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T*-ACTIONS ON SIMPLY CONNECTED
(» + 2)-MANIFOLDS

DENNIS MCGAVRAN

In this paper we show that, for each » = 2, there is a
unique, closed, compact, connected, simply connected (» + 2)-
manifold, M,.,, admitting an action of 7" satisfying the
following condition: there are exactly n T'-stability groups
T, ---, T, with each F(T;, M,.;) connected. In this case we
have T = T, X --- X T,. Any other action (T», M*+%), M***
simply connected, can be obtained from an action (7, M,.,)
by equivariantly replacing copies of D* X T»* with copies
of S®X D*Xx T™%. As an application, we classify all actions
of T” on simply connected (n + 2)-manifolds for n =3, 4.

Several results have been obtained about T"-actions on (n + 2)-
manifolds. Orlik and Raymond have obtained various classification
theorems for the cases n = 1,2 (see [11], [12] and [14]). Various
general results have been obtained in [4] and [5] for » > 2. This
paper is a continuation of the work done in [4]. We also obtain
classification theorems similar to those of [12] for n = 3, 4.

In [4] it was shown that, for each =, there exist actions of 7™
on simply connected (n + 2)-manifolds. Here we prove the following.

THEOREM. For each m, there is a unique closed, compact, con-
nected, simply connected (n + 2)-manifold M,,, admitting an action
of T* satisfying the following conditions:

(i) There are exactly n T'-stability groups T, -+-, T,.

(ii) FEach F(T, M,,,) ts connected.

Furthermore, T" =T, X «++« X T,.

We then show that any action (7™, M"*?), M"** a closed, compact,
connected, simply connected (n + 2)-manifold, can be obtained from
an action (7", M,,,) by equivariantly replacing copies of D* x T"*
with copies of S® x D? x T3,

The above results are applied to two specific cases. We show
that if 7° acts on a simply connected 5-manifold, M, then M is
M, = S°® or a connected sum of copies of S x S® For T*actions
on simply connected 6-manifolds, M, we show that M is M, = S® x
S3 or M is a connected sum of copies of S? x S* and S*® x S°.

1. Preliminaries. We shall use standard terminology and nota-
tion throughout (e.g. see [2]). Unless otherwise stated, all mani-
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folds are closed, connected and compact. All actions are assumed
to be locally smooth and effective.

Let (G, M) and (G, N) be two G-actions. We shall use (G, M) =,,
(G, N) or M= ,N to mean that M and N are equivariantly ho-
meomorphie. Given actions (G, M) and (H, N), (G X H, M x N) will
indicate the obvious product action.

The n-dimensional torus T" = S' x --- X S*' (n factors) can para-
meterized as:

T” = {(eilﬂl’ N ei¢n)|0 é @, é 27-[} .

We simplify this as T" = {(@y, * -+, 9,)|0 £ @, < 27}. Similarly, we
write:

D* = {(ry, 0,y * ) Ttarrsedy Ot | 2071 =1, 0= 0 = 21,
0[n+1/2] =0if »n Odd} .

Of course for S”, we have >, 7} = 1.

ExampLE 1.1. We have an action of 7™ on D* x T" 2 defined as
follows. If t = (@, -+, @,)eT* and z = ((ry, 0, 75, 65), (G5, + -+, 0,)) €
D* x T2, let

tz = ((ry 0, + @@, + * = + Py Ty O, + P, + <+ + 03,2,) ,
(03 + 0/31771 + s + a2n¢n7 *t %y 011. + am@l + e + ann?n)) .

This action defines a matrix 4 = (a;;). For the action to be effec-
tive, we must have det (4) = 0. We shall frequently define such an
action by giving the matrix A.

We shall often use the following (see [8]). Suppose M is an
m-manifold with boundary and G = T* acts on M with m > n. If
M* is a closed cone with vertex 2y and G,, = T* 0=k =<n (T°=id),
then (T", M) = ,(T"* x T*, T** x Dm"*k),

Suppose 7" acts on a simply connected (n + 2)-manifold M. It
was shown in [4] that the orbit space, M*, will be D? with points
on the boundary corresponding to singular orbits and interior points
corresponding to principal orbits. Isolated points on the boundary
correspond to orbits of type T" % and the remaining boundary points
correspond to orbits of type 7" '. The result mentioned above shows
that an invariant tubular neighborhood of an orbit of type T"* will
be D* x T 2.

It was also shown in [4] that, for all », actions of T on simply
connected (n + 2)-manifolds exist. The following picture shows how
such actions can be constructed.
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M*

Each sector of the disk D?>= M* represents an invariant tubular
neighborhood of an orbit of type T"* which, as mentioned above,
must be D* x T" % These are attached to one another along sub-
spaces of the boundary homeomorphic to D% x T" . Another result
of [4] is that the circle stability groups of the action must span 7.
Hence, we must have at least n copies of D* x T2,

We shall say that (T, T,) is an adjacent pair of 7T''-stability
groups for an action (7", M"*?), if there is an invariant D* x 7"
so that the induced action (7", D* x T""?) has stability groups T, T,
and T, x T,. (T, T, T, will be called an adjacent triple of T,-
stability groups if (T, T,) and (T,, T,) are adjacent pairs, with in-
variant copies of D* x T"% (D*x T"?, and (D* x T"?%),, respec-
tively, such that (D* x T3, N(D*x T"?,=D*x T*»* and 0 X
T < F(T, M*™*). In this case (D*x T"*), and (D* x T"™), are
said to be adjacent.

2. Orbit structure. Suppose T" acts on a simply connected
(n + 2)-manifold M. As mentioned above, we know that the T''-
stability groups span T". In this section we show that, in certain
cases, T'™ is the direct product of the T'-stability groups. If G is
a group and S G is a subset let (S) denote the subgroup spanned
by S.

LEMMA2.1. If T" acts on a simply connected (n + 2)-manifold M,
there exists an adjacent triple (T, T, T,) such that {T, U T, U T;5) =
T, x T, x T,

Proof. Let (T, T, be an adjacent pair so that we have an in-
variant (D* x T"7%), with stability groups T, T, and T, x T,. Write
T*=T, x T, x T"* and parameterize so that the action (T, (D* x
T"7%),) is defined by the matrix I (see 1.1).

Consider an adjacent invariant (D* x T" %), with T'-stability
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groups T, and C so that (T,, T,, C) is an adjacent triple. The action
(T~ (D* x T"*),) will be determined by a matrix of the form

1 ay .- ay,

A= 0 ay -+ a,
0 au - @y,

We may consider N = (D*x T"7%),U ;(D*x T"?),, where f: (D*xT"),—
(D?* x T"™), is an equivariant attaching homeomorphism, as an in-
variant subspace of M. f is determined by A in the following
manner. If

= ((’7‘1, 01; T2 02)7 (0:» M) 0n)) € (D2 X Tn_l)t - (-D4 X Tn—2)1

then f(z) = ((,rl, 0;7 T2y 6;)’ (6:;’ Tty 6;)) where
G = (0, 6,) =A@, -+~ 6,)' = A7 .

To show that f is equivariant, we ignore the 7’s for convenience.
Let a = (p, -+ @,)' = @€ T". Then

a(f(2)) = aAd
= A6 + Ap
=A@ + @) = f(az) .

Now note that if, for each j, there exists an ¢ > 2 with a,; # 0,
then fp: 7, (D*x T"™"),) —w,(D* x T*™),) is injective. In this case, it
follows that 7, (N) = Z""*. Since M is obtained, as described above,
by attaching successive copies of D* x T"% some attaching map
must kill an element of some 7,(D? X T"™'). Hence, let us assume

that a,, = 0 for all ¢ > 2.
It now follows that the stability group C is defined by the

following system of equations:

Pyt CpPy + o0+ QLP, = 0(2n)
APy + 200 + Q1 Pry = 0(27)

@y 2Py 4 oeee + Ay 1Pr—1 = 0(27{) .

Since the action is effective, it follows that ¢, = -+ = ¢, , = 0.
Hence, C = {(— 2, ®n, 0, +++, 0, 9,)|0 < @, < 2w}, It is easy to see
that {T,UT,UC> =T, x T, x C.

COROLLARY 2.2. If T" acts on a simply conmected (n + 2)-
manifold, M, there exists am imvariant D®* X S® X T"* with the
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standard product action (T* x T* x T"3, D*x S x T"3).

Proof. By the lemma, one can find an adjacent triple of 7'*-
stability groups (T,, T, Ts;) so that T" =T, x T, X Ts x T" 3, Let
(D* x T*%, and (D* x T™ %), be the adjacent copies of D* x T"?
corresponding to the adjacent pairs (T, T\) and (T,, T;), respectively.
Let N=(D*x T"?),U #(D* x T*®), as in the proof of 2.1 so that
we have the action (7", N). We have the standard action

(T D*x S* X T*®) = (T, Xx (Ty x Ts) x T*3, D* x S® x T*™)

with weighted orbit space equivalent to N*. It follows from standard
techniques that N = ,,D* x S® x T"3,

In case there are only n T''-stability groups we have the fol-
lowing much stronger result.

THEOREM 2.3. Suppose T" acts on a simply connected (n + 2)-
manifold, M, so that there are exactly n T'-stability groups T,, +--,
T, with each F(T,, M) connected. Then T" =T, X <+« X T,.

Proof. First remove nonintersecting neighborhoods D* x T**
of each orbit of type T" 2. We obtain a T*-manifold with boundary,
N, with N* as shown below.

N*

Using the Seifert-Van Kampen theorem, it is easy to see that
7(N)=0. Let U,,,=T" x D* be as shown. For eachi, 117 < n,
choose U; = (D* x T*™"), so that F(T,, Ny U, and U;,NnU; = U,,,,
1=i<j=m.

Each inclusion #,(U,,,) — 7, (U;) has kernel isomorphic to  Z,
generated by an element z,ex,(U,,,) corresponding to T, & T". Let
K=<{z,+--,2,0. For each ¢, we have the following commutative
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diagram.

T(Unsr)
' \Pn+1
pEIUAR) S

|
7 (U.)

The vertical map is the inclusion, p,,, is the natural projection and
0; is defined to make the diagram commute. By the Seifert-Van
Kampen theorem, we then have the commutative diagram.

T(N)=0
-
7T( Un+l)<

Part\ l
T(Unid)/K .

Therefore 0,., =0 and K = 7,(U,,,).

Label the T)’s so that T, x -+ X T, is a direct product and %
is a maximum. Suppose k<n. For each i>k we have (T,U---UT,>=
T:. For 1=t1=klet C,=T, and for 1 >k let C,= T*' be such
that (VU +-- U Ty =C, X +++ xCyand T.ZC, X «-+ xC,_,. Para-
meterize T*"=C, X --- X C, in the obvious manner. For 1<k,
T,={0,+++,0,¢;,0,:--,0)|0 < ¢, < 2r}. For ¢ >k, we have T, =
{lcupsy ***) €y 0, =+, 0)]0 < @, < 27}. Let 4§,; be the Kronecker
delta. If we write 7,(U,.,) = 7,(C,) X --- x7,(C,), then for 1 <7 <
k, 5= (8i1, ) Bin) and for 7 > k: 2= (cu" *ty Gy 0: ) 0)- Since
T,N(C, X +++ xC)#id and T, ZC, X --- x C,_, for 1>k, we have
¢; > 1. Therefore, '

. '1 7 »
det 0 Cri1,k41 il .

Can

This would imply that K # n(U,..), a contradiction. Therefore
k=nand T"=T, X --- x T,.

3. The manifolds M,,, and the construction of actions
(T*, M***). In this section we show the existence of basic simply
connected (n + 2)-manifolds admitting actions of 7T*. We then show
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how any action of T" on a simply connected (n + 2)-manifold can
be obtained from some action (7", M,_,).

THEOREM 3.1. For each n = 2 there ewists a unique manifold
M,.. admitting an action of T™ satisfying the following condition:
there are exactly n T'-stability groups with each F(T, M,,,) con-
nected.

Proof. By the construction in [4] there exists a simply con-
nected (n + 2)-manifold M and an aection 6: T" x M— M with T'-
stability groups T, ---, T, satisfying the stated conditions. Let
@: T" x N— N be another such action with T'-stability groups
C, -+, C,. We assume the T,s and C,’s are labeled in a clockwise
direction going around the orbit spaces. We -must show that M = N.

By 238, T"=T, x -+« xT,=C, x ---C,. We have the obvious
isomorphism f:T"— T* with f(C,) = T,. Define an action 8": T" x
M— M by 6'(t, m) = 6(f(#(, m). It is easy to see that the weighted
orbit space of this action is equivalent to that for . By the
equivariant classification theorem of [4], M = N.

While it is not true that all actions of 7" on M, ., are equiva-
lent, the above proof shows the following

COROLLARY 38.2. Any two actions of T" on M,., are weakly
equivalent.

The standard actions (7% S*), (T% S® and (T°% S® x S? show
that M, = S*, My = S® and M, = S® x S%. The manifolds M, ., n > 4,
have not been identified at this time.

The manifolds M,., provide a starting point for the construc-
tion of T"-actions on simply connected (% -+ 2)-manifolds.

THEOREM 3.3. Suppose T™ acts on a simply connected (n + 2)-
manifold M. Then the action (T", M) can be obtained from an
action (T", M,.,) by equivariantly replacing copies of D* x T"*
with copies of S* x D* x T*3,

Proof. Consider the action (7", M). By 2.2, M contains an in-
variant S® X D* x T8 When this is replaced equivariantly with
a D* x T*?% the number of T" *orbits is decreased by one. If
this process is continued, M,., will be obtained. Reversing the
process proves the theorem.

From [4] we know that if T" acts on a simply connected (n + 2)-
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manifold, M, then the T'-stability groups span 7". We now have
the following.

COROLLARY 3.4. Suppose T" acts on a simply connected (n + 2)-
manifold M. Then there are T'-stability groups T, «--, T, such
that T" =T, X «++ X T,.

Proof. Obtain M,,, from M as in the proof of 3.3. Then 7" =
T,x «++- x T, where T, ---, T, are the T’stability groups of the
resulting action (7", M,,,). However these will also be T'-stability
groups for the original action (T", M).

4, The cases m» = 3,4. It was noted that M,=S* M,=S°
and M; = S® x S°. These are the only M, s identified. In fact no
explicit actions of 7" on simply connected (n + 2)-manifolds have
been identified for n > 4.

In [12], Orlik and Raymond classify actions of 7T* on simply
connected 4-manifolds. In this section we use results of Wall, [16],
and Barden, [1], to classify actions of T and T* on simply connected
5- and 6-manifolds, respectively.

Recall that the orbit space, D? of an action (7", M"**) has
isolated points on the boundary, each corresponding to an orbit of
type T" 2.

THEOREM 4.1. Suppose T?® acts on a simply connected 5-mani-
fold M so that there are k distinct orbits of type T'. If k=38,
M=S8% Ifk>38, Mis a connected sum of k — 3 copies of S? x S3.

Proof. If k=3, then M = M; = S°. Suppose the theorem is
true for some k¥ = 3. Let T® act on M with %k + 1 orbits of type
T'. M is obtained from a manifold N by equivariantly replacing
an S' x D* with a D* x S% Since N has k orbits of type T', N is
a connected sum of & — 3 copies of S* x S* or S*if k—3=0. By
the Mayer-Vietoris sequence

VA p=20,5
H*(M)=1{Z"2 p=2,3
0 otherwise .

By results in [1], the above construction ecan be done in R’ so
M embeds in R’. It follows that ®,(*) = 0 for all &k = 1, where »?
is the normal bundle of M and ®, is the k** Stiefel-Whitney class.
By Whitney Duality, w,(M) = 0. Therefore, by [1], M is a connected
sum of &k — 2 copies of S% x S°.
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It is worthwhile to note that M will not be an equivariant con-
nected sum. In fact, equivariant connected sums of codimension
two actions cannot exist for n = 3 since T* cannot act on S"™ for
n = 3.

It was noted that all T'*-actions on M,,, are weakly equivalent.
The following example shows that this is not true for 7T*-actions
on other simply connected (n + 2)-manifolds.

ExaMpLE 4.2. Let T°? act on S°® with T'-stability groups T,, T,
and T, so that T° =T, x T, X T,. Define an action (T3 S* x D?
as follows:

tz = ((’ru 0, + P1 — Pay Ty 0, + P, — ‘?3): (7'3, 0; + ¢71)) .
This action has T''-stability groups T,, T, and

T, = (@, @0 @) P, = @, = @5}

Replace the D* x S' < S°® containing F(T, x T,;) with S® x D* to ob-
tain an action (7%, S* x S® with T'-stability groups T,, T,, T; and
T,. However, we have another action (73, S® x S?%), = (T, X (T, X T5),
S? x S® with T'-stability groups T,, T, and T, where F(T, S* x S?)
has two components. It is obvious that these actions are not weakly
equivalent.

We now consider T'‘-actions on 6-manifolds.

THEOREM 4.2. Suppose T* acts on a simply connected 6-mani-
fold, M, with k orbits of type T®. Then M s a connected sum of
k — 4 copies of S? x S* and k — 3 copies of S* x S&.

Proof. For k=4, M= M;=S%x S Assume the theorem is
true for some k = 4, and let T* act on M with k + 1 orbits of type
T®. M is obtained from a T*manifold N by equivariantly replacing
V,=D*x T* with V,=8S*x D*x T'. Since N has k orbits of
type T?% N is a connected sum of & — 4 copies of S*xX S* and &k — 3
copies of S*x 8% We may assume N=UUV, M=UUYV, and
V.nU = 8% x T® Applying the Mayer-Vietoris sequence, it is easy
to see that HXU) = Z**. Also, by examining the pair (U, oU),
one can show that H*U)— H¥U, oU) is injective so that H¥(U)—
H*oU) = H¥(T? x S? is trivial. Therefore, the following sequence
is exact.

0— H(V,) — HWUUV,) — HM)— H(U)—0.
It follows that H*WM) = Z*~* = H*(M). Since there are no fixed
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points, ¥(M) = 0, so H M) = Z*,

Since w,(N) =0, w,(U)=0, so if w,(M)+# 0, it must be the
generator of K = ker (H*M)— H¥U)) (with Z,coefficients). One
can choose as a generator of K a two cochain vanishing off L where
L* is as shown below.

M*

Now L is a closed, compact 4-manifold admitting an action of 7'°
so, by [13], L = L(p, q) x S'. Since each factor of L is parallelizable,
L is and w,(L) = 0. Therefore w,(M) = 0. The result follows from
[16].
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