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APOSYNDETIC PROPERTIES OF HYPERSPACES

JACK T. GOODYKOONTZ, JR.

Let I b e a compact connected metric space and 2X(C(X))
denote the hyperspace of closed subsets (subcontinua) of X. In
this paper the hyperspaces are investigated with respect to the
property of aposyndesis. The main result states that each of
2X and C(X) is aposyndetic. If Xis semi-aposyndetic, then each
of 2X and C(X) is mutually aposyndetic. An example is given
of a non-semi-aposyndetic continuum for which C(X) is not
mutually aposyndetic. In an extension of the main result
for C(X) it is shown that C(X) is countable closed set apo-
syndetic. The techniques utilize the partially ordered structure
of 2X and C(X).

A continuum will be a compact connected metric space and X
will denote a continuum throughout. Each of 2X and C(X) is endowed
with the finite (Vietoris) topology and since X is a continuum each
of 2X and C(X) is also a continuum (see [5]). If Aίy •••, An are
subsets of X, then N(Al9 •••, An) = { B G 2 X | for each i = 1, •••, w,
B{\AiΦ 0 , and BSU?=i^<} If w is a positive integer, Fn(X) =
{Be2x\B has at most n elements} and F{X) = \Jn^Fn(X).

For notational purposes, small letters will denote elements of X,
capital letters will denote subsets of X and elements of 2X, and script
letters will denote subsets of 2X. If i g l , then A* (int A) (bd A)
will denote the closure (interior) (boundary) of A in X.

The concept of aposyndesis was introduced by F. Burton Jones
[3] and several extensions of this concept have been studied. Let
p, qe X, p Φ q. X is aposyndetic at p with respect to q provided
there exists a continuum M such that p e int M and q e X — M. If
for each q e X — p, X is aposyndetic at p with respect to q, then X
is aposyndetic at p. If X is aposyndetic at each of its points then
X is aposyndetic. X is semi-aposyndetic if for each pair (p, q) of
distinct elements of X, X is aposyndetic at p with respect to q or X
is aposyndetic at q with respect to p (L. E. Rogers [9]). Xis mutu-
ally aposyndetic if for each pair (p, q) of distinct elements of X there
exist disjoint continua M and N such that p e int M and q e int N
(Hagopian [2]). Let ^ be a collection of closed subsets of X. Then
X is J?"-aposyndetic if for each xeX and each F e ^ such that xίF
there exists a continuum M such that x e int M and Mf]F=0
(Bennett [1]). If JF' is the collection of finite (countable closed) sub-
sets of X and X is ^.^-aposyndetic then X is said to be finitely
(countable closed set) aposyndetic.

Let (X, ^) be a partially ordered space. If xeX, then S(x) =
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{y 6 X\y ^ x) and T(x) = {ye X\x ^ y] are called the lower and upper
sets of x respectively. Similarly, if A £ X, then S(A) = (j {S(a)\ae A}
and Γ(A) — U {T(a)\ae A} are called the lower and upper sets of A
respectively. If X is compact and the partial order is closed ({(x, y) \
x ^ y} is closed in X x X), then S(A) and T(A) are closed whenever
A is closed (Proposition 4, p. 44 of [6]). A is said to be decreasing
if A = S(A) and increasing if A = T(A).

The following definition is due to L. Nachbin [6]. A partially
ordered space is normally ordered if for each pair A, B of disjoint
closed subsets of X such that A = S(A) and B = T(B), there exist
disjoint open sets U and V such that A c U and B c 7 and such
that U = S(U) and V = T(V). It is known that any compact Haus-
dorff space with closed partial order is normally ordered (Theorem 4,
p. 48 of [6]).

In a partially ordered space, a chain is a totally ordered subset.
An arc which is also a chain is called an order arc.

It is easy to establish that the natural partial order on 2X(C(X))
induced by inclusion is a closed partial order. If A, Be2x(C(X)),
then there exists an order arc in 2X(C(X)) from A to B if and only
if A ^ B and each component of B intersects A (Lemma 2.3 and
Lemma 2.6 of [4]).

LEMMA 1. Let Ae2x and Me C(X). Then T(A), T(M) n C(X),
and S(M) f] C(X) are continua. Consequently, if Ssf is a closed set
in 2X(C(X)), then T{sf) is a continuum in 2X(C(X)).

Proof. T(A) is a continuum in 2X because T(A) = {Be2x\ASB}
is the continuous image of 2X under the function C —> A U C. If
Ne T(M) Π C(X), there exists an order arc £f in C(X) from N to
X, and £f c T{M) Π C(X). It follows that T(M) Γϊ C(X) is connected,
and since the partial order is closed, T(M) Π C(X) is a continuum.
S(M) Π C(X) = C(M), so S(M) D C(X) is a continuum. For each
Aes^f, T(A) is a continuum in 2X(C(X)) and I e T(A). It follows
that T(j*0 = U{T(A)\Ae J*f) is a continuum in 2X{C{X)).

LEMMA 2. 2X(C(X)) is locally connected at X.

Proof. Let ^ be an open set containing Xand N(U19 , I7n) be a
basic open set such that XeN(Ul9 , C7%) c ^ . If A 6 iV(t7i, , Un),
then there exists an order arc J*f in 2X (C(X)) from A to X. Since
A,XeN(Ul9 •••, U»), each element of Jδ^ is in N(UU •••, J7»). I t
follows that N(Ul9 •••, Ϊ7n) is connected. Hence 2X(CX)) is locally
connected at X.
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The following theorem of Nachbin [6] will yield a useful method
for constructing continua in the hyperspaces.

THEOREM A. Let X be a normally ordered space with closed
partial order and A be a compact subset of X. Then every continu-
ous, order-preserving, real-valued function on A can be extended to X
in such a way as to remain continuous and order-preserving.

We now have the necessary equipment to prove the main result.

THEOREM 1. Each of 2X and C(X) is aposyndetic.

Proof. Let Ae2x(C(X)). We will show that 2X(C(X)) is apo-
syndetic at A with respect to each of the other points of 2X(C(X)).
If A = X, then by Lemma 2, 2X(C(X)) is locally connected at A and
hence aposyndetic at A. So we will assume that A is a proper closed
subset (subcontinuum) of X.

Let B e 2X(C(X)), BΦ A. If B c A or if B and A are not related
under inclusion, then there exists xeA such that x$B. Let U be
an open set containing x such that £7* D B — 0 . Let V be an open
set containing A - U such that x ί 7 * . Then AeN(U, V) and B&
N(U*, V*) = N(U, V)* (Lemma 2.3.2 of [5]). By Lemma 1, T(N(U, F)*)
is a continuum, and A e int T(N(U, V)*). Furthermore, B g T(N(U, V)*).
Hence 2X{C{X)) is aposyndetic at A with respect to B.

Now suppose A, Be C(X) and AcB. Let <if = {A} u {B} U F^X).
Then ^ is a compact subset of C(X). Define / : 9f -»[0,1] by

0 if C= A or CeF^X)

1 if C=B.

Since A is a proper subset of J5, / is continuous and order-preserving,
so by Theorem A, / has a continuous extension / : C(X) —> R (reals)
which is also order-preserving. Since C(X) is a continuum, f(C(X))
is a closed interval, and since / is order-preserving, for some 6 Ξ> 1,
f(C(X)) = [0,6]. Let t e (0,1) and consider /^([O, t]). If L e/^flΌ, φ ,
then S(L) c/^flO, φ . By Lemma 1, S(L) is a continuum. Moreover,
S(L)J] F,(Σ) Φ 0 . Since FX(X\ c / " 1 ^ , ί]) and /~ι([0, «]) = u {S(L) \
Lef~l([0, t])}, it follows that /"'([O, ί]) is connected, and since / is
continuous, it follows that /"^([O, t]) is a continuum. Furthermore,
Ae i n t / - 1 ^ , t]) and β g / - 1 ([0, t\). Hence C(X) is aposyndetic at A
with respect to B. This concludes the proof that C(X) is aposyndetic.

Finally, suppose A, B e 2X and A c J5. Let U be an open set such
that A c Ϊ7 and B - U* Φ 0 . Let JT~ = i\Γ(?7)* U N(X- U). Ob-
serve that A e int 3ίί and 5 £ ̂ . Now F(X) ΓΊ «^" is dense in
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We will show that F(X) π SΓ is connected.
Let {xl9 ••• ,»,}€ N(X- U). Then for each i = 1, . . , n, α?< e X - £7*

or a?i e bd ?7. Let

ίthe component of X — Z7* containing ^ if ^ e X — Z7*

* ~ Ui if α^ebd Z7.

Then C* Π bd ί7 Φ 0 , because C< is a component of the open set X— Z7*
and hence meets bd (X - U*) £ bd U7. Let ^ e C? Π bd U. Let ^ =
{{α?!, , #;_!, 7/, α?I+1> , x'n} \y e C*}. Now £% is the continuous image
of the continuum C*, so ^ is a continuum in N(X — U) containing
{xlf , x^l9 xi9 x'i+1, •••,<} and {xl9 , x{_l9 x'i9 x'i+1, , <}• Then for

each i = 2, , n, ^_γ Π ^Φ 0- So U?=i &% is a continuum in
N(X — Ϊ7) containing 1^, •••,#»} and {a?[, •••,<}. For each i = 1,

• , ^ — 1, let ^ = {{α?;, , α?5, i/}|i/ G X}. Then ^ is a continuum
in . 5 ^ containing {a?I, •••,«?, α;ί+1} and {x[, , #•}, and for each i = 2,
• , n - 1, ^ . _ ! Π &ϊ Φ 0 . Hence (Jfr/ ^ is a continuum in ^Γ"
containing {α?ί, •••,»»} and {x[}. Let ^ ^ = {{i/}|2/G C?}. Then ^€ is
a continuum in N(X — U) containing {x[} and {xλ}. So

is a continuum in 3ίΓ containing {xl9 , ίc%} and {^J.
If {«!, , xn) 6 N(U)*y we can use a similar construction to show

that ^%Γ contains a continuum containing {xl9 , a?Λ} and {α?J So if
C G JP(-X") Π ̂ " and ceC, there exists a continuum in F(X) Π ^ "
containing C and {c}. Hence -P(X) Π -5ίΓ can be written as a union
of continua, each of which meets Ft{X). Since [7* U (X — U) = X,
it follows that ^ ( X ) c F(X) Π J Γ , and since F,(X) is connected, it
follows that i*XX) Π ̂ Γ* is connected. Furthermore, F(X) Π 3ίΓ is
dense in «^", so <SίΓ is connected. Hence J2Γ" is a continuum con-
taining A in its interior which misses B. This concludes the proof
that 2X is aposyndetic.

A continuum X is said to be unicoherent provided that whenever
A and B are proper subcontinua such that X = A U B, then Af) B
is connected. S. B. Nadler, Jr. [7] has proved that each of 2Z and
C(X) is unicoherent. D. E. Bennett [1] has shown that a unicoherent
aposyndetic continuum is finitely aposyndetic. These results and
Theorem 1 imply the following corollary.

COROLLARY 1. Each of 2X and C{X) is finitely aposyndetic.

THEOREM 2. Let X be a semi-aposyndetίc continuum. Then each
of 2Σ and C(X) is mutually aposyndetic.
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Proof. Let M,Ne C(X), M Φ N. Suppose Ma Nor that M and
N are not related under inclusion and that NgF^X). Let jzf =
{M} U {N} U FX(X) and define / : sf — [0,1] by

_ (0 if A = M or A e ^ I )
/(A) =

(1 if A = N.

Then / is continuous and order-preserving, so by Theorem A / has a
continuous extension /: C(X) —• R which is also order-preserving. Let
f(C(X)) = [0, &](& ̂  1) and tl9 ί2e (0,1), ^ < t2. As in the proof of
Theorem 1, /"HfO, ίj) is a continuum containing M in its interior
which misses N. Now suppose Lef"1 ([t2, &]). Observe that T(L)a
f~ι{[t2, &]) and Xe T(L). By Lemma 1, T{L) is a continuum. Since
/-'(fe, 61) = U {TmiLef-1^, 6])},/-1([ί2, 6J) is a union of continua,
each of which contains X. Hence /"HIA, &]) is a continuum containing
N in its interior which misses M. Since /^([O, ίj) Γ ) / " 1 ^ , 6]) = 0>
it follows that C(X) is mutually aposyndetic at (M, N).

Let A, Be2X, A Φ B. Suppose that i c δ o r that A and B are
not related under inclusion and BgF^X). Let xeB — A and yeB,
x Φ y. Let U be an open set containing A and 2/ such that x £ £7*.
Let Vy be an open set containing y such that F* c Z7. Let F^ be
an open set containing x such that VS c i n t (X—U). Let TF be an open
set containing B - (Vx U F,) such that x,yϊ W*. (If B - (V. U V,) =
0 , replace iVCF,, Fy, W) by ^(F,,, Fy) in the remainder of the argu-
ment.) Then BeN(Vx, Vy, W) and N(Vβ, Vy, W) is disjoint from
the sets ΛΓ(ί7)* and N(X - U). As in the proof of Theorem 1,
N{U)* U N(X — U) is a continuum containing A in its interior which
misses B. By Lemma 1, T(N(VX, Vy, W)*) is a continuum, and Be
int T(N(Vβ, Vy, W)*). If Ce T(N(VX, Vy, W)*), then Cmeets Fί and F*,
so C meets £7 and int (X - U). Therefore C$N(U)*\jN(X- U).
So T(N(VX, Vy, W)*) Π (N(U)* U iV(X - U)) = 0 . Hence 2X is mutu-
ally aposyndetic at (A, B).

Finally, suppose A, BeFX{X), A Φ B. We will write A = {p},
B = {g}. Since X is semi-aposyndetic, we assume that X is aposyndetic
at p with respect to g. Then there exists a subcontinuum M of X
such that # 6 int ikf and q e X — M. Let F be an open set contain-
ing q such that 7 * 0 1 = 0 . By Lemma 1, T(N(V)*) is a continuum
in 2X(C(X)) and {g}eint Γ(JV(V)*). Now 2M(C(M)) is a subcontinuum
of 2X(C(X)) and {p} eint2Jf(C(Λf)). Moreover, 2M(C(M)) and Γ ^ F ) * )
are disjoint, since M and F* are disjoint. Hence 2Σ(C(X)) is mutually
aposyndetic at ({p}, {q}). This concludes the proof.

In the preceding theorem we have shown that if X is any con-
tinuum and at least one of A and B is not an element of F^X), then
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each of 2X and C(X) is mutually aposyndetic at the pair (A, B). We
now give an example of a non-semi-aposyndetic continuum for which
C(X) fails to be mutually aposyndetic at certain pairs of elements
belonging to FX{X).

EXAMPLE 1. Let X be the planar continuum which is the union
of S1 = {(r, Θ)\r = 1} and S = {(r, θ)\θ^0 and r=1 +1/(1 + θ)}. J. T.
Rogers, Jr. [8] has shown that for this X, C(X) is homeomorphic to
the cone over X. Moreover, the homeomorphism carries Fλ(X) onto
the base of the cone.

Observe that if p9qeS\ then X is not semi-aposyndetic at (p, q).
To show that C(X) is not mutually aposyndetic at {{p}, {q}) it will
suffice to show that X x 1(1 = [0,1]) is not mutually aposyndetic at
(p', q') where p' = (p, 0) and q' = (q, 0).

Suppose Mp, and Mq, are disjoint continua containing p' and qr

respectively in their interiors. Let Np, be the component of (S1 x J) Π
Mp, which contains p'. Let Ul9 , Un be a finite cover of Np, by
spherical open sets such that flj?=i Ut) Π Mq, = 0 . Using the fact
that each component of (S1 x /) — (U?=i #i) ί s arcwise connected, it
can be established that no component of (S1 x /) — (U?=i U€) meets
both S1 x {0} and S1 x {1}. It follows that U?=i U% contains a simple
closed curve C which separates S1 x I between S1 x {0} and S1 x {1}.
Furthermore, for some c e C, \Jf=1 Ut contains an arc [pr, c] such that
[p', e] Π C = {c}.

Let Nq> be the component of (S1 x /) D Mq> which contains q' and
let Vlf •••, Fm be a finite cover of ΛΓg, by spherical open sets disjoint
from U?=i f̂  I n *^e analogous manner, (JΓ=I V< contains a simple
closed curve i) which separates S1 x I between S1 x {0} and S1 x {1}
and for some d e D, \jT=i Vi contains an arc [q', d] such that D Π [<?', d] —
{d}. It can now be shown (this involves a consideration of some pro-
perties of S2) that ([pF, c] (J C) Π ([<?', d] U 2?) =s* 0 , a contradiction.
Hence C(X) is not mutually aposyndetic at ({p}, {q}).

The final theorem extends the main result and Corollary 1 for
C(X). First we need the following lemma.

LEMMA 3. Let MeC(X) and jzf be a countable closed set in
C(X). Then there exists a decreasing open set ffc in C(X) such that
Me ^ and (bd ^ )

Proof. Let e > 0 and let d denote the metric on X. For each
xeM let Sε(x) = {yeX\d(x, y) < ε}. Let Uε = \J**MSΛ(X) and ^ 6 =
N(Uε). Then ^ ε is a decreasing open set in C(X) which contains M.

If Lebd ^ e , t h e n t h e r e exists yeL such t h a t
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ye(\J S.(χ))* -(\J

It follows that for each x e M, d(x, y) ̂  ε and for some x0 e M, d(x0, y) =
ε. Therefore if ε, Φ ε2 and Lγ e bd (^ε) and L2 e bd (^β 2), then 1^ =£ χ,2.
Since j ^ is countable there exists ε > 0 such that bd (^ε) Π J ^ = 0 .

THEOREM 3. C(X) is countable closed set aposyndetic.

Proof. Let M e C(X) and s$? be a countable closed set in C(X)
such that ikί ί j y . If ikf = X, then by Lemma 2, C(X) is locally con-
nected at M and hence C(X) is countable closed set aposyndetic at M.

Suppose M is a nondegenerate proper subcontinuum of X. Let
jx?s = stf Π S(M). By Lemma 3, for each L e J^J there exists a
decreasing open set <%fL such that L e ̂ L and bd (^L) n ( J ^ U {M}) = 0 .
Since J ^ is compact there exist ^ 1 , , ̂ L % such that J^S c U?=i ^ V
Let J^S = î iί-X") Π J ^ . For each α; e J ^ let ^ be a decreasing open
set such that {x} e ^ς and (bd 3̂ ) Π ( J ^ U {M}) = 0 . Since j^S is
compact there exist TXl, , TXm such that J^S c UEU 5 4̂-

Let

n [(y ^ j ) u (y - J ^ n [(y ^4.) u (y

and let
of Stf. Define

/(A) = -

U I

'0

1/2

,1

Then JϊfQ

?kΓ} U i ^ p

if Ae

if A =

if Ae

and

Af

[0,

or

ί are disjoint
1]

if

by

Then / is continuous and order-preserving, so by Theorem A, / has
a continuous extension /: C(X) —> [0, b] (b ̂  1) which is also order-
preserving. / has the property that if te[O, 6], then /"'([O, t]) and
/""Hfo &1) are^subcontinua of C(X). Since C(X) is unicoherent,
/""HίO, 3/4]) Π /-1([l/4, δ]) is a continuum containing M in its interior
which misses jy\

Now suppose that for some #oeX, ikf— {ίt?0}. Let J^S = s^ Π
JPX(X). For each {#} e J^S let ^ be a decreasing open set such that
{x} e <%SX and (bd <%fx) Π ( J ^ U {M}) = 0 . Since Sx?F is compact there
exist xu , xn such that J^S c U?=i ̂  Let J ^ = s*f{\ (\}n

i=Λ ^ . ) =
J^Π (U?=i ^x*) a n d let JK = J ^ - j^S. Then j ^ and j ^ ; are disjoint
closed subsets of j * . Define / : (\JU &% U J / U ^i(X) — [0,1] by

f(A) =
0 if Ae

U if Ae

*) u F,(X)
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Then / is continuous and order-preserving, so / has a continuous,
order-preserving extension / : C(X) —> [0, b] (b ^ 1). Let t e (0,1). Then
/""^([O, t]) is a continuum containing M in its interior which misses j ^ .

Let ^/f = C(X) — U?=i ^ V - ^ is a closed set containing M in
its interior which misses j^ζ Since each of ^ l ? •••, £%sXn is decreas-
ing, it follows that ΛP is increasing. So Λ? = Γ(^^) and by Lemma
1, T ( ^ O is a continuum. Observe that C(X) =/""1([0, ί]) U ̂ /S. Since
C(X) is unicoherent, /"'([O, £]) Γ) ^ ^ is a continuum containing M in
its interior which misses S>f. Hence C(X) is countable closed set
aposyndetic.
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