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K-SPACES, THEIR ANTISPACES AND
RELATED MAPPINGS

NorMAN LIDEN

The purpose of this paper is to investigate various proper-
ties of a mapping between spaces X and Y by relating them
to properties of the corresponding mapping between the
antispace of X and that of Y. The particular properties
discussed include ‘‘closed”, ‘‘proper’’, ‘‘perfect’’, ‘‘compact’
“reflexive compact’”’ and ‘“‘compact trace’’. In general the
context is that of k-spaces.

Throughout the paper X and Y are topological spaces in which
each compact set closed, f: X—Y is a (not necessarily continuous)
surjection between the spaces X and Y and f*: X* —Y* is the cor-
responding surjection between the antispace of X and the antispace
of Y.

1. Antispaces. All of the results in this section are due to J.
deGroot and appear, in essence, in [5].

Suppose X is a topological space. The collection of all compact
sets in X is closed under the formation of finite unions and arbitrary
intersections. Consequently this collection together with the set X
itself can be taken as the closed sets for a new (weaker) T, topology
on X, denoted X*, and called the antispace of X. Furthermore each
closed subset of X is compact in X* and, provided X is a k-space
(a T, space in which a set is closed if and only if it has compact
intersection with each compact set), each compact subset of X* is in
turn closed in X. The relation between the closed and the compact
sets in X and in X* is indicated in the following diagram.

X — X*

closed —_1f X is a k-space oompact

| ll

compact if a proper subset closed

—_—

If X is compact, X and its antispace X* coincide. If X is non-
compact, X* is a compact, connected, locally connected, T, non-T,
space in which each nonempty open set is both dense and connected.

The concept of an antispace was first introduced by J. deGroot
in [5]. For papers in related topics see [6], [7] and [8].

The concept of a k-space was first introduced by R. Arens in
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[1]. The category of k-spaces includes all first countable T, spaces,
spaces complete in the sense of Cech (G; subsets of compact 7, spaces)
and all quotient spaces of locally compact 7, spaces. In fact Cohen
[4] has shown that the latter category is all k-spaces. For further
discussion the reader is referred to [2, 3,11, 12,13,14, 15 and 17].

2. Mappings. f: X—Y is proper if f~Y(K) is compact in X
whenever K is compact in Y. It is easy to show that a 1-1, closed
(open) mapping is proper as is a continuous mapping from a compact
space onto a T, space. On the other hand, a proper mapping from
a T, space onto a compact space in continuous. f is perfect if it
is continuous, closed and has compact point inverses. [ is quotient
if a set Cin Y is closed if and only if f7*(C) is closed in X. A
continuous closed (open) mapping is quotient. Finally f is compact
if f(K) is compact in ¥ whenever K is compact in X. Clearly, a
continuous mapping is compact.

THEOREM 1. Let f:X—Y be surjective and f*:X* —Y* the
corresponding map of the antispaces.

1. If f is proper then f* is continuous.

2. Let Y be T.. If f* is continuous and mnonconstant then f
18 proper.

3. Let Y be a k-space. If f is continuous then f* in proper.
Let X be a k-space. If f* is proper them f is continuous.
Let X be a k-space. If f 1is closed then f* ts compact.

Let Y be a k-space. If f* is compact then f 1is closed.
If f is compact then f* is closed.

8. If f* is closed then for each compact CC X, f(C) 1is either

compact or equal to Y.

S o

Proof. All parts (except possibly 2) are straightforward applica-
tions of the results of §1. For a proof of 2 suppose f* is continuous
and nonconstant and C is a compact set in Y. If C=Y then C is
closed in Y*, f7%(C) is a proper closed subset of X* and hence f'(C)
is compact in X. If C=Y(Y is compact and hence ¥ =Y*) then
X = f7(Y) is also compact by the following argument: Let y, and
Y, be distinct elements of ¥ = Y*. Since Y is T, there exists dis-
joint open sets U and V such that y,€ U and y,e¢ V. Then f*%(V)
and f*7(U) are nonempty open sets in X* and hence from §1 X is
compact.

Parts 1 and 6 of Theorem 1 yield the following result of Arhangelski
in [2].
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THEOREM 2. Let Y be a k-space. If f: X —Y is proper then f
18 closed.

If in Theorem 2 the condition “closed” is augmented by assuming
the function to have compact point inverses as well, then the k-space
condition on Y can be dropped to yield the following converse.

THEOREM 3. If f: X—Y is closed and has compact point inverses
then f 1is proper.

Proof. Let A be a compact set in Y, let B = f~'(4) and suppose
{C,N B} is a collection of sets having the finite intersection property
where each C, is closed in X. Let {D,} be the collection of all finite
intersections of C,’s. Clearly the collection {D, N B} has the finite
intersection property, as does the collection {f(D,) N A}. Moreover
each f(D,) is closed in Y. Since A is compact, there exists a point
ye N (f(D) N A). Now f'(y) is compact and the collection {f~(%) N
C,} has the finite intersection property. Finally, since f~'(y)C B,
the collection {f~*(y) N C, N B} = {f~(y) N C,} and since f~'(y) is com-
pact, the collection {f~*(y) N C,N B} has nonempty intersection. There-
fore {C, N B} has nonempty intersection. Hence f~'(4) is compact.

COROLLARY. Let Y be a k-space. f:X—Y s proper if and
only if f is closed and has compact point inverses.

Proof. The proof is an immediate consequence of Theorems 2
and 3.

Notice that Theorem 3 implies the well-known fact that a perfect
mapping is proper. Conversely, the corollary shows that a continuous,
proper mapping onto a k-space is perfect. In this latter result the
“continuity” condition cannot be weakened to “compact” for if X is
a T, space which is not a k-space then the identity map from X onto
k(X)' is compact and proper (X and k(X) have the same compact
sets) but it is not continuous (and hence not perfect).

THEOREM 4. Let X be a k-space. f:X—Y is continuous if
and only if f is compact and has closed point inverses.

Proof. The corresponding function f* is closed and has compact

1 If X is a T, space, the k-extension of X, denoted k(X), is the set X with the
following topology: a set in k(X) is closed if it has closed intersection in X with each
compact set in X. Kk(X) is a k-space whose topology is stronger than that of X
Moreover, k(X) and X have the same compact sets, and k(X) =X if and only if X
is a k-space.
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point inverses. Thus it is proper. Since X is a k-space the original
function is continuous (part 4, Theorem 1).

It is an easy consequence of Theorem 4 that a function from a
k-space is perfect if and only if it is compact, closed and has compact
point inverses.

THEOREM 5. Let X and Y be k-spaces. A compact f: X —Y is
perfect if and only if f is proper.

Proof. Suppose f is compact and proper. By Theorem 2 f is
closed and by Theorem 4 f is continuous. Hence f is perfect.

In Theorem 5 the k-space condition on Y cannot be weakened
to T, for if Y is a T, space which is not a k-space, the identity
mapping from k(YY) onto Y is compact and proper but it is not closed
(and hence not perfect).

COROLLARY 1. Suppose X s T, and Y is compact. f:X—Y
is perfect if and only if f is closed and has compact point inverses.

Proof. If f is closed and has compact point inverses then since
X is T,soalsois Y ([10] p. 235). Hence Y is a k-space. Since f is proper
(corollary to Theorem 3), X is compact T, and hence also a k-space.
Finally, since f is compact the result follows from Theorem 5.

COROLLARY 2. Let X be a k-space and let Y be T,. If f: X —
Y is one-to-one, compact and proper, then X 1is homeomorphic to
k(X).

Proof. The composition of f followed by the identity mapping
from Y onto %(Y) is a 1-1, compact, proper mapping from X onto
k(Y) and (since X and k(Y) are k-spaces) hence by Theorem 5 a
1-1, perfect mapping (hence a homeomorphism).

Clearly if X is a 7T, space then X is a 1-1, compact, proper
image of k(X). The above corollary says, in fact, that each T,
space is a 1-1 compact, proper image of one and only one k-space.
An immediate consequence is that a 7, space is a k-space if and
only if it is not a 1-1, compact proper image of another k-space.

The collection of all T, spaces can be partitioned into mutually
disjoint classes such that each class contains a unique k-space. Morever,
each k-space is maximal among the spaces of the class in the sense
that each is a 1-1, compact, proper image of it.
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There are numerous references in the literature to two properties
of functions closely related to those considered thus far in this section.
For the sake of completeness these are discussed in the next few
theorems.

A function f: X —Y has compact trace if for each compact set
K in Y there exists a compact set L in X such that f(L) = K. Clearly
every proper mapping has compact trace. A function f is reflexive
compact if whenever K is compact in Y, then f~'(f(K)) is compact
in X. Reflexive compactness of a mapping together with its having
compact trace implies “proper”: Suppose K is a compact set in Y.
By the compact trace property there exists a compact set L in X
such that f(L)= K. By reflexive compactness f~(K) = f7(f(L)) is
compact. The converse is true provided the mapping is compact;
that is, a compact proper mapping is both reflexive compact and
has compact trace. These observations together with Theorem 5 yield.

THEOREM 6. Suppose X and Y are k-spaces. f: X —Y is perfect
if and only if it is compact, reflexive compact and has compact
trace.

In [9] Duda shows that a reflexive compact, quotient mapping
from a k-space onto a 7., space is proper. In view of Theorems 4, 5
and 11 this can be strengthened to the statement

THEOREM 7. Suppose X is a k-space and Y s T,. [f:X—Y 1is
perfect if and only if it is reflexive compact and quotient.

Duda shows also that for a function on a locally compact T,
space having compact and connected point inverses implies reflexive
compactness. This yields the following corollary to the above theorem.

COROLLARY. Let X be locally compact and T, and let Y be T..
If f: X—Y is a quotient mapping having compact and connected
point inverses then f ts perfect.

THEOREM 8. Let Y be a k-space. If f: X—Y is a continuous
mapping having compact trace then [ is quotient.

Proof. Suppose f(C) is closed. In order to show that C is
closed in Y it suffices to show that C N K is compact for an arbitrary
compact set K. Now there exists a compact set L in X such that
f(L)y=K. f™C)nN L is compact in X and hence so is f(f(C)N L) =
Cnf(L)y=CnK.
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In [18] Whyburn proves that a continuous function from a locally
compact separable metric space onto a separable metric space which
has compact trace and compact, connected point inverses is proper.
The corollary to Theorem 7 together with Theorem 8 yields the
following improvement of Whyburn’s result.

THEOREM 9. Let X be locally compact and T,, and let Y be a
k-space. If f:X—Y 1is continuous and has compact trace and
compact connected point inverses then [ 1is perfect.

The connectedness criterion in the above theorem is necessary
by the following example: f:[0, 2] — [0, 1] defined by f(z) =2 for
xe|0,1] and f(x) =2 — x for xz€|[l, 2] is continuous, has compact
point inverses and has compact trace but it is not perfect.

As a final comment on the compact trace property, Michael has
shown in [13] that a closed, continuous mapping from a paracompact
space has compact trace.

The final two results give conditions on a function sufficient to
insure that the image (respectively inverse-image) of a k-space is
again a k-space. The first is well-known and appears in [10]. The
second is due to Arhangelski and appears in [2].

THEOREM 10. Let X be a k-space and let Y be T,. If f: X—Y
is a quotient mapping then Y is a k-space.

Theorem 10 is not true for 1-1, continuous, proper maps for
if Y is a T, space which is not a k-space then the identity mapping
from (YY) onto Y is 1-1 continuous and proper.

THEOREM 11. Let X be T, and let Y be a k-space. If f: X —Y
1s continuous and proper, then X 1s a k-space.

Theorem 11 is not true for continuous, closed, open mappings
for if X is an arbitrary non-k-space and Y a one point space, the
constant mapping from X onto Y is continuous, closed and open, Y
is a k-space but X is not. Neither can the continuity condition be
weakened to compactness for if X is a T, space which is not a k-space
the identity mapping from X onto %k(Y) is compact and proper.

3. Convergence. In this section the properties “compact”,
“closed”, “proper” and “perfect” of a mapping are described in terms

of the convergence of sequences and filterbases.

THEOREM 12. Let X and Y be second countable T, spaces. A con-
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tinuous f: X —Y 4s perfect if and only if whenever {x,} has mo
cluster points in X, {f(2,)} has none in Y.

Proof. Only if. Suppose {f(x,)} has a cluster point %, There
exists a subsequence {f(¥,)} which converges to y,. Now 4 = {f(¥.)} U
{yo} is compact and thus (since f if proper) f—'(4) is compact and
contains {y,}. Thus {y,}, and hence {z,}, has a cluster point. If. In
order to show that f is perfect it suffices, by Theorem 5, to show
that f is proper. Assume A is compact in Y and that C = f7'(4)
is not compact in X. Then there exists a sequence {z,} in C having
no cluster points. Hence {f(x,)} has no cluster points in A. Con-
tradiction.

COROLLARY. A continuous mapping on the real line is perfect
if and only of limit, .. f(x) is either 4+ o or —co.

In [18] Whyburn gives the following characterization of perfect
mappings.

THEOREM 13. A continuous mapping on the real line is perfect
if and only if it has compact point inverses.

THEOREM 14. Suppose X and Y are second countable T, spaces.
f is proper if and only if whenever {f(x,)} has a cluster point ¥,
in Y then {x,} has a cluster point in X and if {x,} has only omne
cluster point x, f(%) = Yo.

Proof. Only if. Suppose {f(x,)} has a cluster point y,. Then
there exists a subsequence {f(y,)} which converges to y,, Now A =
{fW)} U {y,} is compact and thus f'(A) is compact and contains {y,}.
Thus {v.}, and hence {z,}, has a cluster point 2, Suppose {z,} has
only 2z, as a cluster point. If f(x,) # vy, there exists a subsequence
{f(y.)} of {f(x,)} which converges to %, and such that f(y,) # ¥, for
each n. Now A = {f(¥.)} U {y,} is compact and hence f*(4) is com-
pact. Furthermore {y,} C f'(4) and thus must have a cluster point
in f7(A). Since x,¢ f'(4), {¥.} and hence {x,} has a cluster point
other than x,. Contradiction. If. Suppose A is compact in ¥, and
{z,}is a sequence in f*(4). {«,}has a cluster point «, in X. (Otherwise
{f(x,)} has no cluster points in A, contradiction.) Thus there exists
a subsequence {y,} —®,. Now since {f(y,)} has a cluster point in A
it must be f(x,). Therefore x,€ f(A4). Therefore f*(4) is compact.

LEMMA. Suppose X is a locally compact T, space. A filterbase
{B,} converges to z, in X* if and only if {B,} has at most x, as a



512 NORMAN LIDEN
clustzr point in X.

Proof. Suppose {B,} has at most x, as a cluster point in X
(equivalently ). B, contains at most x,). If {B,} does not converge
to 2, in X* then there exists a set U, open in X*, containing x,, such
that B,N U’ = @ for every «. Since {B,} is a filterbase {B, N U%}
has the finite intersection property and since U° is compact in X,
N.B.N U # @. Contradiction. Only if. Suppose {B,} has a cluster
point y, in X in addition to perhaps x,. Since X is locally compact
T, there exists a set U, open in X, containing w, such that y,¢ U
and such that U is compact. Thus U° contains y, and is open in X*
(and hence in X) and since ¥, is a cluster point of {B,} in X, B,N
U°+ @ for each a. Therefore no B, is contained completely in U
which implies that {B,} does not converge to x, in X*.

THEOREM 15. Let X and Y be locally compact T, spaces. A
nonconstant f: X —Y is proper if and only if whenever {B,} is a
filterbase im X with at most x, as a cluster point then {f(B,)} s a
filterbase in Y with at most f(x,) as a cluster point.

Proof. From Theorem 1 f is proper if and only if f* is con-
tinuous. This together with the above lemma and the standard
characterization of continuity with respect to filterbases proves the
theorem.

THEOREM 16. f: X —Y s compact if whenever , is a cluster
point of a filterbase {B,} in X then f(x,) is a cluster point of {f(B,)}
wn Y.

Proof. Suppose A is compact in X and let <& be a filterbase
in f(4). Now f(Z)NA={f(D)NA:DeZ} is a filterbase in
A and hence has a cluster point @, in 4, since A4 is compact. The-
refore f(x,) is a cluster point of f(fY(<Z) N A) = {f(f(D)N A): De
ZBy={DN f(A): De &} = <& Hence f(A) is compact.

THEOREM 17. Suppose X and Y are locally compact T,. f:X—
Y is closed if whenever a filterbase {B,} has at most %, as a cluster
point in X, then {f(B,)} has a subordinate filterbase with at most
fx) as a cluster point in Y.

Proof. By the lemma the hypothesis is equivalent to the following
statement in X* and Y*: whenever a filterbase {B,} converges to x,
in X*, then f(x,) is a cluster point of {f(B,)} in Y*. Hence by
Theorem 16 f* is compact. The result follows by part 6, Theorem 1.
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It is immediate from Theorem 15 that a proper mapping satisfies
the hypothesis of Theorem 17. Consequently this condition is weaker
than “proper” and stronger than “closed”. The following counter
example shows in fact, that the condition is strictly stronger: Con-

sider f: R—{0, 1} defined by f(z) = {g g jgfg where {0, 1} has the

discrete topology. f is closed but does not satisfy the condition in
Theorem 17 for the sequence {1/n} has at most 0 as a cluster point
but {f(1/n)} is the constant sequence of 1’s and thus has no subsequence
with at most 0 as a cluster point.

THEOREM 18. Suppose X and Y are first countable spaces. f:
X —Y is closed if and only if whenever {f(x,)}— Yo, Yo #= f(x,) for
any m, then there exists an x, and a subsequence {y,} of {x,} such
that {y.} — x, and f(x) = ¥,

Proof. If. Suppose A is closed. To prove that f(4) is closed
it suffices to show that if y, is the limit of a sequence from f(A)
then y,€ f(A). Suppose {f(%,)} — ¥y, where each z,c A. If {f(x,)}is
a finite set we are done. If {f(x,)} is an infinite set there is a subse-
quence {f(a,)} — ¥, such that y, # f(a,) for any n. Therefore there
exists an x, such that y, = f(x,) and =z, is the limit of some subsequence
of {a,}. Since A is closed x,€ A and thus y,€ f(4). Only if. Suppose
{f(x.)} — Y, where y, # f(x,) for any n. Let A = {x,}. Then f(A)
is closed and contains the sequence {f(x,)}. Thus y,€ f(4). Therefore
there exists an x,€ A such that y, = f(x,). Since z,¢ {x,}, there exists
a subsequence of {x,} which converges to x,.
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