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CONTINUOUS SELECTIONS AND REALCOMPACTNESS

I. BLUM AND S. SWAMINATHAN

The class of basically fixed, lowersemicontinuous carriers
is defined, and the existence of continuous selections for
members of this class is investigated. It is shown that,
barring the existence of measurable cardinals, a completely
regular Hausdorff space is realcompact iff every basically
fixed, lowersemicontinuous carrier of infinite character from
the space to the convex subsets of a locally convex space
admits a selection. One application of this result is the
proof that the union of a locally finite collection of real-
compact cozero sets is realcompact, provided the union is
of nonmeasurable cardinal.

1. Introduction. The well-known selection theorem of Michael
[6, 3.2"] says that a T,-space X is paracompact iff every lowersemi-
continuous (l.s.c.) carrier from X to the family of closed convex
subsets of a Banach space Y admits a selection. In this paper we
examine the analogous question for realcompact completely regular
Hausdorff spaces. We define the class of basically fixed carriers,
and find conditions under which every basically fixed carrier on a
realcompact space admits a selection. The main result is a charac-
terization of realcompactness by a property of basically fixed carriers
as well as by a selection property similar to Michael’s [6, 3.2” (b)].
Our results can easily be generalized to topologically complete spaces.
As an application of the characterization of realcompactness we prove
a sum theorem for realcompactness and examine its relation to known
theory.

2. Preliminaries. In general, the terminology of Gillman-Jerison
[5] is used. All spaces are assumed to be completely regular 7'-
spaces. C(X) denotes the ring of real valued continuous functions
on X. A maximal ideal M of C(X) is free (fixed) if the z-ultrafilter
Z(M) of X, consisting of zero sets of members of M, has empty
(nonempty) intersection. M is real if Z(M) has the countable inter-
section property; otherwise M is hyperreal.

An open cover of X is a cozero cover if its members are cozero
sets. An open (cozero) cover % is maximal, if, for every open
(cozero) set V¢ %, the cover 27 U {V} has a finite subcover.

For the definitions of carrier, lower semicontinuity and selection,
refer to [6]. As in [6], & (Y) denotes the collection of all closed,
convex subsets of a linear topological space Y, and .2 (Y) the
collection of all convex subsets of Y.
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A partition of unity on a space X is a subset P of G(X) such
that (i) f = 0 for every feP and (ii) D\se» f(x) = 1 for every z € X.
A partition of unity P is called locally finite if the collection of
cozero sets of functions in P form a locally finite cover of X. P is
said to be subordinate to a cover % of X if the family of cozero
sets of members of P refines %

A cardinal number m is called measurable if the discrete space
of cardinal m admits a nontrivial {0, 1}-valued (countably additive)
measure. Measurable cardinals, if any exist, are strongly inaccessible
[5, 125]. The following theorem of DeMarco-Wilson [3] is a motivating
factor for our work:

THEOREM DMW. The following are equivalent for the maximal
ideal M of C(X): (a) M is hyperreal. (b) M contains a (locally
finite) partition of unmity of monmeasurable cardinal.

3. Fixed carriers. Let X and Y be topological spaces and let
& a given family of subsets of X. A carrier ¢: X — 2¥ is called
-fized if, for every Se€. & N{sx):xeS} # @.
The following simple properties of .S~fixed carriers are easily
verified. Let ¢: X — 2" denote an .S/-fixed carrier:
(a) If the carrier : X — 2% satisfies 4(x) 2 ¢(x) for every z € X,
then + is S/-fixed.
(b) If 7 is a collection of subsets of X such that 7 C.&
then ¢ is 7-fixed.
In the sequel, we shall be considering .Sfixed carriers for the
following families .&”:
& ={AcCX: A is a cozero set in X, A is compact, and X — 4
is not compact};
& ={BcCX: B is a realcompact cozero set in X and X — B is
not compact};
& ={CcX: C is a topologically complete cozero set in X and
X — C is not compact}.
Clearly & Cc &# Cc%. <#-fixed carriers will be referred to as basically
fixed carriers because of their basic relationship to realcompact spaces.
The classes of .&-fixed carriers for & € {.&/ <&, &’} are nonempty
since the trivial carrier 6(x) =Y (xe X), belongs to each class. For
this carrier, as well as for any carrier ¢ which satisfies N{0(x):x € X} +#
@, the selection problem is trivially solved by a constant function.
Even the discrete space N of positive integers admits a nontrivial
basically fixed ecarrier.

ExAMPLE. A lowersemicontinuous, Z-fixed (hence <Z- and .o7-
fixed) carrier to the closed convex subsets of a Banach space need
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not admit a constant selection.

Proof. Let p satisfy 1 < p =< ; andlet Y = 4(R). Let6: N—
Z(Y) be defined as follows: For neN, fn)={x = (x)es: 2, =1,
Tyt = 2%, 2, €R if 1% 1, n + 1}. 6(n) is evidently closed and convex
for each n€ N, and if some x€ N{#(n): e N}, then x is a strictly
increasing sequence and thus cannot belong to <. Thus no constant
function can be a selection for 4. To see that 6 is &-fixed, note that
if U is any proper subset of N, and Lc N —U, the sequence x*
defined by z, =2t =1, ---, k) and @, = 0(4 > k) is an element of
O(n) for each m = k. Since N is discrete, lowersemicontinuity is
obvious.

While this carrier admits nonconstant selections, results below
show that this need not always be true. Theorem 1 shows that in
one sense the above example is the best possible: No nontrivial
S7-fixed (hence <#-, or &-fixed) carriers exist from a discrete space
of uncountable cardinal to the closed convex subsets of a separable
Banach space.

Note further that the carrier # above is actually .o”-fixed for
the family of all proper subsets of N. By modifying the definition
of 6(x) to include only strictly positive sequences, we obtain a carrier
to the convex subsets of Y which is .%7-fixed, but not .&7'-fixed for
any family .57’ which contains a subset with compact complement.

4, Realcompact spaces. Recall that a topological space X is
realcompact if every free maximal ideal of C(X) is hyperreal. We
wish to find conditions which ensure selection theorems for basically
fixed carriers defined on realcompact spaces. The following theorem
is a simple result concerning constant selections for such carriers on
a class of realcompact spaces.

THEOREM 1. Let X be a realcompact space in which every coun-
table subset is disjoint from some noncompact closed subset of X,
and let B be a separable Banach space. Then any basically fixed
carrier 0 to the closed subsets of B has a constant selection.

Proof. Let ¥ = {0(x):xe X}. Y is a family of zero sets of B.
To see that 1 has the finite intersection property, let {x,}:_, be any
finite subset of X. By hypothesis, there is a closed, noncompact
subset F' of X disjoint from {x,}:_,, and by [5; 83D1], a zero set Z
disjoint from {x,}*_, containing F. It follows that X — Z is a
realcompact cozero subset of X with noncompact complement, and
because 6 is basically fixed we have
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N{ex,):n=k2N{x):ceX —-—Z}+ 0 .

Let I’ be the z-filter generated by 1. It suffices to show that 1’
is fixed, since in that case 7 is a fortior: fixed, and for any pe N7,
the constant function f(x) =p (xeX) is a selection for 4. Since
separable metric spaces are Lindelof, by [5; 8H5] it suffices to show
that the z-filter 7’ on B has the countable intersection property. To
this end, let {Z,}>-, be any countable subfamily of 2’. Since 1’ is
generated by 7, for each ne N, there is a finite subset {x;.}i% of
X such that

Z,2 N{0(x;,):1 =1 = k(n)}.

By assumption, the countable set {z,:1 < < k(n), n € N} is disjoint
from some noncompact closed set F, and, as above, we can conclude
the existence of a realcompact cozero set C with noncompact comple-
ment which contains {x,.:1 =<1 < k(n), n€ N}. Since ¢ is basically
fixed, we have

N{Z:nmeN2N0@,,):1=i1=<kn):neN}2 N{fkx):xcC}+* O .
This completes the proof.

Let X be a space, ¥ a locally convex space and V a symmetric,
convex neighborhood of 0 in Y. Let ¢: X — 927(Y) be an L.s.c. carrier
and, forye Y, U, = {xe X: y e g(x) + V}. Then the collection % (V)=
{U,; ye Y} is an open cover of X. ¢ is said to be of infinite character
iff there exists V' such that Z/(V) has no finite subcover. If ¢ is
not of infinite character, it is of finite character.

THEOREM 2. Let X be realcompact, Y a locally convex space and

¢: X — Z°(Y) an ls.c. basically fized carrier. Then ¢ is of finite
character.

Proof. If X is compact, the conclusion is obvious. If X is not
compact, then it cannot be pseudocompact either. In such a case,
by [5, 1G4] there exist two disjoint zero sets in X neither of which
is compact. Let C, and C, denote the complementary cozero sets.
Then X = C, U C,. Since ¢ is basically fixed, and C, is realcompact,
there exist y,€ N{g(x):x€C},7=1,2. For each symmetric convex
neighborhood of 0 in Y, we then have the sets {U,:% =1, 2} form
a cover of X.

This condition is, however, not strong enough to guarantee the
existence of a selection for ¢. The carriers defined in [6, Examples
6.2 and 6.3] are of finite character, but do not admit selections. We
do have the following result, analogous to [6, 4.1].
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THEOREM 3. Let X be realcompact, Y a locally convex space,
¢: X — 22°(Y) an ls.c., basically fixed carrier, and V a convex zero
neighborhood in Y. Then there exists a continuous function f: X —»Y
such that f(x)eg¢(x) +V for each x e X.

Proof. By Theorem 2, ¢ is of finite character. Thus there is a
finite subset T'C Y such that X = U {U,: t€ T'}. Consider the collection
¥ ={WcCX:W is a cozero set and there exists ¢t T such that
W cUy.

Case 1. 97 has a finite subcover. Then each U, is a cozero set
of X. For each teT, let f,e C(X) satisfy 0 < f, < 1, U, = coz f;; and
define g¢,€C(X) by g,(x) = filx)) > {fi:s€T}. Then {g.:teT} is a
finite partition of unity on X, and for each te T, cozg, =U, Then
f: X =Y, defined by f(z)=>, {tg.(x): te T} satisfies the required
properties.

Case 2. 77  has no finite subcover. Let %77 be a maximal cozero
cover of X which contains 27" Then by [4, 1.4], %" has a countable
subcover {W,}v-.. For each ne N, let f,eC(X) satisfy 0 f, =1,
W, = coz f,, and define g, € C(X) by g,(x) = 2"f,(x)/3, 27f,(x). Then
{g.}o-1 is a partition of unity on X, and W, = cozg,. By [4, 1(c)]
there exists a locally finite partition of unity {g}}3., on X such that
cozg, S cozg, =W,. We can conclude that cozg, has noncompact
complement, since otherwise W, would have compact complement and
could not belong to a maximal cover. By the <#Z-fixedness of ¢, we
can now find, for each ne N, y, € Y such that y, € N {3(®): x € coz g.}.
Since {g,: n € N} forms a locally finite partition of unity and ¢(x) is
convex for each xe X, the function f: X —Y defined by f(x)=
Sivoi gn(®) -y, satisfies the required properties. (If Case 2 occurs, we
can actually conclude that f is a selection for ¢.)

The next result gives a sufficient condition for the existence of
a selection.

THEOREM 4. Let X be normal and countably paracompact. If
X 1s also realcompact, then every lowersemicontinuous basically fixed
carrier ¢ from X to the closed convex subsets of a Banach space
admits a selection. (It will be shown below that the converse 1s
also true if X is a space of nonmeasurable cardinal.)

Proof. Let {V,}r_, be a base for the convex, symmetric neigh-
borhoods of the origin in Y, such that V,,, C(1/2)"V,. Since X is
realcompact, it follows from Theorem 2 that ¢ is of finite character.
For each n € N, there exists a finite subset T,Z Y such that the cover
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Z(V,) (defined above) has {U,:te T,} as a finite subcover. Let T =
Uz-: T.. The linear subspace Y’ of Y generated by T is separable.
Define the carrier «: X — . F (Y') by 4(x) = ¢(x) N Y'. Then 4 is Ls.c.,
J(x) = ¢ for each ze X, and, by [6, 8.1],  will have a selection,
which will be a selection for ¢ also.

An entirely analogous proof establishes the following:

THEOREM 5. Let X be a perfectly normal space. If X is real-
compact, then every l.s.c. carrier to the convexr subsets of a Banach
space admits a selection. (By Theorem 9 below, the converse is also
true if X has nonmeasurable cardinal.)

5. Necessary conditions. In this section we show, that in
contrast to Theorem 2, a nonrealcompact space always admits basically
fixed carriers of infinite character.

We begin with the following useful lemmas. Lemma 6 sum-
marizes Michael’s technique of constructing an l.s.c. carrier to the
closed convex subsets of a Banach space from an open cover of X.

LEMMA 6. Let 77 be an open cover of a space X and Y = 4(%),
the Banach space of all functions y: Z — R such that ||y|| =
Swea WU < 0. Let C={yeY:|lyll=1 and y(U) =0 for every
Ue%} and ¢x) ={yeCly(U) =0 for all UeZ such that x¢ U}.
Then ¢ is l.s.c. and ¢(x)e F (Y). Further, if there is a continuous
selection for ¢, then there exists a locally finite partition of unity
subordinate to 7.

For proof, we refer to [6, p. 369].

Recall that, by [5, 8.4], the free real maximal ideals of C(X)
may be indexed by the points of vX — X, where vX denotes the
Hewitt realcompactification of X.

LEMMA 7. N{M*: pevX — X}={f € C(X): coz(f) is realcompact}.

Proof. If coz(f) is realcompact, then coz(f) U clzxZ(f) is real-
compact subset of BX containing X. Hence vX = coz(f) U el Z(f)
and vX — X C el Z(f). Thus, for every pevX — X, fe M.

To prove the converse let fe N{M”:pevX — X}, and assume
for a contradiction that coz,(f) is not realcompact. If f° denotes
the continuous extension of f to vX, then coz,, f* = v(cozy 1), [1, 5.2].
Since cozy f is not realcompact, it follows that there is p € (coz,5 f*) —
cozy f. Thus pevX — X el Z,(f) =clsxZ,x(f*). (The first inclusion
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follows from the assumption, the second by [3, 8.8].) This is impos-
sible since coz,y £’ N 2,,(f*) = @.

THEOREM 8. If X 4s mot realcompact, then there exists a Banach
space Y, and a basically fixed l.s.c. carrier ¢: X — F (Y), which is
of infinite character. Furthermore, if ¢ admits a selection, then X
has measurable cardinal.

Proof. Suppose X is not realcompact. Let M be a free real
maximal ideal. Consider the open cover % of X defined by %7 =
{eoz(f): feM}. Let Y = 4(%#") and ¢: X — 2" be defined as in Lemma
6. Then ¢ is l.s.c. We show that ¢ is basically fixed. Let Ae.<%
and A = coz(h). Then, by Lemma 7, he M*** Z M. Thus Ae %"
Define y,: %  — R as follows: for We 2,

0 if W=+#A4
W= i wea.
Then y,€ N {p(x): x € A}, i.e., ¢ is basically fixed.

To show that ¢ is of infinite character, let V = {y: ||¥| < 1} and
assume that there exists a finite subset {y, v,, - - -, ¥.} of Y such that
u{l,:1=1,---,k} = X. The collection %' of all those We %~
for which there exists an ¢ €1, -- -, k such that y,(W) > 0 is countable.
Since M is a real ideal, we have X = U{W:We%'}. Let x be an
element of X which is not in the union. Then every y € ¢(x) satisfies
y(W) =0 for every We%?”'. Hence ||y — vl =||ly:]l=1>0 for
every © = k. It follows thatx¢ U{U,;:71 =1, ---, k}, a contradiction.
Thus ¢ is an l.s.c. basically fixed carrier of infinite character. To
prove the second statement, assume ¢ has a selection. Then by
Lemma 6, we have a partition of unity P subordinated to %7 i.e.,
P M?. Theorem DMW yields that P must be measurable. Since
measurable cardinals are strongly inaccessible, | X| is measurable, a
contradiction.

We can summarize the above results in the following theorem:

MAIN THEOREM 9. Let X be a completely regular space of non-
measurable cardinal. The following are equivalent:

(a) X s realcompact.

(b) Ewvery basically fixed l.s.c. carrier from X to the convex
subsets of a locally convex space is of finite character.

(e) Ewvery basically fixed, l.s.c. carrier of infinite character from
X to the convex subsets of a locally convex space admits a selection.
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Proof. (a) — (b) Theorem 2.
(b) — (¢) Trivial.
(¢) - (a) Theorem 8.

REMARK. The restriction of nonmeasurable cardinal is not needed
for (a) — (b) — (¢). However, this restriction is necessary for (¢) —
(a): Any discrete space of measurable cardinal is not realcompact
[5; 12.2], but is paracompact, and Michael’s Theorem [6; 3.2"] applies.

6. Application to unions of realcompact spaces. Several
conditions which imply that a union of realcompact spaces is also
realcompact have been investigated. Some of these are given in [1]
and [2]. The example of S. Mrowka cited in [4, §4] shows that the
union of two closed realcompact subspaces need not be realcompact.
Open subsets of a realcompact space need not be realcompact, hence it
follows that an arbitrary union of realcompact cozero sets need not
be realcompact. However, using the condition of Theorem 8 we prove:

THEOREM 10. Let {C,: ac 4} be a locally finite collection of
realcompact cozero subspaces of X, let C = U{C,: a € 4}, and assume
|C| is a nonmeasurable cardinal. Then C is realcompact.

Proof. If any C, has compact complement, C may be expressed
as a finite union of realcompact cozero sets, which is realcompact by
Lemma 7. Otherwise, each C, has noncompact complement. Let
6:C— 22°(Y) be any l.s.c. basically fixed carrier from C to the
convex subsets of a locally convex space Y. By Theorem 8 it suffices
to show that ¢ admits a selection.

Since ¢ is basically fixed, and each C,c <z, we have, for each
aed, y, e N{gx):xcC,}. Since {C,: a4} is locally finite, there is a
subordinate loecally finite partition of unity {9,},.. (Argue as in the
proof of Theorem 3.) Let f(x) = X{g.(x)-y.,: a4} for each xecC.
Then f is continuous, since {g,: @ € 4} is a locally finite partition of
unity, and for every z € X, g,(x) > 0 implies £ €C, and consequently
Y. €d(x). Thus f(x)e¢(x), being a convex combination of elements
of ¢(x) and f is a selection for ¢. This completes the proof.

A covering % of X is said to be nmormal, if there exists a
continuous pseudometric on X for which the 1-balls refine Z. Since
a locally finite cozero covering is normal, the above result may also
be derived from the following:

THEOREM (Blair, [2, 2.1]). Let Z be a mormal cover of X of
nonmeasurable cardinal, with U S X for each Ue Z. Then vX =
vpU: U e Zz}.
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Blair and Hager show that this result implies the Katétov-
Shirota theorem that a complete, nonmeasurable uniform space is
realcompact. We now show that Theorem 10 is equivalent to a
slightly weakened form of Blair’s result, which also implies the
Katétov-Shirota theorem. The following characterization is given
in [2, 2.4].

LEMMA (Blair and Hager). Let 7z = {U,: acd} be a cover of
X. Z s normal if, and only if, there is a locally finite cover 7~ =
{(Vioaed} of X, consisting of cozero sets, with V, and X —U,
completely separated for each o€ A.

LEMMA 11. Let |vX| be a nonmeasurable cardinal. Let A be an
index set monmeasurable cardinal. A cover Zz = {U,: a €4} of X 1is
normal if, and only if, vz = {PU,: a€ 4} is a normal cover of vX.

Proof. Let Z be a normal covering of X. By applying the
previous lemma twice it is possible to obtain cozero coverings 7~ =
{(Vioaed) and " = {W,:acd} of X such that for each aec4, V,
is completely separated from X — U, and W, is completely separated
from X —V,. Now, by [1, 5.2], v# = {vW_:aed} is a family of
cozero sets of vX. To see that v2#  is locally finite, it suffices to
show that any neighborhood N in vX such that NN X is disjoint
from V,, cannot meet vW,. To this end, let Z, and Z, be a complete
separation of W, and X —V,_in X. Then cl,;Z,Ncl,xZ, = @ and since
W, is a cozero set, vyW, S cl,xZ,, while NCel, NN X Cecl, X -V, <
cl,xZ,.

By Theorem 10, it follows that U{vW,: a € 4} is realcompact, and
since this set obviously contains X, v~ is a locally finite cozero
cover of vX. Moreover, for each ae 4, vW, is completely separated
from vX —vU,: Let Z, and Z, be a complete separation of X —V,
and W,. Since V, is a cozero subset of U, we have vX —vU, S
vX — 0V, =cl, X —V, < cl,xZ,, where the first containment follows
from [1, 3.5], the second by [5, 8.8] and [1, 5.2]. Also oW, < cl,xZ,,
so cl,;Z,, and cl,;yZ, are a complete separation of vX —vU, and vW,.
Thus v%/ is a normal cover of vX. The converse is obvious.

THEOREM 12. Let Z be a mnormal cover by sets of of non-
measurable cardinal, with |Z| nonmeasurable. If vUCvX for each
Uez then vX = UppU:Uec%}.

Proof. By Lemma 11, vZ/ is a normal cover of vX. Thus there
is a locally finite cozero cover 7~ of vX. Since the cardinalities
involved are nonmeasurable, v{V:V e ?"} is a realcompact subset of
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U{vU:U € Z}, and the former union contains X. Thus we have shown
XS U{ViVez} S UpUUez} S vX

where the last inclusion follows from the hypotheses vU Z vX, and
the proof is complete.

REMARKS. (i) The extra restriction in Theorem 12 on the car-
dinality of the members of v% is satisfied in any space of nonmea-
surable cardinal; we may infer, using the Blair-Hager procedure
[2, 2.8], the Katetov-Shirota Theorem from Theorem 12.

(ii) Substitution of the phrases “topologically complete” for
“realcompact, and “Z-fixed” for “<#-fixed” (basically fixed) in the
theorems of §§3 and 4 above, will leave all the theorems valid.
Similarly it may be shown that the paracompactness of a completely
regular T,-space X is equivalent to the property that every .&7-fixed,
l.s.c. carrier from X to the closed convex subsets of a Banach space
admits a selection.

(iii) The following question remains open: If ¢ is a carrier of
finite character to the closed convex subsets of a Banach space Y,
must ¢ admit a selection in general, or even when X is realcompact?

Finally, the authors wish to thank the referee for his remarks
and suggestions.
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