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CONTRACTION SEMIGROUPS IN LEBESGUE SPACE

RYOTARO SATO

Let (T,:t>0) be a strongly continuous semigroup of
linear contractions on L,(X, 2, ¢), where (X, 2%,p) is a o-
finite measure space. Without assuming the initial continuity
of the semigroup it is shown that (7,:{>0) is dominated by
a strongly continuous semigroup (S;: £>>0) of positive linear
contractions on L,(X, %, p), i.e., that |T,f|=S,|f] holds a.e.
on X for all fe L,(X,ZX, ) and all £>0. As an application,
a representation of (T,:¢>0) in terms of (S,: ¢>0) is obtain-
ed, and the question of the almost everywhere convergence

b
of 1/bS T,fdt as b—-+0 is considered.
0

Introduction. Let (X, ¥, 1) be a o-finite measure space and let
L (X)=L,(X, %, tt), 1 £ p < o, be the usual Banach spaces of real
or complex functions on (X, 3, ). For a set A€, L,(A) denotes
the Banach space of all L,(X)-functions that vanish a.e. on X — A.
If fe L,(X), we define supp f to be the set of all x€ X at which
f(z) # 0. Relations introduced below are assumed to hold modulo
sets of measure zero. A linear operator T on L,(X) is called a
contraction if || T}, < 1, and positive if f = 0 implies Tf = 0.

Let (T,:t > 0) be a strongly continuous semigroup of linear
contractions on L,(X), i.e.,

(i) each T, is a linear contraction on L, (X),

(ii) T,T,=T,,, for all t,s > 0,

(iii) for every fe L(X) and every s>0, lim,, || T.f — T,f||,=0.

Under the additional hypothesis of strong-lim,.., T,=1 (I
denotes the identity operator), Kubokawa [6] proved that there
exists a strongly continuous semigroup (S,:¢ > 0) of positive linear
contractions on L,(X) such that |T,f] < S,|f| a.e. on X for all fe
L,(X) and all ¢ > 0. The main purpose of this paper is to prove
the same result, without assuming any additional hypothesis. We
then obtain a representation of (T,:¢ > 0) in terms of (St > 0)
which is a continuous extension of Akcoglu-Brunel’s representation
([1], Theorem 3.1), and a decomposition of the space X for (T;: ¢>0)
which asserts the existence of a set YeJ3 such that T,fe L(Y) for
all feL,(X) and all ¢ >0 and also such that if fe L(Y) the;n T.f

converges in the norm topology of L(X) as ¢t — +0 and 1/b S T.fdt
0
converges a.e. on X as b — +0.
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Existence theorem. Our main result is the following existence
theorem.

THEOREM 1. If (T.:t > 0) is a strongly continuous semigroup
of limear contractions on LX), then there exists a strongly con-
tinuous semigroup (S,:t > 0) of positive linear contractions on
L(X), called the semigroup modulus of (T,:t > 0), such that

(1) ITf1=S1f1  (feLl(X), t>0).
If 0 < feL(X), S, is given by

(2) Stf:sup{r,x---ftﬂf:itt=t, ti>0,ngl}
i=1

where T, denotes the linear modulus of T, in the sense of Chacon-
Krengel ([3]).

Proof. For 0 < feL,(X) and t > 0, put
Mt ) = {en,fiSt=t 6> 0, nz1}.
=1

Since ||z, = || T ), <1 and 7,c,f = 7,..f for all £, s >0, we see
that if g, and g, are in M(t, f), then there exists a function & in
M(t, f) such that

max (g, g;) = h and [[h|[, = [[S]], .
Thus it is possible to define a function S,f in L,(X) by the relation:
S.f = sup {g: g€ M(t, /)} .

It is clear that |[S.f|. < || fll, and S,f = 0. It is easily seen that
if ¢ is a positive constant and f and ¢g are nonnegative funections in
L(X), then

Sicf) =cS.f and S(f + g) =SS + Sig .

Therefore S, may be regarded as a positive linear contraction on
L,(X). By the definition of S, it follows that

Sth = St+s (t9 s > 0) .

It is now enough to prove the strong continuity of (S,:¢ > 0).
To do this, we first show the following result:

(3) lim [lz.f — 2./l =0 (FeLy(X), s>0).

To see this, we may and do assume without loss of generality
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that f is nonnegative. Let ¢ >0 be given. By [3] there exist
functions ¢, € L,(X), 1 £ ¢ < n, such that

9:/ = f and |lz.f —max [T [[l <e.
Since (T,:t > 0) is strongly continuous on (0, ), we can take a
0 >0 so that |s — t| < ¢ implies || T,g9; — T.9;ll, < ¢/n for each 1 <
1 <n. Fix a £t >0 so that |s —t|] < 0. We then have |||T,9;| —

[Tl £l T9: — T.9:ll. < ¢/n for each 1 <7 < n, and so it follows
that

le.f — max | Tg,| |l < 2s .
By this and the fact that z,.f = 122" | T,g.l, we get
H(th - Tsf)—HL = H(lrnﬂaszf | T.9;:| — Tsf)_Hi < 2.

Therefore

(4) lim [[(c.f — 2.f)ll = 0.

Next, lett > s and write t = s + a. Since
zorf — )7l = @ — .07,
it follows that
(5) lim||(e,f — /) = 0.

On the other hand,
Taz.sf = (Taz-sf - z.‘s-f)_{- - (Ta.z-sf - Tsf)— + Tsf .
Thus, by (5), we have that

(Tared — T O S Ml(Tatf — )L
s eworof — /)71 + izt f 1l = NIz fll
= lwatef — 7 )71 — 0

as ¢ — +0, because ||7,]|, £1. This and (4) establish (3).
We next show that

(6) lim Hstf—“ssf||1=0 (feL](X)’ S>0)-
t—s+0
To see this, we may and do assume without loss of generality

that f is nonnegative. Let ¢ > 0 be given, and choose a funection
g€ M(s, f) so that
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Hsz_gH1<57

where ¢ is of the form
g=71,7,f, ibi:s, and £, >0 (1 <1< m).
i=1

Let s, > t,. Then
g — 7ot m Sl = o7, (@, f — 7, DI
= IITtnf - Tsnflll ’
and hence, by (3),

(7) lim Hg—«z‘tl”'rtnﬂfsﬂ ”1 =0.

St
Let us write t =¢, + -+« +¢t,_, + 8,(>s). Since
S =8z @7, 7S — 9+ —8S),
it follows that
Sf =S =1yt TS — 9l + 19— 8S|.
This and (7) yield that
lim sup |[(S,.f — S. )7, =Ze.

Since ¢ is arbitrary,
hm H(Stf - sz>~“1 =0.
Hence

H(Stf - sz)”‘n = H(Stf - sz)_Hl -+ I{Stfigl - Hsznx
= [[Sf =S Ih—0

as t-»>s + 0, because ||S,f]l, = ||S,f|l, for all ¢ > s. This proves (6).
Using (6), it is now direct to show that the semigroup (S,: £>0)
is strongly continuous on (0, ), and we omit the details.

THEOREM 2. Let (T,;:t > 0) and (S;:t > 0) be as in Theorem 1.
Then T, converges strongly as t — +0 if and only if S, converges
strongly as t — +0.

Proof. If T, = strong-lim,,., T, exists, then (7,:¢t=0) is a
semigroup and strongly continuous on [0, «»). Hence we can apply
the same arguments as in the proof of Theorem 1 to obtain that
lim,, , ||S.f — z.f |, = 0 for all fe L(X), where 7, denotes the linear
modulus of T.
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Conversely, if S, = strong-lim,_,, S, exists, then, for all f e L,(X),
the set {T.f:0 <t <1} is weakly sequentially compact in L,(X),
since |T.f| = 8,|f| and lim,.,||S,[f| — So|f|ll. =0 (cf. Theorem
IV. 8.9 in [4]). Thus, by Lemma 1 of the author [8], T, converges
strongly as ¢t — +0.

The hypothesis of being a conti‘action semigroup can not be
weakened in Theorem 1. To see this, we give the following example,
motivated by S. Tsurumi.

ExampPLE. Let X be the positive integers, 3 all possible subsets
of X, and g the counting measure. Let ¢ >0 be given. By an
elementary computation, there exists a real constant », with 1/e <
r < 1, such that

(8) 1 <sup{ri(lcost| + |sint|):t =0} <1l +e.
For feL(X) and t > 0, define

T.f@2n — 1) = r"[f(2n — 1) cos nt — f(2n)sinnt] (n = 1)
and

T.f2n) = r™[f(2n — 1) sinnt + f@n)cosnt] (n=1).

It is easily seen that (T,:¢ > 0) is a strongly continuous semigroup
of linear operators on L,(X) satisfying ||T,||, =<1 + ¢ for all ¢>0.
Furthermore

(9) lim (ey/)"]), = <= -
To see this, let 1, denote the indicator function of {#}. Then

H(@m)™lls = 11T ym) ™ Lanms + Laa) /|| Lsamy + Laally

:[fr”/’”dcos%' + ISin%DT nz=1),

as has been pointed out by S. Koshi. Hence (8) implies (9).
By (9) it is now immediate to see that (T,:¢ > 0) can not be
dominated by a semigroup of positive linear operators on L,(X).

Representation theorem. Let (T,:¢ > 0) be a strongly contin-
uous semigroup of linear contractions on L,(X). It is well known
that given an fe L,(X) there exists a scalar funetion ¢(¢, ) on (0,
) x X, measurable with respect to the product of Lebesgue
measure and g, such that for each ¢ > 0, g(¢, ), as a function of
x, belongs to the equivalence class of T,f. In the sequel g(¢, x) will
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be denoted by T.f(x). Using Fubini’s theorem, we see that there
exists a set E(f)e X, with p(F(f)) =0, such that if x¢ E(f) then
the scalar function ¢ — T,f(x) isbLebesgue integrable on every finite

interval (a, b) and the integral g T,f(x)dt, as a function of z, belongs
to the equivalence class of S T.fdt, where S T.fdt denotes the Boch-

ner integral of the vector valued function ti T.f with respect to
Lebesgue measure on (a, b).

If (S,:t > 0) denotes the semigroup modulus of (7,:¢ >0), then
the ratio ergodic theorem holds for (S,:¢ > 0), i.e., for any f and
g in L(X), with g = 0, the ratio ergodic limit

im (], s.s@ae ) (], Siowrae

exists and is finite a.e. on the set {x: rStg(x)dt > 0}<cf. [5]). Thus
0

Hopf’s decomposition holds, i.e., X decomposes into two measurable
sets C and D, called respectively the conservative and dissipative

parts of X, such that if 0 < ge L,(X) then r g(x)dt = o or 0 a.e.
on C and \ S,g(x)dt<c a.e. on D. A set AcZX is called invariant

(under (S,: t > 0)), if S,L,(A)c L,(A) for all ¢ > 0. It is immediate
that A is invariant under (S,:¢ > 0) if and only if it is invariant
under (T,:t>0). It is known (cf. [7]) that C is invariant and the
class ¥, of all invariant subsets of C forms a o-field in the class of
all measurable subsets of C.

We are now in a position to state our representation theorem.

THEOREM 3. Let (T,:t > 0) be a strongly continuous semigroup
of linear contractions on L,(X) and (S,:t > 0) denote the semigroup
modulus of (T,:t>0). Let C denote the conservative part of X with
respect to (S,:t > 0) and let 3, be the o-field of invariant subsets of
C. Then there exists a (umique) set I' € ¥, and a function w e L (I")
such that

(i) |ul=1 a.e. on ' and T.f = 1/w)S,(uf) for all fe L(I)
and all t > 0,

(ii) @f 4=C — 1T, then the closed linear hull of {f — T,f:
feL(4), t >0} is L(4),

(iii) a function ve L '), with |v|> 0 a.e. on I', satisfies
T.f = /S, (vf) for all feL) and all t >0 if and only if
there exists a function r € L. (I") such that |r|> 0 a.e. on I, S¥r=
r a.e. on I' for all t > 0, and v = ru.

Proof. Let he L.(C) be such that T*h = h a.e. on C for all
t > 0. Since |h| =|T*h| < 7¥|h| < S¥|h| and the conservative part



CONTRACTION SEMIGROURS IN LEBESGUE SPACE 257

of X with respect to each single operator S, is exactly C (cf. [7]),
it follows that |h| = S*|h| a.e. on C for all ¢ > 0, and hence supp
heZ,. By this, we can find a function ke L.(C) such that T¥h=h
a.e. on C for all ¢t >0 and also such that if fe L.(C) satisfies
T¥f =f a.e. on C for all £ >0, then supp fCsupph. Put I'=
supp  and define we L.(I") by u = h/|h| a.e. on I'. If 0= feL,()
and ¢ > 0, then, as in [1],

S(Stf)lhld;c = st;wh]dp = Sf[hld;z = S(f/u)hd;e
= g(f/u) Trhdpy = STt(f/u)u|hld;e .

Hence S.f = T.(f/u)u, since S.f = |T.(f/w)| = |T(f/wyu|, and (i) is
established.

To prove (ii), let h e L.(4) be such that g(f — T, f)hdp =0 for

all feL,(d) and all ¢t > 0. Then T/h =h a.e. on 4 (and hence on
C) for all t > 0. Therefore, by the definition of I, » =0 a.e. on
4, and (ii) follows from the Hahn-Banach theorem.

To prove (iii), let ve L.(I") and |v| > 0 a.e. on I'. Put » = v/u.
Then T,f = (1/v)S,(vf) for all fe L") and all £ > 0 if and only if
A /ruw)S,(ruf) = L/u)S,(uf) for all feL (") and all ¢ > 0, or equiv-
alently, S,(rf) =»S,f for all feL,(I") and all ¢ > 0, since {uf:
feL(IN} = L,(I"). And this is equivalent to the fact that S*»r =7r
a.e. on I' for all ¢t > 0, by Lemma 2.4 in [1].

The proof is complete.

Decomposition theorem. It is shown that, after eliminating
an uninteresting subset of X, a strongly continuous semigroup (T,:
t > 0) of linear contractions on L,(X) can be made strongly contin-
uous at the origin and the local ergodic theorem holds.

THEOREM 4. Let (T,:t > 0) be a strongly continuous semigroup
of linear contractions on L (X). Then X can be written as the
union of two disjoint measurable sets Y and Z with the following
properties:

(i) For every fe L(X) and every t >0, T.fe L(Y).

(ii) For every fe L/(Y), T,f converges in the morm topology
of L(X) as t— +0 and

b0

. 1
lim —b—go T.f(x)dt

exists a.e. on X.
(iii) For every fe L(Y) with f > 0 a.e. on Y,
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Y =”i;11 {w: 7./, f(x) > 0} .

Proof. Let (S,:t > 0) be the semigroup modulus of (7T,:¢ > 0).
Fix an he L(X) with A > 0 a.e. on X, and put

Y = (’_J {: S,/ uh(x) > 0}

and Z =X — Y. It is easily seen that S,f € L(Y) and hence T,f ¢
1
L(Y) for all feL(X) and all ¢ >0. If we write ho=s S,hdt, then

hoe L(Y), hy> 0 a.e. on Y, and lim,_,, || S — hol, = 0. Therefore,
by approximation, the set{S,f:0 <t <1} is weakly sequentially
compact in L,(X) for all 0 £ fe L,(Y), from which we observe that
the set {T.f:0 < t < 1} is also weakly sequentially compact in L,(X)
for all feL(Y), sinece |T,f| =< S,|f]| for all ¢ > 0. Hence Lemma
1 of the author [8] implies that T.f converges in the norm topology
of L(X) as t— +0 for all fe L(Y).

To prove the second part of (ii), we may and do assume with-
out loss of generality that X = Y. Put T, = strong-lim,.,, T,, and
let feL/(X). Then f can be written as f = g + h, where g = T.f
and T.,h =0 for all ¢ =0, because T,T,= T,T, = T, for all ¢ = 0.
It follows that

lim || (f — h) — ig T.gdt|, =0 .
a--+0 a Jo

If we write f, =h + l/agaTtgdt, then it is easily seen that
0
N
hmﬂ T.f.@)dt = fu(@) — h(z) a.e.
0

b—>+0

on X. On the other hand, by Akcoglu-Chacon’s local ergodic theo-
rem ([2]),

b b
_1_8 T.f (@)ds l < sup lg S, Fl@)dt < o a.e.
b Jo o<b<t b Jo
on X. Thus, the second part of (ii) follows from Banach’s conver-
gence theorem (cf. Theorem IV. 11. 3 in [4]).
For the proof of (iii), let feL(Y), f >0 a.e. on Y. Put

sup
0<b<1

P = U {&: 7yuf (@) > 0} .
Clearly, Pc Y, and by the definition of Y and (i),

Y = i) {#: Sy/uf(@) > 0} .
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Let 1/n <t. Then 7.f < 7/uTi—w/mf, and so suppz,f Csupp 7,/.f-
Thus it follows that

supp S,.f < P & >0).

Therefore Y C P, and (iii) is established.
The proof is complete.

In conclusion, the author would like to remark that the ques-
b

tion of whether the almost everywhere convergence of 1/b S T.f(x)dt
as b— +0 holds for all f e L,(Z) remains an open problem.
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