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ENUMERATION OF DOUBLY UP-DOWN
PERMUTATIONS

L. CarLITZ

It is well known that A(n), the number of up-down
permutations of {1,2, - n} satisfies

Zln

'20 A(2n)m= sec z,

2n+1

- 2 _
20 A@2n+ l)an—_riﬁ— tan z.

In the present paper generating functions are obtained for
up-down (down-up) permutations in which the peaks themselves
are in an up-down configuration.

In a previous paper the writer obtained generating
functions for the number of up-down (and down-up) permuta-
tions counting the rises among the ‘“‘peaks”.

1. Let Z,={1,2,---,n} and let (a,, a,, -, a,) be an arbitrary [4,
pp. 105-112] up-down permutation of Z,. Then (b,, b,,- - -, b,), where

blzn_a""l (i=1,2,"',n)

is a down-up permutation and vice versa. Thus, for n >1, there is a
one-to-one correspondence between up-down and down-up permuta-
tions so that it suffices to consider the former.

In the present paper we are concerned with up-down (and down-up)
permutations of Z, in which it is required that the peaks themselves
satisfy the up-down or down-up conditions. Thus let (a,,a,,- -, a,)
denote an up-down permutation of Z, so that

(1~1) Ay 1< Az, QA > Agiy (k =12,---, [n/2])

Then the additional requirement is either

(1-2) Aa—2 < Aaiy,  Aak > Aaics2 (k =1,2,--, [n/4])
or
(1.3) A4k -2 > a 4k [/ < Ak +2 (k = 1, 2, MRS [n/4]).
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106 L. CARLITZ
For example the permutation (1,3,2,8,4,7,6,13,9,10,5,12,11)

3 8 7 13 10 12

NN NN NN

1 2 4 6 9 5 11

satisfies both (1.1) and (1.2).
Next let (a;,a,, -+, a,) be a down-up permutation of Z, so that

(1.4) A1 = Ao, Aok < Aoy (k =1,2,--+,[n/2)).

Then the additional requirement is either

(1-2), Qo3> Aak-1, A1 < Aok (k =1,2,-- ',[n/4])
or
(1-3)/ Qa3 < Qak-1, Qa1 < Aasy (k =1,2,-- ',[n/4])-

Thus there are four possibilities, namely
I. (1.1) and (1.2),

II. (1.1) and (1.3),

III. (1.4) and (1.2),

IV. (1.4) and (1.3).
There are various relations between these varieties of permutations;
however they depend upon the residue of n (mod 4).

In order to derive generating functions it will be convenient to define
the following enumerants. Let Agr(n) denote the number of up-down
permutations of Z, such that the peaks

(a2’ (7P a2[n/2])

begin with a rise, a, < a,, and end with a fall. Thus for this case it is
necessary that n =2 or 3 (mod 4).

We define Agr(n), Ar(n), Ar=(n) in a similar way. Note that for
RR, n=0 or 1 (mod 4); for FR, n =2 or 3 (mod 4); for FF, n=0or 1
(mod 4).

We also define Cre(n), Crr(n), Crr(n), Ceg(n) in an analogous
manner for down-up permutations. Then for RF, n =1 or 2 (mod 4),
for RR, n =0 or 3 (mod 4), for FR, n =1 or 2 (mod 4), for FF, n =0 or 3
(mod 4).

We shall accordingly consider the following enumerants:



(1.5)

(1.6)
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( Are(dn +3),

Agr(4n + 1),
AFR (4", + 3),

L AFF(4n. + 1),

( Crr(4n +1),

Crr (4n +3),
Crr(4n + 1),

L Cer(4n +3),

Reading a permutation both from left to right and from right to left,

Arr(4n +2)
Agr (4n)
Arr(4n +2)
Arr(4n)

Cre(4n +2)
Crr (4n)
Crr(4n +2)
Cre(4n).

we get the following relations connecting the enumerants.

1.7)

Put

(1.8)

(1.9)

(

yee(x) = Z Ap(4n +1)

Zrr(x) = 2 Agr(4n)

Arr(4n +1)=

Ape(4n +1)

Arr(4n) = Cg=(4n)
A (4n) = Crg (4n)
Agr(4n +2)= Cre(4n +2)
Am(4n +2)= Cr (4n +2)

C yre(x) = EARF(4n+3)(4 0
Yrr(X) = Zo Agr(4n +1)

Y (x) = 2 , A (n +3) g

Zrr(x) = E Agr(4n + z)m

Zer(x) = ZAFF(4n)(4 )’

(4 n+1)!

(4 +1)!

(4 )'

Zer(x) = Z A (4n +2)

x —_——
(4 +2)!

L CRR (4n + 3) = CFF(4n + 3)

4n+3

(Arr(3)=2)

4n+1

(Are(1)=1)

4n+3

(A (3)=2)

4n+1

(Ar(1)=1)

4n+2

(Arr()=1)
(ARR (0) = 1)

(A(2)=1)

(Ax(0)=1)
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108 L. CARLITZ

4n+1

Yre(x) = Z Cre(4n + 1)(4 1)1 (Cee(1)=1)

Vre (x) = Z Crr (4n +3) 0 4:;)' (Cre(3)=2)
(1.10) 4
yFR(x)=ZCFR(4n+1)(4 o1 Ge)=D

4n+3

yFF (x) 2 CFF (4" + 3) (4 + 3) 1 (CFF (3) = 2)

An +2

( Zer(x) = ECRF(4n+2)(4 o (Cer(2)=1)

Zer (x) = 2 CRR(4n)(4 ), (Cer(0)=1)

(111) 1 x 4n+2
zFR(x)="§)ch(4n+2)(4 1 (G@=1)

| 2n()= 3 Cerln) sy (Cre(0) = 1).
In view of (1.7), we get

Yrr (x) = yer(x),  Zrr(X) = Zee(x),  Zee(X) = Zrr (x)
(1.12) {

Zrr(X) = Zre(x),  zrmm(x) = Zm(x), Yrr(X)= Yer(x).

Note that, for example, in taking
ARF(3) = AFR (3) = 2,

we are listing the up-down permutation (1,3,2) and (2,3, 1) both under
RF and FR. This is done so that the recurrences given below will be
satisfied. A like remark applies in a number of other instances, as is
evident from an examination of (1.8),...,(1.11).

In the remainder of the paper we evaluate the sixteen enumerants
defined in (1.8),...,(1.11). For a summary of results see §6 below.

2. Evaluation of yq:(x), yre(x), Y=(x), ym(x). We
consider first yze(x). The method employed is to take a typical permu-
tation of Z, and consider the effect of removing the largest
element. This is indeed the method used in [1]. Clearly the element
removed must be a peak. The given permutation breaks into two pieces
one of which may be vacuous. Thus for Agr(4n+3) we get the
recurrence
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n—1
Aldn +3)=S <4” * 2>ARF(4k +3)Ae(dn — 4k — 1)
2 \ak+3

2.1) (nz1, Ar(3)=2).

It follows that the generating function yge(x) satisfies the differential
equation

(2.2) Yre(x) = yRe(x) + x°.
Now put
(23) yre(x) = — %)f—)),
where
2.4) U(x) = 20 ar :n), (a=1).

Substituting (2.3) in (2.2) we get
(2.5) U'(x)+x*U(x)=0.
This implies the recurrence
Ayt (@n +1)(dn +2)a, =0 (n=0,1,2,--+)
and therefore
(2.6) a,=(—-11.5.9...(4n-3).2.6.10...(4n —-2).

Thus

a__ (—1y (=11
@n)! 3.7.11...(4n—1).4.8.12...4n 47 n!1(3/4),’

where

(a),=a(a+1)...(a+n-1).

Hence (2.4) becomes

IS

e _ln x4n 3 x

n=0

o=y
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in the notation of generalized hypergeometric functions [S, Ch. 5].
Alternatively we may write [5, p. 108]

2.8 U(x) = Gx ) TEJTs(x?),

where J_,,(z) denotes the Bessel function of order — 1/4.
In the next place, we have for Agg(4n + 1) the recurrence

n—1 4
ARR (4n + 1) = I; (4k 13>ARF(4k + 3)ARR(4H —4k + 1)

2.9) (>0, Am(l)=1).
This gives
(2.10) Yrr(X) = yre(X)yre (x) + 1.

Hence, by (2.3), (2.10) becomes

U(x)y ze(x) + U'(x)yre (x) = U(x)
and therefore
(2.11) s () = g5 | U
where generally

(2.12) ff(x)=fox f(t) dt.
By (1.12) this implies

2.13) yer () = T3 [ve.

Note that, by (2.7) and (2.12),

4n+1

_S ey
(2.14) [u=34 EONeTES)

The enumerant Agz (4n + 1) satisfies the recurrence

o\ (4n +
Amln+3)=3 (W12

k=0

)AFF(4k + 1) Age (4n — 4k + 1)

(2.1%5) (nz0, Ar(3)=2).
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Thus
Y r(X) = Yer (X )Yre (x).
Hence, by (2.11) and (2.13),

2

(2.16) vis) = { G [ V@)

It can be verified that

(2.17) Ux) = 2 Gt n §?374)1) 2’3‘2{)" ‘

3. Evaluation of zi:(x), zre(x), ze(x), zm(x). As
above we have first

n—1
ARF(4n + 2) = Z <4n + 1>ARF(4k + 3)ARF(4n - 4k - 2)
2 \ak +3

(3.1) (n>0, Aw(2)=1).
This yields

(3.2) Z ri(x) = yrr(X)zre(x) + x.

Hence, by (2.3),

Ux)zrdx)+ U'(x)zre(x) = xU (x),

so that
1
(33) 22 (¥) = 23 f xU.
Note that
_ x (_l)n x4n+2
34) f U= 2 o TG an 1)
Next

4 _
Ame(dn)= (4,'(‘ N ;>ARF(4k +3)Ane (4n — 4k — 4)

(n=1, Am(0)=1).
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Thus

3.5 Z pr(x) = yre(x)Zrr (x).
It follows that

(3.6) 20 () = G-

For Ar(4n) we have

Are(dn) = kz; (jz N i)AFF(Atk +1)Agr (4n - 4k —2)
3.7 (n>0, Aw(0)=1).
This gives
(3-8) z (X)) = yrr (X )zre (x).

Therefore, by (2.13) and (3.3),

(3.9) ZEF(X)=ﬁgl(—ﬁf U(x)-f xU (x).

As for Agz (4n +2), we have

Z +
An@in+2)=3 (jz N ;>AFF(4k +1)Axe (4n - 2k)

(3.10) (120, Am(2)=1).
Thus
(3.11) Z ir(x) = yrr (X )Zre (X ).

Then, by (2.13) and (3.6),

(.12) z ;R(x)=U—}(;C—) f U(x).

4. Evaluation of yzr(x), Yre(x), Ver(x), ¥z (x). To
begin with
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Corldn+1)=S < 4n )CRF(4k +2) A (dn — 4k —2)

=6 \4k +2
(4.1) (n>0, Cee(1)=1).
This gives
4.2) Ve (X) = Zre(X)zre(x).

By (1.12), Zgr(x) = zzr(x), so that (4.2) reduces to

4.3) yre(x) = {zgr (x)}.
This formula together with (3.3) determines ygge(x).
Next
Conldn +3)=3 (4" +2)c (4k +2)Ane(4n — 4k)
RR & 4k +2 RF RR
(4.4) (=0, Ce(3)=1),
so that
(45) )7§R(x)= ERF(X)ZRR (x) = ZRF(x)ZRR (x)
Hence
(4.6) P inl) = Ty | XU
. YRrr Uz(x) X .

Since by (1.12), ye(x) = yrr(x), we have also

@4.7) i) = gy | XU
In the next place
Conlén +1)= 3 <2£>CFF(4k)ARR (4n — 4k)
(4.8) (nz0, GCw(l)=1).

This gives

4.9) Vir(x) = Zrr(x)zre (x) = {zzr (x)},

113



114 L. CARLITZ

since Zge(x) = zgr(x). Therefore, by (3.6),

(4.10) V(X)) = Uzl(x)'

5. Second solution of (2.5). One solution of the differen-
tial equation

(5.1) W'+ xw =0

is given by w, = U(x). For a second solution we take

4n+1

(5.2) w,=U(@x)V(x), V(x)= 2 b, " +1F (bo=1).

Clearly w, and w, are linearly independent. Substituting from (5.2) in
(5.1) we get

(5.3) 2U'(x)V'(x)+ U(x)V"(x)=0.
This gives
(5.4) Vi(x) = U—}(x—).

Comparing (5.4) with (4.10), it is clear that

(5.5) V(x)= yer (x),
so that the second solution of (5.1) becomes

(5.6) w2 = U (x)yrr (x).

6. Summary of results.

U'(x
(6.1) yre(x) = _F(%')Z
©2) Yo (6) = yer () = Gz [ U )

(6.3) y te(x) = {U—}ﬂf U(x)}2



(6.4)
(6.5)
(6.6)

(6.7)
(6.8)
(6.9)

(6.10)
(6.11)

(6.12)

ENUMERATION OF DOUBLY UP-DOWN PERMUTATIONS
Zar(x) = ZRF(x)=U—LC5JxU(x)
Zrr(X) = Zpe(x) = —[%5
zpx)=Zgr(x)= _Uz—l(x_)f U(x)- f xU(x)
2 0(x) = z;R(x)=52L(x—)f Ux)
yre(x) = {zre (x)
_ _ 1
i (x) = () = e | UG
¥ rr(x) = U%—)

VST
U =2 2 niGh.

S (=1) (n+dHx*
U0 = 2 " n1 8, G,

Linearly independent solutions of

w'+x’w =0

are furnished by

(6.13)

7.

Generalizations.

w,=U(x), w, = U (x)yer (x).

tations as permutations (a;, a,, - - -, a,) of Z, such that

(7.1)
and

(1.2)

A1 <Ay, QA = Agps (k =1,2,---, [n/2])

A2 < Ausiy, Qag = Qa2 (k =1,2,---, [n/4])

115

We may define doubly up-down permu-

Similarly we may define triply up-down as permutations that satisfy
(7.1) and (7.2) and in addition

(7.3)

Agi-4 < Agi; Qg = Agirs (k=1,2,---,[n/8]).
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It is clear how to extend this definition to r-ply up-down permutations.
Thus this suggests the enumeration of permutations of these types.

An extension in a different direction is the following. Let A;(n)
denote the number of permutations of Z, that satisfy

(7-4) A3 < A3-1 < A3k, Az = Azgey (k =1,2,--, [n/3])

Then, as a special case of a result proved in [2], [3], we have

© X 3n o ® _ 1—n } -1
(7.5). 20 ABr) Gy = {20 L)@n)! .
This suggests the consideration of permutations that satisfy (7.4) and in
addition

(7.6) Aok 6 < Ao 3< Ao, Aok = Aoy +3 (k=1,2,---,[n/9)).

Moreover further restrictions analogous to (7.3) can also be introduced.
» However we shall not treat these extensions in the present paper.
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