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PADE APPROXIMANTS ON BANACH SPACE
OPERATOR EQUATIONS

HeLMUT KROGER

We examine an operator equation with a linear compact
kernel in a Banach space and the Padé Approximant of its
solution under a functional. We give a sufficient condition
for convergence of a subsequence of Padé Approximants
to the solution.

1. Introduction. If one is handling the Padé Approximation
technique in multi-particle secattering theory one is interested in
convergence. For the two-body case the scattering problem can be
formulated as an operator equation with a compact kernel in Hilbert
space. Baker [1] proved a result on the convergence of Padé Approx-
imants derived from an operator equation in Hilbert space. Pointwise
convergence of a series of Padé Approximants is established for
solutions of operator equations as for the two-body scattering partial
wave decomposed Lippmann Schwinger kernel and for trace class
and compact operators under assumptions on subspace projection
sequences. Going over to more particles one usually works in Banach
spaces. In the three-particle case Faddeev [4] established an operator
equation with compact kernels in a certain Banach space.

Baker’s investigation is not easy to generalize onto Banach spaces
because of the use of orthogonal projections. Nevertheless we prove
a similar result which is mainly based on the properties of cyclic
subspaces generated by the inhomogeneity g appearing in the operator
equation and the kernel A, which is performed in §2.

In §3 we go over to Hilbert space. Our proposition can be
formulated by means of the aperture of two subspaces, as defined
by Nagy [8], Krein [6], Krasnoselskii [7]. Finally we discuss cases
of validity.

2. Convergence theorem. Let us first present definitions. For
standard notation used here see [3], [10], [12].

B is a Banach space, B* its continuous dual space, A a linear
compact operator mapping B into B, A* the adjoint, g is an element
of B, h* an element of B*. Let A be a complex number and for
N #= 0 let A7 be an element of o(A4), the resolvent set of A. The
operator equation is

(2.1) f=g+NAf.
A unique solution exists.
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S{™ is the linear span of the A’g,+=0,1, ---, n.
S, the closed hull of the union of all S{».
v the linear span of the A*Aa* ¢=0,1, -+, n
T,- the closed hull of the union of all T».
We assume S,, T. to be infinite dimensional. We use the defini-
tion and properties of the Padé Approximant given by Zinn-Justin
[13]. Let f(2) be an analytic function defined by its Taylor series

2.2) f(z) = ﬂi‘:,oa,,z” .

The Padé Approximant f™™i(z) of f(z) is the following rational
fraction

n,m J— 'P'lb(z) n+m-+1
.3 [n,m] — — +m41)
(2.3) Sfrmi(z) 2. f(z) + Oz*"+)

The solution f of (2.1) can be expanded in a formal power series
SOV =g+ NAg + MNAg + - -

It is well known [12] that the Neumann series converges to f
for || < /]| Al
Analoguously (2*)(f) can be formally expanded

(R)(F ) = (B)(9) + Mh*)(Ag) + N(h*)(A%9) + --- .

Now (h*)(f)™™ is the Padé Approximant of the above formal
power series.
Here we give our basic assumption:

(2.4) There is a positive number M, such that for every sequence
™ e S, || ||=1 there exists a sequence y*™ € T}?, ||y*™ || =1
such that |(y*™) (@) | = M .

THEOREM. Let {n'}C{n} be a subsequence such that (h*)(f)" '+
exists. If (2.4) is fulfilled

(2.5) lim (R*)(F)"**H = (R)(f) -

The proof is cut in four parts. In (i) we give a projected equation
proposed by Tani [11], Nuttal [9], prove the uniform boundedness
of its solutions (i) and the convergence under the funectional A* in
(iii). In (iv) is shown, that the last expression is identical to the
Padé Approximant of the original equation (2.1).

(i) One defines a series of operators P*: B—B,n=20,1,2, ---
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requiring P™ and its dual adjoint P™* to be projections with
(2.6) image P = S , image P™" = T .

Such an operator P exists if the matrix ¢/ = (A4*'h*)(A7g) is inver-
tible; P is unique and can be explicitly written

2.7 Voen P™Mx = En:, Alg(c™ ™), (A*h*)(x) .
1,7=0

The projected equation is defined as
(2.8) f™ =g+ ANP™Af™ .
One can formally expand f™ in a power series
f*"\) =g + AP™Ag + N(P™APg + --- .

This Neumann series converges for |A| < 1/||P™A||. The properties
of P™ imply that the first » + 1 terms of the expansions on f(\)
and f™(\) are identical, that f™ can be written as

Fo =3 fimarg
=0
and that an equivalent to definition (2.8) is the set of equations
(A*kh*)(f(n) — g — )\'Af('n)) = 07 k= O) ly e,

which gives an algebraic set of equations in order to determine the
coefficients fi™.

Now let {n’} be a subsequence such that P™" and f"" exist.
The existance of P™" and f” is guaranteed if the determinant of
¢i? and the determinant of the algebraique set for /i do not vanish.
Baker shows in [1], [2] that either the Padé Approximant of finite
order is equal to the exact solution or there exists at least an infinite
subsequence {n'}, such that the determinants for P"” and f“” do
not vanish and thus P"” and f“" exist. To that subsequence we
will confine our attention.

In the following we need the transformation properties of S,
and T,. under (1 — MA)™* and (1 — MA*)™* respectively,

1 —24)18,c8S,,

2.
( 9) (1 - )\IA*)_IT;,* C Th* .

This can be seen as follows. First look upon (1 — AA)*g9. From the
Neumann series one knows (1—04)'g=>7-,(0A)*g € S, for [o|<1/|| Al.
In the domain D = {d|0€C, |d| <1/||Al} is 1 — JA)™ an analytic
operator in 6. Thus (1 —dA)'g/S, is an analytic vector in the quotient
space B/S,. But (1 —0A4)'g/S, =0 for all 6 in D. Then analytic
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continuation gives (1 —0A)™*¢g/S, =0 for all 6 € C and thus (1—x\4)"'ge
S,. Analogously (1 — NA)'A*ge S, for each k& and as (1 — 2A)™" is
continuous in B and S, is closed, the first invariance property follows.
Similarly goes the second property.

2.1 reads f = (1 —NA)geS,.

(ii) In this section starting from (2.4) we prove the uniform
boundedness of solutions of (2.8),
3o L™= K.

If we assume {f""}, solutions of (2.8) not uniformly bounded, then
we have a subsequence {n"} C {n’} such that

(2.10) u,ﬂn — 1/||f('”'”) H, lim u,n/' - B

With the definition e = Ff™"/|| f*"|| (2.8) reads

e = Upng + NP™ A
(2.11) ) ) )
= Uy + MP™" — 1)Ae™ + NAe™'"
which can be rewritten
(2.12) e = (1 = M) (Uarg + MP™ — DAe™™) .
Next we have

(2.13) Vyeen lim ()P — 1)4e™") = 0,

which can be seen as follows. From (2.11) we know that
{X(P('n”) — 1) Ae(n”)}

is uniformly bounded. From the definition of T,. follows the ex-
istence of a sequence y*'" ¢ T*'"” approximating y* in the norm,

[Y*) MNP — 1) Ae™ )| < [|ly* — y** || [|[MP™ — 1)Ae™"||
+ I(y*(n"))()\l(P(n") — 1)Ae(n"))] A

From (2.6) follows V. pmP™*y*™ = y*=_  Thus the second term
is identical 0.

We apply y*eT,. to (2.12):

Ve T2, (1*)(e™") = ()L — NA) (g + MP™" — 1)Ae™"))
= (L — MA)™y*)(w, g + MP™" — 1)Ae™")
= @")U,rg) + @ )NP™" — 1)Ae™") .

(2.9) guarantees (1 — AA)*y* = 2*e T,. and the second term
tends to 0 because of (2.18), thus leading to
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(2.14) Veerpe lim (¥*)(e™") =0 .

At this point enters the compactness of A. Because B is a Banach
space and ||e™"||=1 there is a subsequence {n'’}C{n"} and an element
se B with

(2.15) lim || Ae™"" — s|]|=0.
As S, is a closed subspace of B, the limit point s is contained in S,.

Then we find that (y*)(Ae™"") goes to 0 uniformly for y* € T,., more
expliecit

(216) VE>O’ El'n(')"’ Vn”'zé”»y*eTh*,l|y"||=ly |(y*)(Ae('n”')>| <e.

This can be shown in three steps:
Ve (U (Ae™) = (A*y*) (™) = (*)(e™"")
and lim (2*)(e™'") =0 by 2.14,

Virerrn WE) = 0: Vesey Tugrs Yorranrs | A6 — sl <,

@)@ = lly*[l1ls — Ae™ (| + [(¥*)(Ae™")| < lly*|le + ¢,
Vesoy Tnprry Yarzms || 4™ — 5]l <€,

Varrzag v el lly*] =1

[(y*)(Ae™ )| = [(¥*)(Ae™"" — 8) + (W) = l[y* || [[Ae™" || <e .

Now we conclude that (y**"")(e™"") tends to 0 uniformly in
Yo e TE,

21T) Vesor Jurry Yarrzpryetwrnr e j1yew iy [ (@F77)(€) ] <6 .
To see this use (2.11). From (2.10) and (2.16) we have

Ve>09 3%6"7 vn”’gn()"’ Hun”’g[l < €,
Vn"';n(,”vy*eThr,lIy*ll=1, l(y*)(er(n”'))l < 5”"! .

Remembering, that P"""* is a projection on T{*"", one has

VE>0, Hnény v”/l'?_q‘é"yyt('ﬂr”,)eT;LY:I'/)’!!y*(“III)II=1, |(y*(n’//))(e{%r,,))'
= [(@*"™") (Wnrng) + (Y )AP™ A |
< 15" g [ + 1@ )0 Ao < 6L+ M) -

But it is clear that (2.17) contradicts our assumption (2.4).

(iii) Here we will ensure us of the convergence of (A*)(f™").
We regard (2.8).

f(n') =g + )\'P('n’)Af(n’) =g + )\)(P(‘n') . l)Af(‘n') + hAf(n’) .
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From the uniform boundedness of {f"} we derive the uniform
boundedness of {M(P"" — 1)Af""} and one has

(2.18) Vyeerys Hm (gHMP™ — DAF") = 0.

The reason is the same as for (2.13). Investigating the difference
of (2.1), (2.8) gives

d(n') — f _ f(n’) — N(Af — P(n’)Af(n’))
— NAd(n’) + )\'(1 . P(n’))Af(ﬂ’)
— (1 — )\:A)_l)\,(l _ P(n’))Af(n') .

We apply h* €T,

(R*)A™) = (B*)(L — MA) ML — P*)AF™)
= ((]_ — )\'A)—l*h*)o\,(l . P(%’))Af(n’))
= (i*)(x(l _ P(”")Af‘“')) ,
Lim (h*)(d"") = lim *)(M1 — P*)Af™") =0,

which follows from (1 — MA)™A* = ¢* € T,. guaranteed by (2.9) and
application of (2.18), hence

(2.19) lim (A*)(f*") = (R*)(f) -

(iv) Finally the relation between (A*)(f*” (and the Padé Approxi-
mant (A*)(f)" "'+ has to be established. Some linear algebra shows
that (A*)(f™") regarded as a function in )\ is a rational fraction of
degree [n, n" + 1].

(h*)(f )+ i the Padé Approximant of the formal power
series (2.8) under the funectional h*

(B*)(9) + Mh*) (P Ag) + N(h*) (P AYg) + --- .
If we confer this power series with that of (2.1)
(h*)(9) + Mh*)(Ag) + N(h*)(A%g) + --- .

We find with help of (2.6) the first 2n’ + 2 terms to be identical.
From the definition (2.3) follows

(2.20) (h*)(f)[%’m’+1] — (h*)(f(’n’))['n’,'n'+1] .

Baker [1] shows, that in Hilbert space the coefficients fi® in f™ =
S, fim A*g constructed from matrix elements (h, A™g) are rational
functions in \ of degree [n, » + 1]. This also applies to the Banach
space case, where the coefficients are constructed from (A*)(4™g).
Then clearly (h*)(f™) is a rational function in \ of degree [%n, n+1].
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Zinn-Justin [13] proves that a Padé Approximant [n, m] of a
rational fraction of degree [n, m] is identical to the rational fraction.
That means

(2.21) (h*)(fﬂn'))[n’,n'-;»l] — (h*)(f(””) )
Thus (2.19), (2.20), (2.1) together give (2.5).

3. Hilbert space formulation. Here we turn to Hilbert space
H = B, we substitute the adjoint A* by the Hilbert adjoint A+ of
A and every y*e H* by its isomorphic y € H. Then (2.4) reads

(3.1)  Fugy Yomest® 1ismii—yy Iy er® pymy—y, (Y™, 2 = M .

It can be expressed in terms of the aperture of Hilbert spaces [8],
[5]. Let H,, H, be closed subspaces of a Hilbert space, P, P, the
related orthogonal projections, ¢ is defined as

(3.2) - 6(H, H,) =||P, — P, .
In our case H, = T\, H, = S}, P, = Py, P, = Py,

(3.3) 6, = o(T», S™) .
Krasnoselskii [5] defines

(3.4) Tu =M)ET/(:i‘)r’1fM)“= 1Pt

and shows

(3.5) 0 +1i=1.

We define

(3.6) Ly = t(")e’l'zi?:]t;t"”i‘:x s(n)esﬁl.llﬁ(m“:1| ™, ™).

‘Between 7, and g, the following relation is valid
3.7 TLE M < T,,

which is easy to check. Obviously 0 <4, 7,, ¢, <1 holds, such that
we can formulate (3.1) as

Tusoy Yogy o > M = inf £, > 0 = inf ¢ >0
(3.8) ” n
== gupf, <1l—=—=supd, <1l.

To finish up we illustrate the validity of (3.1). For example
take A self adjoint, C is a linear bounded operator commuting with A.
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h=g+Cyg |IClI<1,

(n) — (n) At
Vz<n>es;,"),1|z<n>l|=1, ™ = YaMAlg,

=0
™ = Z xin)Azh — szgmAi(g + Cg) = g™ + Cx'™ ,
=0 i=0

Y™ = v™/||o™]|,

() pam))| — (1+C)w(m () I—HC”
1w, o) = (g =) 2 T

Thus (3.1) is fulfilled.
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