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ISOMORPHISMS AND SIMULTANEOUS
EXTENSIONS IN C(S)

H. BANILOWER

Let & map a subspace A continuously into the completely
regular space S so that A and #[A] are completely separated
in S, and let @ be the quotient space of S gotten by identify-
ing p with h(p) for all p in A. If there exists a simultane-
ous extension from C(A4) into C(S), then there exists an
isomorphism of C(S) onto itself, taking C(Q) onto C(S|| 4),
which is the identity on C(S||2[A]) (whence C(Q) is comple-
mented in C(S)). The converse holds providing A and h[A]
are normally embedded in S and % is a homeomorphism.

Introduction. Our main results, stated above, are Theorems
2.3 and 2.5 of §2. In §1 we establish these results in the special
case when S is the topological sum of two disjoint spaces S, and S,,
where AcC S, and h[A]CS,. We also show, in Theorem 1.3, that
isomorphisms of the above type always exist whenever % maps all
of S, into S,.

In §2 the results of §1 are extended to the general case by
means of Lemma 2.1, which enables us to recover S in a natural
way as a quotient space of a topological sum of two disjoint spaces.

Background. C(S) denotes the Banach space of all bounded
continuous real or complex valued functions on S with supremum
norm.

Let A be a subspace of S. A is normally embedded in S if
every element of C(A) has a continuous extension to S. C(S||A4)
(resp. C(S, A)) denotes the subspace of all functions in C(S) that are
zero (resp. constant) on A and A(A4, S) denotes the set of all stm-
ultaneous extensions (bounded linear operators that extend fune-
tions) from C(A) into C(S). For further information on simultaneous
extensions, see [2], [3] and the references therein.

Two Banach spaces X and Y are 4somorphic (write X ~ Y) if
there exists a one-to-one bicontinuous linear operator from X onto
Y. A subspace Z of X is complemented in X if there exists a
projection of X onto Z in vthe sense of [6, p. 480].

BN denotes the Stone-Cech compactification of the integers.

1. Throughout this section S, @ S, denotes the topological sum
(free union) of the disjoint completely regular spaces S, and S,, 4
a subspace of S,, » a continuous funection from A into S,, and @ the

305



306 H. BANILOWER

quotient space of S, P S, gotten by identifying » with i(p) for each
p in A. C(Q) is identified with the space

{fl @fz € C(Sl @ Sz>: fl(p) = fz(h(p»vp € A} .
We state first an elementary result which serves as motivation
for what follows.

ProposiTION 1.1. If A is normally embedded in S,, then

CS. DSy
(@)

Now, as is well known, it is also true that

CS.@5) o4
tE.®s, 4 Y

~ C(A) .

when A is normally embedded in S,. Hence the two quotient spaces
are isomorphic and it is natural to ask whether there exists an
isomorphism of C(S, € S,) onto itself which takes C(Q) onto C(S, P
S|/ 4) (a stronger statement). As the next example shows, this is
false in general. Theorems 1.3 and 1.6 below, however, give sufficient
conditions for the existence of such an isomorphism. Note that
whenever this isomorphism does exist it follows that C(Q) is com-
plemented in C(S, @ S,) if and only if the same is true for C(S, P
S, || 4).

ExampreE 1.2. If S, =8N, A=p8N— N, S, is a disjoint copy
of BN — N, and % any homeomorphism from A onto S,, then

(a) A4, 8)=0

(b) C(Q) is complemented in C(S, P S,)

(e) C@Q) + C(S, D S.]|A).

Proof. (b) is obvious. Suppose
Q) ~ C(S. D S 11 4) -
Then

C(BN) = C(Q) ~ C(S, D 8.1l 4)
~ C(BN||BN — N) x C(BN — N),
contradicting a classical result of Phillips [7]. Hence (c¢) holds.

As is well known, (a) also follows from the aforementioned
theorem of Phillips.

THEOREM 1.3. If h maps all of S, continuously into S,, then
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there exists an isomorphism of C(S,D S,) onto itself taking C(Q)
onto C(S, P S,|| 4).

Proof. It can be verified in a straightforward manner that the
formula

T(f1@f2) - (f1 '“f2°h)@fz ’
f1D e S, DS,

defines the required isomorphism.

Note that A need not be normally embedded in S, in the above.
When it is, however, we can state the following:

COROLLARY 1.4. If h maps S, continuously into S, and A 1is
normally embedded in S,, then the following are equivalent:

(a) A(4,8)+# @

(b) A(A,8.DS)+ @

(e) C(8.)|]A) is complemented in C(S,)

(d) C(S, D S;||A) is complemented in C(S, D S;)

(e) C(Q) is complemented in C(S, D S,).

Proof. The equivalence of (a) with (¢) and (b) with (d) follows
from [4]. The equivalence of (a) with (b) is obvious and that of
(d) with (e) is implied by Theorem 1.3.

In the special case where S, is a one point set the quotient space
Q@ can be alternately constructed from S, alone by squeezing A to
a point [5, p. 128] and C(Q) can be identified with C(S, A). Since
C(S,|| A) is a complemented subspace of C(S,, A), the following is an
immediate consequence of Corollary 1.4.

COROLLARY 1.5. Let A be normally embedded in S and Q the
quotient space of S gottenm by squeezing A to a point. Then C(Q) is
complemented in C(S) if and only if A(4, S) # O.

THEOREM 1.6. If A(A, S)) + @, then there exists an isomorphism
of C(S,® S,) onto itself taking C(Q) onto C(S, D S,|| A).

Proof. If Eed(A, S, it is easily verified that the formula
T, D) =i — E(fee )] D S,
f1Df;eCS, DSy,
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defines the required isomorphism.

Note, as Example 1.2 shows, that the hypothesis 4A(A4, S,) = @
is necessary in the above.

It follows from Theorem 1.6 that C(Q) is complemented in
C(S, & S,) whenever A(A, S,) # @. This was essentially proven by
D. Amir in [1].

As the next example shows, the converse of Theorem 1.6 is false
even when % is a homeomorphism.

ExAMPLE 1.7. Let S, and S, be disjoint copies of SN, h any
homeomorphism of S, onto S,, 4 = 8N — N. Then

(a) A4(A,8)=02

(b) there exists an isomorphism of C(S, @ S,) onto itself taking
C(Q) onto C(S, D S,||A)

(e) C(Q) is not completed in C(S, P S,).

Proof. (b) follows from Theorem 1.3 and (¢) from Corollary 1.4.

Under the additional assumption that % is a homeomorphism we
are able to characterize the condition 4(4, S,) # @ in terms of the
existence of isomorphisms of the above type. We shall use the
following:

LEMMA 1.8. Let A and h[A] be normally embedded in S, and
S,, respectively. If h is a homeomorphism, then A(A, S,) #= @ when-
ever there exists a bounded limear operator from C(Q) into C(S, P
S, ||kl A]) which is the identity on C(Q)N C(S, D C(S,| h[A]).

Proof. For any feC(A), let f, be an extension of f to C(S))
and f, an extension of foh™ to C(S,). Clearly, 1D f,cCQ). If T
is a linear operator satisfying the hypothesis, define E by the
formula

Ef:fl - T(f1@fz)‘sl .

We show first that Ef is independent of the choice of f, and f;.
If g, and g, are any corresponding extensions, then f, — g, € C(S,!| k[ A]).
Hence by hypothesis,

f1 - 0 = T[(fl - gl)@(f2 - gz)]|Sl
= T(fl@f2)lsl - T(gl@gz)lsl ’
so F is well defined.

Now, E is clearly a bounded linear operator from C(A) into C(S)
and Ef| A = fsince T(f, B f,) € C(S,. D S.||A). Therefore, Ec (A, S)).
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THEOREM 1.9. Let A and h[A] be normally embedded in S, and
S,, respectively, and h a homeomorphism. Then A(A, S) + @ f
and only if there exists an isomorphism of C(S, @D S,) onto itself,
taking C(Q) onto C(S,D S;||A), which ts the identity on C(S, P
S, || A[AD.

Proof. In light of Lemma 1.8, it remains to show that if Ke
A(A, S), then the isomorphism 7T defined in Theorem 1.6 is the
identity on C(S, @ S,||h[A]). Suppose f,€ C(S,||r[A]). Then f,ohe
C(S,||A) and E(f,oh) = 0. Hence, for any f, € C(S)),

T(f1@f2) = [f1 - E(fzc’h)]@fz
=f169f2 .

2. Throughout this section A denotes a subspace of the com-
pletely regular space S, h is a continuous function from A into
S — A, and @ is the quotient space of S gotten by identifying p
with A(p) for each pc A. We identify C(Q) as a subspace of G(S)
in the natural way.

LemMA 2.1. Let S = S,US,, where S, and S, need mot be dis-
joint. If S, and S, have their relative topologies, S’ is the quotient
space of S, S, gotten by identifying each point of S, NS, in S,
with the corresponding point in S,, and f is the natural mapping
which takes S one-to-one and onto S’, then

(a) f 18 open. (Whence f is a homeomorphism if S’ is com-
pact.)

(b) f s a homeomorphism whenever S, and S, are both closed
(or both open) in S.

Proof. For any subset BcCS,US, define »[B]cS, PSS, by
r[Bl]=(BNS)B(BNS,). Note that 7[B] is always g¢-saturated
(i.e., ¢ '[g[7[B]]] = r[B]), where ¢ is the quotient mapping of S, P S,
onto S'.

Now, if U is any open subset of S,US,, let V,=UnS,, 7=
1,2. Then r[U] = V,@ V,, which is an open subset of S, P S,, and
flU] = q[r[U]] = alV, D V.]. Therefore, ¢'[f[U]] = V@ V,, and it
follows that f[U] is open. Hence (a) holds.

To prove (b), let C be any closed (resp. open) subset of @ and
define C; = S;N¢q7'[C], ¢ =1,2. The C,; are closed (resp. open) in S,
and ¢7'[C] = C, @ C,, which is g-saturated. It follows that f[C] =
C, U C,, and since the S; are closed (resp. open) in S, U S,, C, UG, is
closed (resp. open) in S, U S,. Therefore, f is continuous.

THEOREM 2.2. Suppose S=S,US,, where S, and S, are both closed
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(or both opem) im S, AcCS,, hlA]lCS,, and A and S, N S, are com-
pletely separated in S,. If A(A, S) # @, then there exists an iso-
morphism of C(S) onto itself taking C(Q) onto C(S||A).

Proof. By Lemma 2.1, we may identify C(S) with {f,D f, ¢
C(S, + S,): fu(p) = fp), for and pe S, NS}, and C(Q) with {f,Df.¢
C(S): fi(a) = fi(h(a)), for all ac A}.

Since A and S, NS, are completely separated in S, and
A(A, S) # @, there exists EeA(A,S,) which takes C(A) into
C(S,||S. N S,). By Theorem 1.6, the operator T defined by

T(f1 @fz) = [f1 - E(f2°h)]@fz ’
HiDfelCS, DS,

is an isomorphism of C(S,P S,) onto itself, taking X = {f,D f. €
C(S, D Sy): fila) = fi(h(a)), for all a € A} onto C(S, P S,|| 4). Since it
is easily verified that T takes C(S) onto itself, it follows that T
takes X N C(S) = C(Q) onto C(S, B S,||4) N C(S) = C(S||A), and the
theorem is proved.

THEOREM 2.8. If A and h[A] are completely separated in S
and A(A, S)+ @, then there exists an tsomorphism of C(S) onto
itself taking C(Q) onto C(S||A). (Whence C(Q) is complemented in
Cc(S).)

Proof. By hypothesis, there exists g e C(S) such that ¢ =0 on
A and g =1 on h[A]. Define

S, = {pesS:g(p) = 1/2},
S, = {peS:g(p) =1/2}.

S, and S, are closed subspaces of S satisfying all the hypotheses of
Theorem 2.2, from which the result follows.

When h is a homeomorphism, we can state the following generali-
zation of Lemma 1.8.

LEMMA 2.4. Suppose h ts a homeomorphism and A and h[A]
are normally embedded and completely separated in S. Then
A(A, S) # @ whenever there exists a bounded limear operator from
C(Q) into C(S||A) which 1s the identity on C(Q) N C(S||h[A]).

Proof. Let feC(A). Then foh'eC(h[A]). Since AU h[A] is
normally embedded in S, we may choose ge C(S) such that g|A = f
and g|h[A] = foh™'. Clearly, ge C(Q).
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If T is the hypothesized linear operator and E is defined by the
formula

Ef=9g—-Tg, [feCA4),
it can be shown as in Lemma 1.8 that EFec A(A4, S)

THEOREM 2.5. Suppose h is a homeomorphism and h[A] and
A are normally embedded ‘and completely separated im S. Then
ACA, )~ @ if and only if there exists an isomorphism of C(S) onto
itself, taking C(Q) onto C(S||4), which is the identity on C(S| h[A)).

Proof. 1If A(A, S)+ @, it is easily verified that the isomorphism
of Theorem 2.8 is the identity on C(S||h[A]). The converse follows
directly from Lemma 2.4.

Note that the above hypothesis is satisfied whenever S is com-
pact and A is closed in S (and & is a homeomorphism).
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