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CENTRAL MOMENTS FOR ARITHMETIC FUNCTIONS

JOsepH E. COLLISON

The only central moment considered in probabilistic
number theory up until now has been the ‘‘variance’ of an
arithmetic function. This paper considers the case of higher
central moments for such functions. It will be shown that
if f is an additive complex valued arithmetic function then

2 1ftm) — A)I*= = O(n(log log n)*** 3 |/(p*)I<p™)

where K is a positive integer and
A(n) = Z S

It will also be shown that if f is an additive real valued
arithmetic function and K is an odd positive integer, then

m};n(f(m) — A(n))* = O(n(log log n)*~2+V/ K,,aén If(p*)|£p~) .

1. Preliminaries. Given a fixed positive integer K let X be a
K-tuple of prime powers p*, where the primes need not be distinct.
Y is defined similarly. Next we define

| X|| = Max {p*: p* is a component of X}

and | X| = I »* where the product is over those p* which are com-
ponents of X. By X, we shall mean the j-tuple consisting of the
first 5 components of X, and X, shall denote the K — j-tuple con-
sisting of the last K — j components of X. X;Y, shall denote the
first j components of X followed by the first &k components of Y.
By X;|/m we shall mean that p*||m for all the components of Xj;.
If f is an arithmetic function, then we define F(X) to be I f(»%
where the product is over all the components »* of X.

LEMMA 1. Given the M distinet prime powers P, = pg, 1 =1,
--+, M, and the positive integer n,

WL, m) = n 3, 1= 11 Pl — p) + On™)

=n
Pylik,isu

where |O(n™)| < (3-2¥ — L)n™

Proof. Let N = LT[L, P, for any positive integer L. We will
now show by induction on M that for all such N

(1.1) W(M, N) = IfI P71 — p7") + O(NT)
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where |[O(N7Y)| < 3(@2¥ — 1)Nt. We have
W@, N) = N™Y([N/P,] — [N/P,p,]) = Pi* — N7'[N/P,p,]
so that the result holds for M = 1. Letting

M
K = (L/p] + D I P
we see that for

W' (M,n)=n" 3, 1

k<n
Pillk,1<isM

we have
W(M, N) = Pi*W'(M, N/P,) — (K/IN)W'(M, K) + R

where

R=N' ¥ 1<NK-[NPp)IIP+N"<2/N.
et v

Using estimates provided by the induction hypothesis we see
Pi'W/(M, NIP) = P T Pt — o) + Vi(N)
where |V,(N)| < 3(2"* — 1)/N, and
(KIN)W'(M, K) = (Ppi* + KN — Prp) [T Pr(L — pi) + Vi)
where |V, (N)| < 3(2¥* — 1)/N. Since
0= (BN — Pep) [ P(L — »7) = L7P [T Pr = N
(1.1) now follows.
Let N = ([n 11X, Pi'] + 1) I, P, so that the first part of the
proof applies to W(M, N). Then

| W(M, n) — WM, N)| ngW(M, J) — WM, § + 1)

N—-1
<312 14+ 1
s L, T L
N—-1 . M .
SSE+DIPT S g
i=n i=1 n<=N

Pyll4,i>0

(fj P;*) log (Nfn) + 'n‘<|:NI=I P;l] — [n I:MI P;l])

A

-1

R
< n~'log (1 | Pi> o< o
=1
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which provides the desired result.

LEMMA 2. For M = 2 and letting P = p* represent the power
of a prime

o2
P ; >n Pl_l T P;‘}l g ClM‘(Péﬂp-a>
Pin s B

for some absolute constant C,.

Proof. Separating the two largest prime powers from the rest
we see

M2
S P PREMM-D(Z ) R+ R)
DA =

where

R = 3 p7q*
p2gB>n
p¥sn,qB<n

is known to be bounded [2; P. 35], and

R,= 3 »=* > q7

al/M<pd<n  (n]p®)l/(M—D <qB<n|p®

With regard to R, we note that for np™ = 3" the second sum is
equal to

log log [n/p*] — log log [(n/p*)"* "] + O(1)
< log log (n/p*) — log log (n/p*)"/* + O(1)
= log 2M + O(1) .

For np™ < 8% we have ¢* < 8" and so the second sum in R, is bounded
by log M + O(1) in this case. In a similar manner it can be shown
that

p* < log 2M + O(1) .

n/ M <plsn
Thus there are constants C, and C, for which

R, + R, < (log2M)> + C,log 2M + C,
é M2 + C3M+ C4 .

Letting C, = 1 + C,/2 + C,/4 we obtain the desired result.

2. Even central moments. Now we shall show that
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3 1m) — AGm) % = O (log log w3, | F(v)[*p™)

p=<n

THEOREM 1. Let f be an additive complexr valued arithmetic
Sunction and let K be a fixed positive integer. Then for n = 4

Mie(n) = 3,1 f(m) — A(m) %
2.1) : s
=< (2K)1 1024°K*Con( 3 ™) 3 1) Ep e

p¥=n p¥=<n
Proof. First we will show that
(2.2) Mye(n)=n >  FX)F(Y)T(X, Y, n)

X =0, ||Y]Isn

where

M

T(X, Y,n) = 3,

=0k

.,
il
=3

_/K\/K\ . .
(—1)’+’°< >< )lXijl""n‘l > 1.
AN

msn
Xjlim,Yglim

N
o]

2K(n> — JZ 2( 1)]+k< )( )AK‘J'(%)AK—I:(")

<§nf(p“)>< 2 (g )>"

i<nM<X> ZF@»mﬂ
)

[ M

MN

0 k=0

J

(= FEIT

HY gll=n

FX)FY) X 1

XillEn,||Y IS0 mEn
X ;11 II Ell Xj1m Yl im

which equals the right side of (2.2).

Now let M,x(n,t) denote the restriction of the sum in (2.2) to
those X and Y such that exactly ¢ distinet primes occur in the
factorization of |XY|. By virtue of the fact that

n 3 1= PHX; YY)

ms=n
Xilm,Yllm

where P(X;, Y,) is a product of the distinet prime powers p* in X;Y,
with @ being the highest power of » in X;Y,, an examination of
T(X, Y, n) reveals the fact that in an upper bound of the (7, k) term
either |XY| appears in the denominator or at least one prime is
repeated in X;Y,. In the latter case, in order for the (7, k) term
to be nonzero, a repeated prime must have the same power everywhere
it oceurs in X,Y,. Soif », ---, r,, where », + --- + 7, = 2K, provide
the respective number of times the distinet primes p, ---, p, are
repeated in XY, and s(z, 1), ---, s(¢, u), where s(z, 1) + -+ + s(¢, u) =
r;, provide the respective number of times the distinet powers a(s, 1),
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-+, a(t, u) of p, oceur in XY, then as a result of the above discussion
we see that

[F(X)F(Y)T(X, Y, n)]

=) Ak

Thus we see from (2.2) and the last result that for ¢ < 2K

& [K\\2
Man 0503, | EOL(S(T)

r1+---+rt=zK ! . ’I't! =0\ 9
0,i=

n:lﬁ

|f(pa(z k)) Is(t k)p-a(t J k) .

2 r ' “ (/4 8 —a
] > X —4—1II > [|f(e)|*p™".
i=1psn u=1 s;+.. +3u="'i 81! .o Su! k=1a=[logn/logp]
8,>0, =1 U
Since 3 »p™ summed over all positive a is bounded by 1, it follows
by induction on % that
H

k=1 (as[lognllovp]

o) S 27 3| F) e

a=[logn|logp]

Hence

M, 8)] < @B 450 3y T1( S (7@ 7)

7yt +rg=2K X i=1 \pagy
i oo,

4
A VIR
u=1 Sytee ‘H’u—"z
85>0, k=

Using Holder’s inequality and the fact that the last sum is bounded
by ¥ we see

t 1—r;/2K
Moa(n, )] £ @EO1 40 3y (2ot 3 p7)

Totee- +"t Zit( =1 e

(3 1@ =)
< @K)! 165K — ¢ + 1 n( 5 57%) 5 17w
That is, for t < 2K
(2.3) | Myx(m, t)| < (2K)! 645 K**(4K*)'n
(o) S 1w

p%=n 2%=n

Next we shall consider the case where ¢t = 2K. To do this we
shall first show that if p, is the smallest prime in X then

(2.4) IT(X, Y, n)| < KM45(| XY |peqy)™ + 3EHp™
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when all the primes in XY are distinct. By Lemma 1 we see that
T(X, Y,n) = | XY '"R(X)R(Y) + O(n™)

where
X (K\
R = $-17( ) fra = o0
and |O(n™)| £ 8% *'n'. Now induction shows

M- p)=1- 39" I (1 pi)
and hence |R(X)| < K2%pz'. A similar result holds for R(Y), and
hence we have (2.4). Therefore, keeping in mind all primes in XY
are distinct, and using Lemma 2 and Holder’s inequality, we see

| Mox(n, 2K)| = m 5 [FXOF(Y)T(X, Y, n)|

Y|sn

+n 3 [FXOFY)I(X, Y, n)]

[XIISn,[1V]]Sn
1XY|>n
= nK'4* < 2 If"(X)lpf‘IXl“)2 + 3™ |[F(X)F(Y))
lX]|sn 1XY|sn
+4%n > |FX)F(Y)||XY|™

HX]lsn,(1Y]Sn
1XY|>n

/K 2—-1/K
= k(3 [FOOPIXP) (| 3 preees X))

HXli=n
1/2

+ 3%(( S, | F(X)F( Y>121XY1'1)W(<2K>! Z’)

Xy(=n

+n4K( ) IF(X)F(Y)IZIXYP)UZ

1HX|ISn,||Y]|Sn
XY |>n

1/2
|XY!~1)

<llel<n,|!Y[|§n
1XY|>n

2 2K—3+1/K
sk (Sp)(Se) SIS @rE
p*sn p*sn p%sn
K-1
+ @K + 45 CreEn( 3 p™)

p =N

(z @)

—S— (K44K+1 + 32K+1(2K)! + 4K+ICi/2K2)
2K—2
ca(Z ) S 17

p%<n p%=n

=GR 9K (S o) S 100

p¥<n p%<n

where C, = 4 + C}*.
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Combining this last result with (2.3) we now have
K—1
| Myx(n)| < (2K)! <Cb9KK‘* 4GRS (4K2)’>
t=1

O BT COTL

p¥<n pEsn

which yields (2.1) for C, = 1/3 4 9C;/1024. This finishes the proof.

3. Odd central moments, If we wish to consider odd central
moments, then we must restrict ourselves to additive real valued
arithmetic functions. Using the proof of the previous theorem it
can be seen that this simplifies matters insofar as double summations
become single summations. For example, for odd K and such functions
(2.2) becomes

M(n) = 3 (F(m) — Am)* = n > FXOT(X, n)

where

m=n
X lim

K K\ o
1%, ) = By-1( )1t 5 1

If the rest of the proof of the theorem is carried out essentially as
it is with minor modifications, it can be seen that for ¢t < K

My(n, £) = O(n(log log m)** 5 | £(p")|*p™)
as before, and
| Ma(n, K)| S nK2% 5, |F(X)|pi| X|
(3.1) lXll=n
+ O(n(log log ny™ 3 | /() 7p~) .

P40

Now Holder’s inequality shows that

1/K
S ROl X1 s (3 (FOF|X))
Hxilsn lX|lsn
1-1/K
(| e x)
HXlI=n
_ K—2+1/K
=13(Zpe) S
p¥sn p%sn

since > p™* < 1.3. Hence we have:

THEOREM 2. If f is an additive real valued function and K
18 an odd imteger, then
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S0 = Am)* = Betwn( £ 0)" S 17w

where Iim Bx(n) < 1.3K?2%,

This increases the exponent of 3>, »~ by 1/K relative to Theorem
1, but in general it cannot be avoided as the following argument
shows. It is known [3; p. 201] that

3 90) ~ | g@log ©)de

provided g(x)/log x for x = 9 is positive, nonincreasing, and has the
limit 0 as 2 — oo,

S:g(x)(log x)'dx diverges,
and
Sjg(x)(log x)te"e 2t converges .
These conditions are satisfied by g,(p) = p7*|log log p|™/% and g,(p) =

p7|log log »|™*. Hence, for f(») = (loglog p)™% and f(p*) =0 for
a > 1, we see that

1 - K- - K \* K—2+1/K
3 IFOIp X 2 G(Ba®) ~C(zEr)  (loglog my+

and

SO p™ = E‘; g:.(p) ~ log log log m .

p¥=n

In the light of (8.1) this shows the desired result.
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