,}; the required condition being that ¢, ~ b,.
Similarly, we now show that if Ya,, ¢ MR(Xa,), then Xa,, € MR(Xa,),
if and only if 8, ~ «,.

THEOREM 2. Suppose that Xa,, € MR(Xa,). Then Xa,;, € MR(Za,)
if and only if B, ~ &,.

Proof. From Theorem 1, a,..&,., ~S — S,—0. Hence, from
Theorem 1, Xa,, € MR(Za,) if and only if @,.,8,+, ~ S — S,, and this
is equivalent to @,4,8,+1 ~ @ps&,ey, that is, B, ~ &,1,.

LEMMA 3. If (1 — 7)1 — r,.)) # 0, then as,/a, = 11 — r,,,) —
1/(1 - 1"n) = ’rn+1/(1 - /rn+1) - /rn/(l - rn) = (/rn+1 - 7',”)/(1 - ,r'n.)(]- - rn+1)-

Proof. Since r, #+ 1 and r,,, + 1, we have 4/, =1/(1 —r,) and
8n+1=1/(1_’rn+1)' Thusy a&n/anz(an+an+15n+1_an5n)/an:1+Irn+15n+1_5n:
T +1/(1 - rn+1) +1- 1/(1—7‘,,,,) = Tn-H/(l_ ’rn+1) _rn/(l - Tn) = [7',,,+1(1'—'Tn) -
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Pu(1=7i) /(A=) A =7p11) = (Pari—72) /A —1)L=701)) = L1 — 74,) —
1/(1 - 'rn)'

We now establish a relationship between the o*-transform and
the Wl-transform.

THEOREM 4. Suppose that a,,/a,—0. Then Za,,c MR(Za,) if
and only if Xa,, € MR(Za,), where &, =.(1—7r,.)/(1 — 27,4, + 7.7 0t1)-

Proof. Suppose that Xa,,c MR(Za,). From Lemma 3,

1- 27‘n+1 + Tl = (1 - ,rn)(l - Tn-lrl) - (/r'n+l - T‘n)
= (1 - 7'”)(1 - rn—H) * [1 - (’rn-H — ’rn)/(l - Tn)(l - T'n-H)]
=.1=r)1 = 7r,)1 — as/a,) #.0.

Hence, @,/0, =.(1—7,)1—7,:)/(1=27,,+7,7,4) =.1/(1 — as./a,) — 1.
From Theorem 2, Xa,, € MR(Za,).
Suppose that Za,, e MR(Za,). Then r, .1, so that

an/an = 1/(1 - adn/an) - 1
and, from Theorem 2, Xa,, e MR(Za,).

The same type of relationship is now established between the §%-
transform and the W-transform.

THEOREM 5. Suppose that a;,/a,—0. Then Za;,€ MR(Za,) if
and only if Za,,€ MR(Za,), where «, =.(1 — r,_)/(1 — 27, + r,_7,).

Proof. Suppose that Xa;, € MR(Za,). As in the proof of Theorem 4,
1-2r,+7r,r,=.1—7r, )0 — 7)1 — @;n_/@u_s] #.0.
Hence, ,
[0, =.1 =7, )1 —=r)/ (A =2, + 7, r,) =.1/1 = @s/@n) —1.

From Theorem 2, ¥a,, ¢ MR(Xa,).
Suppose that Ya,,c MR(XZa,). Then r, .1, and thus
A0, =. /(1 — @ypp/@,_) —1.

From Theorem 2, Xa;, € MR(Xa,).
The next theorem helps to establish the significance of the quan-
tities T, when dealing with acceleration in general.

THEOREM 6. 2Xa,,c MR(%a,),a,~ T,/r,, and a,~1+ T,., are
equivalent.
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Proof. From Theorem 1, Ya,, € MR(Za,) if and only if a,. .0, ~
S — S, —0; and this is equivalent to a,., ~ (S — S,)/a,s, = TpisfTrs1e
Moreover, «, ~ T,/r, is equivalent to &, ~1+ T,,,, since T,/r, =
1+ T,

We now establish a useful algebraic expression for (S — S;.,_))/
(S — S,_) in terms of 4T,.

LemmA 7. If Xa, 1s a convergent series and m is a positive in-
teger such that T,., — T, #* —1, then

(S - Sé(n—l))/(s - Sn—l) = (Tn—l-l - Tn)/(l + Tn+1 — Tn) .

P?'OOf. From (1 - 1"")(1 + Tn+1) =1+ Tn+1 - T’n * Oy Tn+1 # —1
and r, #1. Thus S—-S,_,=a,1+ T,.) # 0. We then have
(S - Si(n—l))/(s - Sn—l) = (S - Sn——! - anan)/(s - Sn—l)
=1-a,0,/(S — S,-)
S-8S,... 1—7r, T. 1—nr,
L TJA+Tn) 1
1-T,/0+T,.) T,
=1- 1/(1 + Tn+1 - Tn) = (Tn+1 - T’n)/(l + Tn+1 - Tn) .

We now establish necessary and sufficient conditions for the 6% .
process to accelerate the convergence of a convergent series Ya,.

THEOREM 8. 2Xa,,€ MR(Xa,) if and only +f T,, — T,— 0.

1st Proof. From Theorem 6, Xa,, € MR(Xa,) if and only if §, ~
1+ T,,, and this is equivalent to 1 + 7,.)@ — r,) — 1, since 9, =.
1/ - r,). Finally, 1+ T,,,)1 — r,)—1 if and only if T,,, — T,—0,
since Ty, — T, =.1+ T,, )1 —7r,) — 1.

2nd Proof., 1f T,.,— T,—0, then T,,, — T, . — 1. Thus, from
Lemma 7, (S — S;,-0)/(S — Suc) =« (Tory — T,)/+ Tyey — T,)—0.
Conversely, suppose that (S — S;,_,)/(S — S,_;) — 0. Then a, .0 and
r, #.1, since 8, =.0. We must have 1 + T,., — T, #.0, since other-
wise 1 — »,)(T,/r,) =.1+T,, — T,=:0, and S — S,_, =:0; a con-
tradiction. From Lemma 7, (T,., — T,)/ A + Tor: — T,) =.(S — Ssuzr)/
S-3S8,.)—0, and thus T7,,, — T,—0.

The preceding theorem immediately yields the corollary, also proven
in Tucker [2], that the convergence of {7} imples Xa,, € MR(Za,).
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LEMMA 9. If 3a, is a convergent series and n is a positive in-
teger such that a,_a,a,., = 0, then

Pty — Vo = (Tpiy — T )X — 7)1 — 7,4)
- (Tn+2 - Tn+1)(1 - /r'n) + (Tn+1 - Tn)(l - 7.n+l) .
Proof. We have

(1 - 7'”)(1 + Tn+1) =1 - T + Tn+1 - 7.nTn+l
= 1 + Tn+1 - 7'7»(1 + Tn+1) = 1 + Tn+1 - T'IL ’

so that
T,..,.—T,=1—-r)1+T,,)—1.
Similarly,
Thio— Thrr =1 —7)L + Top) — 1.
Thus,

(Thiz = T = 1)1 — 7p1t) = (Tpiz — Toi)(1 — 7,)

+ (Toir — T)L = 70s)) = (Toso — T )L = 1)L — 7,1)
-1 =r)A =7 ) + Thip) — 1]
+ @ = r )@ = r)A + Thr) — 1]

= (Tpre — Tor)A — 7)1 —7r,0) + (L —7,)
—(1=7r)L =7, )L+ Th) — (1 — 7,4)
+(A=r)1=7, )1+ Tor) =L =7,) L =70 )[(Thss— Tt
— A+ Tows) + L+ Tos )] + Tuss = 7% = Ty — T &

LEMMA 10. If Xa, 1s a convergent series and n 1S a positive
integer such that (1 —7r,)1—7r,.)a,.,#0, then a;,j/a, = (Tpio—Tos)) —
(Tn+2 - Tn+1)/(1 - /rn+1) + (Tn+1 - Tn)/(l - /"n)'

Proof. We have a,_,a,a,,, = 0, and
aﬁn/a'n - (rn—l-l - Irn)/(l - ’l"n)(l - ,rn+1)

according to Lemma 3. We now apply Lemma 9.

LEmmA 11. If a;,€ MR(Za,) and 0 < B<Z.|1—7r,| for some
number B, then a;,/a, — 0.

Poof. From Theorem 8, T,.,— T,— 0. Using Lemma 10 and
0<BZ.|1—-—v,]|, it is obvious that a,,/a, — 0.

THEOREM 12. Suppose that Ya;, € MR(Za,) and 0<B <.|1—7r,|.
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Then ZXa,,<c MR(Za,), where a,=.(1 — 7,:)/A — 27, + 7,741 OF
a, =. (1 - Ir'ﬂ-—l)/(l - 2/"'» + Tn—lr'n)'

Proof. From Lemma 11, a,,/a,— 0. We now apply Theorem 4,
if ¢, =.1 —r,+)/A—-27r,4+7,7,.,); or Theorem 5, if a, =.(1—7r,_,)/
(1 - 2,"7; + T‘n—l’rn)-

THEOREM 13. If 3a;,€ MR(Za,) and |r,| <. B for some number
B, then 7, — r,— 0.

Proof. From Theorem 8, Lemma 9, and |»,| <. B, it is obvious
that »,,, — r, — 0.

The following theorem gives simple necessary and sufficient con-
ditions for the o¢*transform to accelerate convergence in the complex
plane under the fairly general condition that |»,| <. o < 1. In addition,
it generalizes the result on acceleration contained in Theorem 2 of
Lubkin [1].

THEOREM 14. Suppose that |r,| <.0 <1 for some number p.
Then a mecessary and sufficient condition that Ja,, € MR(Za,) is that
Votr — Vo 0.

Proof. Since |7,| =<.p <1, Ya, converges. The necessity follows
from Theorem 13. For the sufficiency, let ¢ > 0. Since r,.,—7,—0,
|7p01 — 7, ] =.6. Consequently,

| Tois = Tl =0 (Tasr = 70) + T0rs(Pare — 70) + Tuiesnis(Pis — 772)
F oo (Par o Pak )P — 70) + oo [ S [P0 — 70
F A Puir [ [ Pie — Tl + oo [ Pagr oo Poim | [ T — 70|
+ oo S e+ 28| T | oo FRE [Tyt T
+ oo ZLE[l+ 20+ 30"+ o0 + RO 4 ool =¢/(1 - 0Y) .

Hence T,., — T, —0, and thus, from Theorem 8, Xa;, ¢ MR(Za,).

The preceding theorem yields a simple proof of acceleration in a
punctured disk in the complex place for certain power series as is
now seen.

COROLLARY 15. Suppose that |r,| <.0 <1 for some number p,
Ja;, € MR(XYa,) and a, = a,z" for every n. Then 3a;,c MR(Xa)), for
each complex number z satisfying 0 < |z| < 1/p.

Proof. From Theorem 14, r,,, — r,—0. Let z be any complex
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number such that 0 < |z| <1/p. Then |7,|=.|r2|<.0|2| <1 and
Phir — Th =eTpsi® — Ty? =. 21y, — 1,) — 0. Thus Xaj, € MR(Za}), ac-
cording to Theorem 14,

COROLLARY 16. Suppose that |r,| <.0 <1 for some number o,
Pper — T, —0 and a,, = a,2" for every n. Then Xaj,€ MR(Xa},), for
each complex number z satisfying 0 < |z| < 1/p.

Proof. From Theorem 14, 3a,, ¢ MR(Xa,). We now apply Corol-
lary 15.

LemMA 17, If 0< AZ.|1—17,] =.B, then a;,/a, =. (T — 7))/
1-7r,)1— 7., and a;,/a,—0 if and only tf r,., — r, — 0.

Proof. Since0<A<Z.|1—7,|<.B,0<A*<.|(1—7,)1—7,)]| .
B?, Hence from Lemma 3, a,,/a, =. (T4 — 7,)/1 — 7,)A — 7,.,). Thus
from 0 < AL |A—7r,)A — 7,0 Z. B, a;,/Ja,—0 if and only if

Ppir — Ta—0.
LemMmA 18. If |7, | =.0 <1, then
Qi@ = (Tpsy — T)[(1 — 7, )L — 7,10,
and a;,/a,—0 if and only if v, , — 7, — 0.

Proof. From |r,|<.0<1,0<1—-p<. |1 -7, =<.2. We now
apply Lemma 17,

THEOREM 19. Suppose that |r,| <.0 < 1. Then a;, € MR(Za,) if
and only if a,,/a, — 0.

Proof. From Lemma 18, a;,/a, — 0 if and only if »,., — r, —0.
From Theorem 14, Ya,,<€ MR(3a,) if and only if »,., — 7, — 0. Con-
sequently, 2a;, € MR(Za,) if and only if a;,/a, — 0.

THEOREM 20. If |r,|<.0<1 and a;,/a,—0, then Za,,c MR(Za,),
Whe’re a,= '(l—rn+1)/(1— 2Tn+1+/r'n,rn+1) or,= ‘(1~Tn—-1)/(1_ 2/"1L+7.n—1,r7l,)’

Proof. From Theorem 19, Xa;, € MR(Xa,). From Theorem 4,
Sa,, € MR(Za,) if a, =.(1 — 7r,0)/(L — 20,y + 7,700). IE

&, =. (1 - rn—-l)/(l - 2Tn + ’rn——{rn) y
we may apply Theorem 5 to obtain Xa,, € MR(Za,).
THEOREM 21, If

[r,|<.0<1 and 7,4y —17,—0,
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then 2Xa,,€ MR(Xa,), where «, =.(1 — r,. )/ — 27, + 7,7us) OF
a, =, (1 - 1",,_1)/(1 - 27'91 + lrn—l/rn)'

Proof. From Lemma 18, a;,/a,— 0. We now apply Theorem 20.

In Tucker [2] it was proven in Theorem 3.7 that if a)/a,— 0,
[, =.0,<1/2 and |7, | <.p, <1, then Ya] converges more rapidly
than Xa,. Furthermore, it was shown there in Counterexample 3.8
that the replacement of “1/2” by any larger number produced in in-
valid result. We now turn to our next theorem which shows that
“1/2” may be replaced by “1” under the additional hypothesis that
dr, — 0.

THEOREM 22. If
a,ja,—0,|r, | =Z.00<L|r|<.0.<1

and Adr,— 0, then Xa!, converges more rapidly than Xa,.

Proof. From Theorems 8 and 14, 4T,— 0. Also |1+ T.,,| <.
1/(1 — p,). Thus,

S =S| Jal] 1Tyl _ lal] 1+ T

Our final two theorems are on infinite products.

THEOREM 23. If the sequence {l/a, — 1/a,_} is bounded, then the
complex product TI7 (1 + a,) diverges.

Proof. Assume that II7 (1 + a,) converges. Then a,— 0 and
there is an m = 0 such that for £ = 0, the quantities

S;c = (1 + am)(l + am+l) b (1 =+ am+k)

satisfy the limiting relation S, — S’ for some S’ = 0. We may assume
that. m = 0 so that S, = II? (1 + a;) for » = 0. Since the sequence
{a - rye,} = {1/a, — 1/a,_} is bounded and a, — 0, we have r,— 1.
Let a{=Si=1+a)and a, =S, -8, =1L+ a;) — ;" (14+a)=
[ 1+ a))[A+a,) —1]=a, ;7" (1 + a;) for n = 1. Then 1/a,,, —
Vo) =[Y[a,+,(1+a)]—1/a, )/ A+a) =[(1/a,,—L/a,) = 1/[r,.(1+a,)]/
I *(1 + a;). Hence, since r,—1, a,—0, {1/a, — 1/a,_;} is bounded
and Iy (1 4+ a,) = S’ # 0, we see that {1/a,., — 1/a.} is bounded. From
Tucker [2], Ja, diverges, i.e., II7 (1 + a,) diverges.

THEOREM 24. Suppose that |r,| <.0 <1 and a, # —1 for all n.
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Then a mecessary and sufficient condition for the &*-tramsform to
accelerate the convergence of the infinite product II7 (1 + a,) s that
dr, — 0,

Proof. Set S, =M1+ a;) for n=0,a,=S, and a, =S, — S,_,
for » = 1. Since |r,| <.p < 1, we successively obtain the convergence
of Y|a,|,II7 L+ |a;|) and II7 (1 + @;) = S’ = Za), + 0. Also, a,—0
and 7, =.7, +a, yield |7, | <. 0 = (0 + 1)/2 < 1 and the equivalence
of the conditions 4r,—0 and 4r,—0. From Tucker [2], Ja;, € MR(Za.)
if and only if 47, —0. Hence, Jaj, € MR(Za,) if and only if 4r,—0.
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