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ON EXTENDING HIGHER DERIVATIONS
GENERATED BY CUP PRODUCTS
TO THE INTEGRAL CLOSURE

JosErH BECKER AND WILLIAM C. BROWN

Let A=Fk[x,,---,x,] be a finitely generated integral domain
over a field k of characteristic zero. Let A denote the integral
closure of A in its quotient field. A well known result due
to A. Seidenberg says that any first order k-derivation of A
can be extended to A. This result is known to be false for
higher order derivations. In this paper, the authors inves-
tigate what types of higher derivations on A can be extended

to A. The main results are for higher derivations which are
cup products. Set Deri(A) = Deri (A), and inductively define
Der?(A), as follows:

Derf(A), = {p& Derf(A)| 4pe’, Der} (4), U Deri~(4)y) .

The authors show that if o€ Der? (A),, then o(4) S A. Various
examples are given which indicate that the above mentioned
result is about as good as possible.

Introduction. Throughout this paper, A = klx, ---, z,] will
denote a finitely generated integral domain over a field k of charac-
teristic zero. We shall let @ denote the quotient field of A and
A the integral closure of A in Q. For each n =1,2, ---, we shall
let Derj(A) denote the A-module of all nth order k-derivations of A
to A. Thus, e Derj(A) if and only if @< Hom, (4, 4), and for
all ay, ---, 2, A we have

(1) olaw, ---a,)= st (_1)8_1 <Z<i Qg+ aisq)(ao tee dz‘l tee éis e ay) .
The authors refer the reader to [3] for the various facts about
Derp(A) used in this paper. Of particular importance is the fact
that any wth order derivation @ e Der’ (A) can naturally be extended
to an nth order derivation of any localization of A [Thm 15; 3].
We shall need the Hochschild coboundary operator 4 which is
defined as follows: If ®ec Hom, (A4, A), then 4dp: A X A— A is the
k-bilinear mapping defined by 4o(a, a,) = P(a,a,) — a,P(a,) — a.9(a,).
We shall also need the cup product @ U+ of two k-linear mappings
@ and 4 of A. @U4: A X A— A is the k-bilinear mapping defined
by @ U ¥(a, a;) = ®(a,)y(a,) If P and P are two A-submodules of
Hom, (4, A), then PU P will denote the set of all k-bilinear mappings
of A x A into A which are finite A-linear combinations of mappings
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of the form @ U 4 for pe P, v P’. Thus, if @ is an nth order k-
derivation of A such that 4o e 3»=' Deri (A) U Der;—* (4), then there
exist constants e¢;;€ A and k-derivations +(”, A € Derf (4) such that
for all @ and b in 4, we have

P(ab) = ap(b) + bp(a) + 3 en (@) + - -
+ 3 e " (@)N(D) .

Now the purpose of this paper is to study which nth order k-
derivations @: A— A can be extended to A. In [4], A. Seidenberg
showed that any 1st order derivation of A must map A to A. In
[1], an example was given which shows that 2nd order derivations
@ € Dery(A) need not have the property that ¢(4) — A. Since we shall
have use of this example latter, we present it here

(2)

ExaAMPLE 1. Consider the curve X? = Y® over the rational numbers
Q. Let A be the coordinate ring of this curve i.e. 4 = Q[x, y] =
Q[X, Y]/(X* — Y?®). One can easily check that A is a domain whose
integral closure is given by A = A[x/y]. Since the quotient field of
A is a finite separable extension of Q(y), it follows that any 2nd
order derivation @ € Der}(A) is determined by its values on y and ¥
A simple calculation shows that if ®(y) = a, and @(y*) = b (where a
and b lie in the quotient field of A), then

pl@) = 2 (ZLED), o) = 395 — sy
€x

and

_5;1/2<3b~—2ya>.

P(zy) = 5 .

If we set a =1 and b = —2y, then @ € Dery(A), and one easily checks
that p(x/y) = x/y*¢ A.

Thus, higher derivations on A need not extend to A. At the
end of [1], the author conjectured that any @€ Derj(4) such that
A9 e Deri(A) U Deri(A) must map A to A. In this paper, we shall
show that this conjecture is correct. We shall also formulate suf-
ficient conditions on @ e Der}(4) in order that p(A)c A. We assume
the reader is familiar with [1].

Main results.
THEOREM 1. Let A = k[x,, ---, x,] be a finitely generated integral

domain over a field k of characteristic zero. Let A denote the
integral closure of A in its quotient field Q. Let @€ Deri(4) and
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assume A9 € Deri(A) U Der, (4). Then @(A)C A.

Proof. Let Min (A) denote the collection of height one primes
in A. Since A is a Krull domain, we have A = ) {4,|q¢c Min (4)}.
Here as usual A, means A localized at the prime q. Let g€ Min (A).
Then p=¢qNAeMin(4). Let us set R=A4, and R = (4), =4,
the integral closure of R in Q. Let § denote the extended prime
ideal qR in R. Then R; = A,. Now since R is a localization of
A, we see that @ e Deri(R). Suppose we could show that @(R)<
R. Then @(R;) € R; or equivalently o(4,) C A,. Since A is the
intersection of the A,, the theorem would be proven. Thus to prove
Theorem 1, it suffices to prove the following assertion:

“Under the same hypotheses as Theorem 1, let pec Min(4), R =
A, and R= A,. Then 9(R) < R.”

So fix a minimal prime p ¢ Min (4), and set R= A,, R = 4,. We
have already noted that @ e Deri(R), and one easily sees that Jdpe
Deri (R) U Deri(R). Now if A = A, there is nothing to prove. Hence,
we may assume A #= A. Then the conductor C of A in 4 is a proper
ideal in A. If C ¢ p, then R= R and again there is nothing to
prove. Hence we may assume CC p. In this case, CR is the con-
ductor of R in R.

We now follow the proof of Theorem 3 in [1]. Let the tran-
scendence degree of A over k be r, and let m denote the maximal
ideal in R. Then R/m is the quotient field of A/p and hence has
transcendence degree » — 1 over k. Let {a@, ---, @,_,} be a transcend-
ence basis of R/m over k. Pull these @, back to elements «, in R —
m. Then F = k(a,, ---, a,_,) is a field of transcendence degree » — 1
over k, and FFC R.

We know that R is a semilocal ring with maximal ideals m,,
«++,m, lying over m in R. Set J = )i, m;, the Jacobson radical of
R. Each local ring V;=R,,i=1,-.-,¢ is a discrete rank one
valuation ring dominating R. By [Thm 18, p. 45; 6], we can find an
element BeJ such that 8 generates the maximal ideal in each V..
Since the Krull dimension of R is one, we see that J is the radical
of the ideal CR in R. Thus, some power of B, say B", lies in CR.
We shall have use of this remark later.

It was shown in [1], that Der} (R) is a free R-module with basis
{0, 6, +++, 0,_1}. The derivations ¢, satisfy the following relations:

(3)  0(B)=1d(@)=0=08(6) for i=1 «os,r—1

and
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1 if 2=13
5 ax) = {o if Z_ij_ l<i<jsr—1.

We observe that the derivations d, commute on the field F(8). Since
B is a uniformizing parameter for V,, 8 is transcendental over F.
Hence Q is a separable algebraic extension of F(B). Therefore the
derivations on F(B) have a unique extension to Q. It follows that
the 0, commute on Q. It follows from [2; Thm 16, 11. 2] that the
union -, Der; (Q) is a free Q-algebra generated by d,, ---,0,_,. In
particular, @ can be written as a unique polynomial of degree two
in 0y, -+, 0,_,. The coefficients of this polynomial lie in Q. Let us
write @ as follows:

i r—1
(4) P=Sad+ 3 add;+ S au0.
2=0 ~

0Si<j=r—1 2
Since 4@ € Der}, (R) U Der}, (R), we can write for all ¢ and b in R:
(5) Plab) = aP(d) + bp(a) + 3 evvri(a)hi(b)

where ¢,€ R and +, \, € Der; (R). One easily checks that equation
(5) continues to hold for all @ and b in Q. Now by [Thm 1; 4], each
o, and A, extends to R. It then easily follows that CR is differential
under +, and \;, i.e. ¥,(CR) < CR and \,(CR) < CR. Thus, CR remains
differential under «, and )\, when considered as an ideal in B. Hence,
[Thm 1; 5] implies that each m, in R is differential under 4, and \,.
Write each 4, and )\, as a linear combination of d,, d,, ---, d

.
y Yr—1*

(6) qﬁ\l—__gl{lligi Nz=§7115i-

Here the coefficients ,; and 7,; lie in B. Then +,(J)CJ and M (J) = J
imply that g, and 7, lie in J. If we now substitute the expressions
in equations (6) and (4) into equation (5) and then make various
substitutions of the form a,b=«, ---, a,_,, B, We see that all the
coefficients, except possibly a, appearing in (4) lie in B. We further
get that a,ed for e =1, --., 7 — 1, and a,€ J*

Thus, to complete the proof of the assertion ®(R) & R, we must
show that a, in (4) lies in B. We shall show this by arguing that
a,€ V, for every 1 =1, .-, .

So fixan¢=1, .--,¢t, and let v,;:V,— Z be the valuation of V,
given by v(8) = 1. We wish to show that v,(a,) = 0. Let us assume
v(a,) < 0. We need the following lemma:

LEMMA 1. There exist two elements x and y in R such that
(@) The value N = v(x) of x is the smallest positive value of



ON EXTENDING HIGHER DERIVATIONS 329

any element in R.
(b) The value v(y) of y is not a multiple of N.

Proof. Since RcCV,, we have v,(z) = 0 for every element z in
R. So we can certainly find an element x in R which satisfies (a).
As pointed out earlier, g"e CRC R. Thus, 8" € R for any nonnega-
tive integer .

Now suppose no y€ R can be found satisfying (b). Then for
every nonnegative integer [, we must have n + { = v,(8*") is a
multiple of N. This can only happen if N =1. We shall show this
is impossible.

If N=1, then x = 7B for some unit 7 in V,. We want to consider

P@) = S ad @) + 5 au0dia) + 3 0,0)

0=1<jSr—

which is an element of BR. Now we have

d(x) = BoL(7) + ¥

0x) = BOLY) di=1, e, —1
30x) = BOSY) £ 0.7)  i=1, -0, r—1
0,0,(x) = Bo0,(7) 0O0<i=j=r-—1

(7)

and
03(w) = BOY) + 20,(7) -

Since the 4, are derivations on R, they naturally extend to V;. Thus,
the elements in equation (7) are all elements of V,, and clearly dy(x)
is a unit in V,. If we now use the facts that a, ---, a,_, ;€ R,
auy€J and a,€J?, we see that

(8) vzi:il a;0,(x) + 5_;; a;;0,0(x) + E;azzaf(x)] =1
1=1 0=i<ysr—1 1=

Thus, v(®(x)) = vla,) + v,(0,x)) = v,(a,) < 0. But, ¢(x) € R means the

value of @(x) must be nonnegative. Thus, we have reached a con-

tradiction and the proof of Lemma 1 is complete.

Now among all the elements z of R such that v,(z) is not a
multiple of N pick one, say y, of smallest value M. Lemma 1 guaran-
tees that such an element ye R exists. Then M — N > 0, and M —
N is not the value of any element of R. Since v,(x) = N,z = 78"
for some unit 7€ V,. An argument similar to that in Lemma 1
shows that v,(e(x)) = vi(a,) + N— 1. Now there are two cases to
consider. REither @(x) is a unit in R or it is not. If ®(x) is a nonunit,
then v(®(x)) = N. But this implies v,(a,) =1 which is contrary to
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our assumption. Thus, ®(x) is a unit. So v,(a) =1 — N. But now
a similar computation applied to y gives us that v (@(y)) = v(a,) +
M~—1=M-— N. Since @(y)e R, and M — N is not the value of
anything in R, we have reached a contradiction.

Thus, v,(a,) = 0 and the proof of Theorem 1 is complete.

In our proof of Theorem 2 below, we shall need the fact that
the coefficient a, in equation (4) actually lies in J. The proof of
Theorem 1 shows that a,€ B. To see that a,€J, we proceed as
follows: Since P(R) < R, equation (5) immediately implies that »(CR) =
CR. In the notation of Theorem 1, we wish to argue that v,(a,) =
1. Suppose v,a,) = 0. Let N be the minimum positive value of any
element in CR, and let x€ CR have value N. Then as in Lemma 1,
v(P(x)) = vi(a,) + N — 1= N — 1. Since @(x) e CR this is impossible.
Thus »,(a,) = 1.

For Theorem 2, we shall need the following definition:

DEFINITION. Set Der; (4), = Derj(4) and inductively define Derj(A4),
as follows:

Der} (4), = { & Deri(4)| 4p &S, Der; (4), U Deri (4)} -

Thus, Theorem 1 states that if @< Der:(4), then p(4)c 4. We
can now prove the general result.

THEOREM 2. Let A = klx,, ---, x,] be a finitely generated integral
domain over o field k of characteristic zero. Let A denote the
integral closure of A in its quotient field Q. Let @€ Der; (A),.
Then P(A)C A.

Proof. The proof proceeds along the same lines as in Theorem
1. It suffices to show that for every prime p of height one in A,
@(R)c R. Here, as in Theorem 1, B denotes the integral closure of
R = A4, in Q. One easily checks that ® e Der} (R),. We shall adopt
all the notation used in Theorem 1. Thus, CR is the conductor of
R in R.

For the purposes of this proof, let us define Der? (R)z inductively
as follows:

(9) Der}, (R)z = Der}, (R)
Der’ (R)z = {ga ¢ Der (R)| 49 € zDer; (R)z U Der}~" (R)z

and o(R) R} .
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Then we have already proven that Der} (R), = Der; (R)z in Theorem
1, and we shall show that Der? (R), = Der} (R)z for all n.

Now we know that |, Der:(Q) is a free Q-algebra generated
by 64 +++, 0,_,. Thus if @€ Der} (R), then ¢ = g(d,, ---, 0,_,) for some
polynomial ¢(X,, ---, X,_)eQ[X,, ---, X,_;] of degree less than or
equal to n. We further know this polynomial is unique. We now
need the following lemmas:

LEMMA 2. Let @ € Der} (R)z, and write @ = g(0y, +++, 0,_,). Then
the coefficients of any monomials of g which contain 01 < j < n)
lie in J'.

Proof. We proceed by induction on n. The case n =1 was
proven in Theorem 1. The case n = 2 was proven in Theorem 1 and
the remarks following Theorem 1. Thus, we may assume Lemma
2 has been proven for all elements of Der7(R)z with m < n.

Let @€ Der; (R)z. Then there exist constants ¢;;€ R and deriva-
tions ', M € Der] (R)z, j =1, ---, n — 1, such that for all ¢ and b
in @ equation (2) is satisfied. Our induction hypothesis applies to
the derivations +{” and A”. So we can write:

= Zci 0, + thltzatlatz + e+ thl tj 1 oo sz
K{j)_—‘zdlja +Zd31t2 &) t2 +Zdt1 R7 "'3"

tj

(10)

In (10), the coefficient of any monomial in either expression which
contains 67 will lie in J°. We note that since v, \{’: R— R, all the
coefficients of (10) lie in R.

Now write out the polynomial g(d,, ---, d,_,) which gives us ¢
as follows:

(11) P = Z a’tgt + Z at1t25t16t2 T+ Z atl-utnatl o 3t,, .

Since @(R) < R, one easily checks that all the coefficients a,, a,,,, - -,
..., of (11) lie in K. We now substitute equations (10) and (11)
into (2) and get:
> a0 ab) + >, a’tltzstlatg(a’b) +oeee + 3 atl-ut,ﬁtl ce tn(ab)
= a{3a,0(b) + -+ + X @y, 0 -0+ 0, (0)}
+b{X abla) + -+ + X ay.,0y, -0 0 0, (a)}

12  +Seaus oS aa0) + -

Sl 8, atn_xb)} +

+ e a0 a) + oo A+ ekt 6 o0 0, (@)}
X {3 d'o/b)} .
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After simplifying (12) and comparing coefficients, we see that any
coefficient of (11) (except possibly for a,) in a monomial containing
0¢ lies in J?%. Thus, the lemma will be complete if we show a,cJ.

Since @(R) © R, one easily sees using (2) that »(CR) = CR. Thus,
to argue a,eJ, one can proceed exactly as in the remarks following
Theorem 1. Pick an element z€ CR of minimum value N = v,(x).
If v(a,) =0, then v(®@(x)) = N — 1 which is a contradiction. This
completes the proof of Lemma 2.

We now proceed to prove Theorem 2 by induction on n. A.
Seidenberg’s original result [Thm; 4], and Theorem 1 give us the
case n =1 and n = 2. Thus, assume Theorem 2 is correct for all
m < m, and let @€ Der} (R),, We can expand @ as in equation (2)
for some choice of constants ¢;; € R and derivations (", A? € Der? (R),.
By our induction hypothesis, Derj(R), = Deri(R)z. So by Lemma
2, each +{” and A can be written as in equation (10) with the
coefficients of any monomials containing 6 lying in J?°. Now write
@ as in equation (11). Following the same substitutions as in Lemma
2, we see that all the coefficients a,, -+, a,_,, @1y, * -, @y,...;, lie in R.
Further, the coefficients appearing in terms containing 67 lie in J7,
except possibly for a,. Thus, as in Theorem 1, we have to argue
that v(a,) = 0 for all 1 =1, --.,¢. But this argument is exactly the
same as in Theorem 1. Assume v/a,) < 0. The coefficients of (11)
lying in the right powers of J exactly mean that v/(®(z)) = v,(a,) +
v(2) — 1 for any nonunit z of B. Thus we proceed exactly as before
to argue that v,(a,) < 0 is impossible. This completes the proof of
Theorem 2.

The reader may be Wond_ering_ if a slightly weaker hypothesis
on @€ Dery(4) will imply #(A) c A. In particular, it is natural to
ask the following question: Suppose @ € Der? (4) such that

4pe S Derj, (4) U Deri(4) .

Then is @(A) & A? Theorem 1 implies this is true if n = 2. We
shall give an example which shows that for n > 2 the answer to
the above question is in general negative.

ExAmPLE 2. We return to Example 1 at the beginning of this
paper. We may equally well describe the ring A as A = Q[ ¢¥].
Set ¢ = 9/0,, a first order derivation on the quotient field of A. One
can easily check that td, t%0, 0> — (2/t)0, to* — ¢ and 6°* — (8/t)0* + (3/t?)0
are all derivations on A. Set
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3 3 9t 2 3 2
=po(o — B 1 35 —_3(32—_5> 35— 25)@0) .
(13) ? < t * t? > 2 t + 2< t >( )
Then @€ Derp(4). If we expand ¢ out, we get @ = t%'— 6t5° +
156* — (18/t)o. Now the integral closure A of A is just Q[t], and
thus @(4) ¢ A. However one can easily check that

dp = 4(33 — %52 + _t?la) U (£20) + 6t — &) U (t5* — 0)

3 3
£5 (53—_32 35).
+(#0) U 5t S )

Thus
4o € Dery (A) U Derj, (A) + Derj (4) U Derg(A) + Derj (4) U Derp (4) ,

but p(A) ¢ A.

This example shows that we really need the stronger statement
@ € Der}(A), in order to conclude the @(4) C A.

Finally, we note that the methods used in Theorems 1 and 2
give a new proof of A. Seidenberg’s original theorem for finitely

generated domains:

THEOREM (A. Seidenberg). Let A = k[x, ---, x,] be a finitely
generated integal domain over a field k of characteristic zero. Let
A denote the integral closure of A im its quotient field Q. Let
deDer, (A). Then 6(A) c A.

Proof. Using the same notation as in Theorem 1, we see that
it suffices to prove 6(B)c R. Write 60 = a, + -+ + a,_,0,_, with
the a;€Q. Since o(a)e R, we see a, ---,a,_,€ BR. As before, it
remains to argue that v,(a,) =0 for all ¢t =1, ---,¢. So fix an ¢ =
1, .-, ¢t and assume v,(a,) < 0. Pick ze R such that N = v,(z) is the
minimum positive value of any element of B. Then v,(0(x)) = v,(a,) +
N —1. Since d(x)e R, we conclude that v,(@)) =1 — N. By an
argument similar to that in Lemma 1, we can find an element ye
R such that M = v,(y) is the minimum positive value of anything
in R which is not a multiple of N. Then v,0(y)) = M — N which
is impossible.
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