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COMPLETELY OUTER GALOIS THEORY
OF PERFECT RINGS

JAMES OSTERBURG

Let G be a finite completely outer group of automorphisms
of a perfect ring R. Let Δ be the crossed product of R with
G. Then Δ modules which are R projective are Δ projective
and Δ submodules which are R direct summands are Δ direct
summands.

Let I? be a ring with identity. All modules and homomorphisms
are unital. Let G = {1, σ, , r} be a finite group of automorphisms of
R.

By Ruσ, σ G G, we mean a bi-R module where r{r'uσ) = {rr')uσ and
{r'uσ)r = {r'rσ)uσ for r,r'<ΞR and rσ = σ(r). We call G a completely
outer group of automorphisms of /?, if for each pair σ ^ r o f automorph-
isms in G, the b'\-R modules Ruσ and Ruτ have no nonzero isomorphic
subquotients. This notion was defined by T. Nakayama in [3, p. 203]
and Y. Miyashita in [2, p. 126].

Let S be the fixed ring of R under G, i.e. {r G R \σ(r) = r for all
σ£G}. If G is completely outer, then R over S is a G-Galois
extension and the center of R is the centralizer of S in JR. See [2,
Proposition 6.4, p. 127]. Furthermore, if R is a commutative ring and R
over S is G-Galois, then G is a completely outer group of automorph-
isms of R. See [2, Theorem 6.6, p. 128]. If R is a simple ring and G
contains no inner automorphisms, then G is a completely outer group of
automorphisms of R and conversely. See [2, Corollary, p. 128].

The crossed product Δ of R with G is ΣσEG ®Ruσ with (xuσ)x
(yuτ) = xyσuστ for any JC and y in R. We can view R as a left Δ module
by defining (xuσ)r = xrσ for JC and r in J?. Thus R is a bi Δ-5 module.

We now assume R is a left perfect ring. These rings were studied
by H. Bass [1].

Let /(Δ) (respectively J(R)) denote the Jacobson radical of Δ
(respectively R).

LEMMA 1. J(Δ) = J(/?)Δ = ΔJ(R). Thus for any left Δ module
M, J(R)M is a Δ submodule of M.

Proof. Because σ(J(R)) = J(R) for all σ<ΞG, /(i?)Δ =
Δ J(R). Thus for any simple, nonzero left Δ module M, J(R )M is a Δ
submodule. Now Λί is a finitely generated JR module, since Δ is a
finitely generated R module. Nakayama's Lemma then shows
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J(R )M = 0. Since J(R) annihilates every simple left Δ module, J(R) C

Since J(Δ) is a bi-R submodule of Δ,J(Δ) =
/(Δ) Π Ru, + J(Δ) Π /?wσ + + /(Δ) Π l?wτ. See [2, Proposition 6.1, p.
126]. Let JC = δ = ruσ E J(Δ) Π #wσ for δ in /(Δ) and r E i?. Assume
δ = Σ σ e G yσwσ, yσ E JR, then x = yσuσ = ruσ, so ruχ = yσux =
xuσ E /(Δ) Π /?«,. It follows that 1 - yσs is right invertible in R for all
s m R\ since ux-yσsux in /(Δ) all 5 in R. Thus yσ E /(/?); hence
x = yσuσ E J(R )uσ. Therefore J(R )Δ = /(Δ).

REMARK. Lemma 1 is true even if R is not left perfect.

LEMMA 2. As a right S module, S is a direct summand ofRs. Let
J(S) (respectively J(R)) denote the Jacobson radical of S (respectively
of /?), then J(S) = SΠJ(R) and J(R) = J(S)R = RJ(S). Thus if M is
a left Δ(K) module J(S)M is a left Δ(K) submodule.

Proof Let Δ = Δ//(Δ) and R = R U(R). _ Because R is perfect, R
is a semisimpje, Artinian ring, which makes Δ a semisimple, Artinian
ring. Thus R is a finitely generated, projective Δ module. By the
Dual Basis Lemma, there exists /,, ,/n E Hom^(R,Ά) and xu ,xn E
R such that JC = ΣΓ=1 f(x)%. Since HomΔ-(£,Δ) C HomΛ-(Λ,Δ) = Δ we
conclude HomΔ-(Λ,Δ) = ΣσGGuσR. Thus each /, i = 1, ,n, is of the form
Σ σ e c MΛ for some suitable /; E /?. Let x E R, then JC = Σ"=1/(jc)jC/ =
ΣΓ-, (Σσ6θJEi^r^JCi = JC_ΣΓ=LΣσGG ( w ) ' . Thus 1 = Σσ G G Σ?,, (ΓΛ)' . Let
d = Σ?=1 ηxh then tr d = 1; hence tr d - 1 E /(I?) Π 5.

Now J(U) Π S C /(S), for let x = j = sj G J(R) and s E S, then
1 - sy is right invertible in i? for any y in 5. Assume (1 - sy)z = 1,
2 6 « , then (1 - sy )zσ = 1 for all σ E G hence z E 5. So 1 - sy is right
invertible in S for all y in 5, thus JC E/(5) or J(R)ΠS CJ(S).

Thus tr i? + /(S) = 5, so by Nakayama's Lemma tr R = 5. Thus
there is a c in R such that tr c = 1. Hence tr: Rs -> 5S is onto and so
splits. Thus 5S is a direct summand of Rs.

The conclusion concerning the Jacobson radical of S follows from
[2, Theorem 7.10, p. 132].

PROPOSITION 1. A left Δ module is completely reducible as a Δ
module if and only if it is completely reducible as an R
module. Moreover, a module is completely reducible as a left R-module
if and only if it is completely reducible as an S module.

Proof A Δ module is annihilated by /(Δ) if and only if it is
annihilated by J(R) if and only if it is annihilated by J(S).
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PROPOSITION 2. Let R be a left perfect ring and G a completely
outer group of automorphisms acting on R. Then S, the fixed ring of R
under G, and Δ, the crossed product of R with G are left perfect.

Proof. Since R is left perfect its Jacobson radical J(R), is left T
nilpotent. So the Jacobson radical of S,J(S), which is contained in
J(R) (by Lemma 2) is left T nilpotent.

Also S/J(S) is an Artinian ring since Ss is a direct summand of
Rs. See Lemma 2 and [2, Proposition 7.3, p. 130]. Thus 5 is a left
perfect; hence, S is semiperfect.

Now R as a right S module is finitely generated and projective;
moreover, Δ is isomorphic to End Rs [2, p. 116]. Since 5 is a direct
summand of R, as a right S module (Lemma 2) R is an S generator.

Let eU'"9en be completely primitive idempotents orthogonal
idempotents of 5 such that 1 = e} H V en. Furthermore, let eu * * •> ek

be a maximal family of mutually nonisomorphic idempotents. Then
JR = R/J(S)R is isomorphic, as a right S module, J o Σ?=1 + (e, 5)m ,
where e, = et + J(S), S = S/J(S) and m, <o°, since R is finitely gener-
ated right 5 module. Thus R as a right 5 module, is isomorphic to
Σf-iφΣ-ΐiΘflj, where Piy is right S isomorphic to e,S, since idempo-
tents can be lifted.

Let fa be the projection of R onto Pih then fi} E End Rs = Δ and the
/i/'s are orthogonal idempotents such that

1 = Σ S U Also ftSe, = Endste S) = E n d s ( ^ ) = fi} Δ/o,

Since e{S^ is a local ring, /*, Δ/5/ is a local ring. Hence fj is a completely
primitive idempotent; therefore Δ is semiperfect.

We know that Δ modulo its Jacobson radical, /(Δ), is semisimple
and idempotents can be lifted modulo /(Δ). Let M be a left Δ module,
by [1, Lemma 2.6, p. 473] in order that M have a projective cover it
suffices that for any left Δ module B requiring no more generators than
M,B =/(Δ)β implies B =0. But B =/(Δ)B = J(R)B and R being
left perfect implies B = 0. Thus every left Δ module M has a projec-
tive cover and Δ is then left perfect.

Let T be an arbitrary left perfect ring and let J(T) denote the
Jacobson radical of T. Then for any nonzero left T module M,/(Γ)M
is a proper submodule. See [1, p. 473]. Hence the natural map
π :M^>MU(T)M is a minimal epimorphism.

Let M and N be left T modules and / a left T epimorphism from M
to N. By_/, we mean the induced map from M/J(T)M -> N/J(T)N
given by f(m +/(Γ)M) = f(m) + J(T)N for m<ΞM.
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LEMMA 3. The following are equivalent:
(1) /: M —» N is a minimal T epίmorphism.
(2) f:M/J(T)M^>N/J(T)N is an isomorphism. See [4, Prop-

osition 8, p. 713].

PROPOSITION 3. Let M and N be left Δ modules and f a minimal Δ
epimorphism form M to N. Then f is a minimal R epimorphism and f is
a minimal S epimorphism.

Proof. Certainly / is an R and an S epimorphism._ Since
/(Δ)M = J(R)M = J(S)M and /(Δ)JV = J(R)N = J(S)N, then /, which
is a Δ isomorphism, is an R and an 5 isomorphism.

PROPOSITION 4. Let M be a left Δ module which is projective as an
S module, then M is projective as a Δ module.

Proof. Let P be the Δ cover of M and / : P—>M a minimal Δ
epimorphism. Since M is S projective, / splits as an S
epimorphism. Thus P as an 5 module is isomorphic to ker / -+- X, for
some 5 submodule X of P. But / is a minimal 5 epimorphism
(Proposition 3), therefore ker / = 0. So / is a Δ isomorphism and M is
Δ projective.

PROPOSITION 5. Let M be a left Δ module which is projective as an
R module. Then M is projective as a Δ module.

Proof. Let P be the Δ projective cover of M and / a minimal Δ
epimorphism. Now / splits as an R map, and / is a minimal R
epimorphism, so ker / = 0.

PROPOSITION 6. Let M and N be left Δ modules such that
MU(Δ)M and N/J(Δ)N are isomorphic as R modules. If M is R
projective there exists a Δ epimorphism φ : M —> N. Moreover, if N is
R projective, then M and N are Δ isomorphic. See [3, Lemma 5, p.
212].

Proof. We assume that M and N are completely reducible Δ
modules. Hence they are completely reducible R-modules, by Propos-
ition 1.

Now Nakayama in [3, p. 214] has shown that if M and N are
isomorphic as R modules, then they are isomorphic as Δ modules.

If M and N are arbitrary left Δ modules, then MU(Δ)M and
N/J(Δ)N are nonzero, completely reducible left Δ modules. We have
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assumed they are isomorphic as left R modules; hence by the above
argument, they are isomorphic as left Δ modules. Call the isomor-
phisms from M/J(Δ)M to NU(Δ)N,f.

Let 77 :M-+MU(A)M and π': N-*N/J(Δ)N be the natural
maps. Since M is R projective, it is Δ projective. Thus we can find a
Δ homomorphism g from M to N such that π'g = fπ. Now g is an
epimorphism since πf is a minimal Δ map.

If N is also R projective, it is Δ projective. Thus g is an
isomorphism.

PROPOSITION 7. Let M and N be left Δ modules and f a Δ
epimorphism from M to N. Iffis a minimal epimorphism as an R map,
then f is a minimal epimorphism as a A map. Furthermore, if M and N
ate R projective, then f is an isomorphism.

Proof. We know that M/J(R)M and NU(R)N are isomorphic as
R modules and completely reducible. Hence they are isomorphic as Δ
modules. Thus / is a minimal Δ map.

If M and N are R projective, then they are projective as Δ
modules. Thus / splits; let g : N -* M be a Δ map such that fg is the
identity on N. Since the natural map π : M —> M/J(Δ)M is minimal g
is an isomorphism.

PROPOSITION 8. Let M,N be left Δ modules such that M is a
projective R module. If N is an R direct summand of M, then N is a Δ
direct summand of M.

Proof. Since M is R projective and N is a direct summand, then
N is R projective. Hence M and N are Δ projective.

If N is an R direct summand of M, then J(R)M ΠN = J(R)N so
/(Δ)M ΠN = /(Δ)N. Thus N//(Δ)N is a Δ submodule of the com-
pletely reducible Δ module M/J(Δ)M.

Thus NU(Δ)N is a Δ direct summand of MU(Δ)M, so there is a Δ
epimorphism φ : M -> N/J(Δ)N. Let ττf: N ^ N/J(Δ)N, be the
natural map. Since M is Δ projective there exists a Δ map ψ : M —> N
such that ττ'φ = φ. Now ψ is an epimorphism since π' is
minimal. Thus ψ splits as a Δ map and N is then a Δ direct summand
of M.

PROPOSITION 9. Let M and N be left Δ modules such that
N/J(R )N is an R homomorphic image of M/J(R )M and M is projective
as an R module. Then N is a Δ homomorphic image ofM. Moreover,
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// N is R projective, then N is a Δ direct summand of M.

Proof. Let / be an R epimorphism from MjJ(R)M to
N/J(R)N. Since R U(R) is a semisimple, Artinian ring, / splits; hence
N/J(R)N is a 1? direct summand of M/J(R)M.

Now G is a completely outer group of automorphisms of
R/J(R). The crossed product of R/J(R) and G is Δ//(Δ).

Applying Proposition 8 we see that N/J(R)N is a Δ direct
summand of MIJ(R)M. Thus there is a Δ map φ from M to
N/J(R)N. Let TΓ' : N-* N//(K)N be the natural map. Since M is R
projective, there is a Δ map g : M —»N such that π'g = φ. Now g is an
epimorphism, since TΓ' is a minimal Δ map.

If N is I? projective, then N is Δ projective. So g splits.

PROPOSITION 10. Let g = \G\, then R8 is Δ isomorphic to Δ.

Proof (RU(R)Y is 1? isomorphic to Δ//(1?)Δ.

Thus Proposition 6 implies i?g and Δ are isomorphic.

PROPOSITION 11. R has a normal basis.

Proof. Proposition 10 imples Sg is S isomorphic to R so R has a
normal basis by [2, Theorem 1.7, p. 118].
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