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INTEGRATED ORTHONORMAL SERIES

JAMES R. MCLAUGHLIN

Throughout this paper the author defines

Sisomw)dx

a

Fat) = gl@m(t)l“ -3

m=1

where 0 <o <2,a <t <), and {¢,} is a sequence in LY[a, b],
usually orthonormal. In this paper, F,(f) is studied for the
Haar, Walsh, trigonometric, and general orthonormal sequences.
For instance, it is proved that for the Haar system F(¢)
satisfies a Lipschitz condition of order «/2 in [0,1] and that
this result is best possible for any complete orthonormal
sequence. An application is also given regarding the absolute
convergence of Walsh series.

Previously, Bosanquet and Kestelman essentially proved [3, p. 91]

THEOREM A. Let {®p,} be orthomormal. Then the Fourier coef-
ficients of every absolutely continuous function are absolutely convergent
of and only if F\(t) e L7]a, b].

Also, applying Parseval’s equality to the characteristic function
of [a, t], we obtain

THEOREM B. Let {®p,} be orthonormal. Then {P,} is complete in
La, b] if and only if Fo(t) =t —a,a <t < b.

For certain systems, such as the Haar system, the following ex-
tension of Theorem A is possible.

THEOREM 1. Assume {®,} is orthonormal, @,(t) has constant sign
on [a, b] for eachm = 1,2, ---, and 2|9,(0b)| < . Then the Fourier
coefficients of every absolutely continuous function [f(t), such that
f'(t) e L?, are absolutely convergent if and only if Fi(t)e L', 1< p < o,
P+ g =1

Proof. Necessity. Integrating by parts we obtain
b )
70 5 12ut) dt
exists for every f'e L?. Hence, F\(t)e L* [7, p. 166].

Sufficiency. By Holder’s inequality
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)

m=1

[.rwo.mat| = {17015 0u®1at < 171LIF, -

If an orthonormal sequence {®,} is not complete we still obtain
F,(t) continuous since the “ completed ” series converges to a continuous
function and hence (i.e. by Dini’s theorem) the convergence must be
uniform. In fact, we have

THEOREM 2. If {®,} s orthonormal, then F,(t) € Lip (1/2).

Proof. Let x,yec[a,b]. Using Bessel’s inequality, we obtain

| Fy(x) — Fy(y)| =

S\ [2u@) = [0u0)F|

m=

< 5 10u@) — 0,(1) [{|0.(2) | + |9,.() ]

3

= {5 10.@ - 0,01 S (0.}
+ {35 12.0) - 0.0 5 [2a@)F}
<2/b— ll/zlx Y.

REMARK 1. This result is best possible in the following sense:
For every ¢ > 0 if we set @,(x) = (1 —2)“ "2, 0 < ¢ < 1, then @, e L*0, 1]
but [@,()]* ¢ Lip (1/2 + ¢).

REMARK 2. It would be interesting to know if F,(t) is absolutely
continuous and if F)(t) e L* for any orthonormal sequence {®,}.

THEOREM 3. For any complete orthonormal system {®,}, F.(t)¢
Lip (a/2 + ¢) for any ¢ > 0.

Proof. Let te]a, b]. By Parseval’s equality
()] = [F(®)]" = (t—a)*0<as2,

since for any nonnegative sequence {a,}, [Zay]’® is a non-increasing
function of « for a > 0.

We will now determine which Lipschitz class F,(t) belongs to for
the Haar, Walsh, and trigonometric systems.

DerFINITION. If 0 < @ £ 1, set

N.(f) = sup |f(w) — f@)| | — y|* for w=y and @ yela,b].

LeMMA 1. Let a>0and 0 < a—pg=1. If
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Sin-1 Ne(fm) = O(0f)

and

Sim=n | fulle = O(mF™)
then

ft) = Sze fult) € Lin (@ = 6) -
Proof. Let 27" < h <27, Then
e+ =0 < S+ - nHl =5 + S =P+Q.
P= o[ 5 N(f) | = 00
Q=0 5 llfull-] = 0.

m=2"+

m=2"-+1

LEMMA 2. () If %7, |a,|m® = O(2"), then

S 1au] = O@™), 8 — a < 0.

(b) If 3.

m=2"+1

@l = 0@%), then 3, |a,m* = O™, a + 5> 0.
Proof. Straightforward.

LEMMA 3. Let 0 < v <1 and suppose fe Lip~.
(a) If 0<a<1,]|f|*eLip(av).
(b) If « >1,|f|*eLip~.

Proof. We may assume f(t) = 0 because

HAE+ B — 1O = [+ h) - fB)].

Part (a). Since |z + y|* < |z|* + |y|%, 0 < @ < 1, we obtain
L[+ B) — O S+ B — [ = O™) .
Part (b). Since |2* — 9| < [|at* ' ||o]® — y|, « = 1, it follows that

S+ B = O] = af ' @l F(E+ h) — f(#B)] = OW) .

THEOREM 4. Let 0 < v =<1 and assume fe€ Lip~v and is of period
b — a.

a) If0<asl,0<ary—0<1, and

S la, | mer = Oy,

m=1
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then
Fult) = 3, anlfmi) "¢ Lip (@r — 5) .
b Ifa>1,0<vy—06=<1, and
3 [anlm’ = O ,
then
ful) = 3, anlfmt)[*e Lip (v - 9) .
Proof. Part (a). By hypothesis and Lemma 3 (a)
3 Nalaa | fm) ] = O3 [an|me) = O(w) -
Also, by Lemma 2 (a), if 0 < ay — §, then
3% llanlfmd) [l = O(3: an]) = O~
and so our result follows by Lemma 1.
Part (b). By hypothesis and Lemma 3j(b)
35 Nl femt) 4] = O(3 [an|m7) = O .

Also, by Lemma 2 (a), if 0 < v — 0, then

m% @] f(me)|*]] = 0(2‘ |a., |> Iy
and so our result again follows from Lemma 1.

THEOREM 5. Let 0 < a <2 and assume @ € L=[a, b], P.(x) = p(mx),
and @,(t) is of period b — a. If

S5 bl = 0@, 0 < a— B <1,
then

Gu(t) = 3 bul @u(t) "€ Lip (a — 6) -

Proof. @,(t) = m™ '@ (mt) and so
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Go(t) = i; bm=e| @ (mt) | .

Now let vy=1 and a, = b,m® in Theorem 4. Then, if 0 < a <1,
our result follows by Theorem 4 (a) with ¢ = g.
If a>1and a — g <1, then by Lemma 2 (b)

S, (G lmt = 3% byl = O+
m=1 1
Thus, utilizing Theorem 4 (b) with 6 = 8 — @ + 1, we obtain
G.(®)eLip[l — (8 — @+ 1)] = Lip (@ — B) -

COROLLARY 1. (a) 2
[0, 2x].

b Ifl1<a<2and {(w,(x)} and {r, (@)} = {r (2™ 'x)} denote the Walsh
and Rademacher functions (defined in [1]), then

oo
>
m=0

Stsinmxdxlae Lip(@—1),1<a<2 on
0

Stwm(x)dx]“ R S Strm(x)dxlae Lip (@ — 1) on [0, 1],

0 m=1 0

since Htwm(x)dxl = lgtrk(x)dxl for 221 <m < 2k k=1,2, -+, as can
0 0

be easily seem directly.

() If 0 < a< 2 and {h,} denotes the Haar system (defined in [1]),
then

oo
>
m=0

Stkm(a;)da;ia =t L i 9m—ialz
0 m=1

S:rm(x)dxlae Lip (@/2) on [0, 1] ,

R 2k—1
since >,

m=2k—1

Sthm(@dml — QU=na2
0

S:rk(x)da;! for k=1,2 -...

REMARK 3. For the Haar system F(t) has no finite derivative
anywhere [5, p. 279].

THEOREM 6. Let 0 < ||@]|], < oo, Pu(®) = p(mx), and assume D,(t)
is of period b — a.

@) Slanm™ < co if and only if 3 |a.||P.(t)]" € L'[a, b].
by If S la,m™™ = o, then > |a,||D.(0)|* = = almost everywhere.
Proof. Part (a). Since 0,(t) = m™'®,(mt), we obtain

Y( () I"dt — m‘“gbl O,(mt) "t = m““gb[ D) [°dt .

Part (b). Applying Fejer’s Lemma [7, p. 49], we obtain for every
set E of positive measure
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limS | @(mt) ]*dt = _bF‘(_ELS"ml(t) fdt >0 as m—s oo,
E — Q Ja

and so by a theorem of Orlicz [1, p. 327]
2 nlm™ O (mY) [* = 3 || [Pn(t) [* = o

almost everywhere.

COROLLARY 2. There ewists an absolutely continuous fumnction
whose Walsh-Fourier series is absolutely divergent.

Proof. For the Walsh system F\(f)¢ L™ by Theorem 6 and so
the result follows from Theorem A.
It now seems appropriate to prove

THEOREM 7. Let

6, ) = sup{[ 7@+ — foras}” .

If 3, 2"@*2™", ) < o, then the Walsh-Fourier series of f converges
absolutely.

Proof. Let {c,} denote the Walsh-Fourier coefficients of f and
let 2 4+y =322, — 9.2 where = >, 2,2™ and y = X, y,2™" are

the binary expansions of # and y (where for dyadic rationals we choose
the finite expansion). N. Fine proved [4, p.395]

3 < g:[f(x +27) — f(@)lda .

k=271

Also, by definition of 4, we obtain
|f@+2 - f@rds
= [ @+ 2 — @l + | /@ - 27) - flo)lde
=2{ 1f@+27) — fwrda
where E, = {we |0, 1]: x, = p} for p = 0, 1. Hence,
S < 2w, NF,

2n—1

and so by Schwarz’s inequality

2n—1 2n—1 1/2 s2m—1 1/2
S lal=(Za) (21) = ees nee.
an—1

k=2"—1 9n—1
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REMARK 4. Previously N. Fine [4, p.394] and N. Vilenkin [6,
p. 32] proved that if fe Lip @, @ > 1/2, then the Walsh-Fourier series
of f converges absolutely. By Theorem 7 it follows that all of the
sufficiency theorems on absolute convergence for trigonometric series
[2, p. 154-161] in terms of modulus of continuity carry over completely
for the Walsh system.
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