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ON A NEW TYPE OF L-FUNCTION FOR
ALGEBRAIC CURVES OVER FINITE FIELDS

DaviD Goss

Recently there has emerged a new theory of curves over a finite
field. This theory is exciting in that it establishes previously unknown
analogies between cyclotomic fields and function fields over a finite field.
An extremely important aspect of this work is a new type of L-series for
these function fields. These L-series bear quite remarkable and exciting
similarities to classical L-series of number fields. The purpose of this
paper is to describe these new L-series in detail.
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Our desire to study such functions arose out of the following fact
(discovered by L. Carlitz and independently, but much later, by the
author): Let i € N™. Then there exists a non-zero constant A such that
the convergent 1 /T-adic sum

Y B i=0(r—1),
0~BEF,[T]
143
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actually is in F,(7). One is immediately struck with the similarity to
classical results on integer sums due to Euler. Carlitz also proved a von-
Staudt result for these numbers that is close to the classical one, (see [7]).

The proof of these results involves the theory of elliptic modules ([1],
(2], 3], [10], [11]) and their moduli. One is struck here with the analogy to
cyclotomic fields. Because of these remarkable similarities, the author was
Jed to search for the “meaning” along standard lines for these results. In
particular, he followed classical ideas and introduced the continuous
functions of ([6]) as the tools needed to accomplish this goal. We stress
that this was a totally new type of undertaking and even involved a new
type of analytic continuation.

The set-up that we use is more general than just polynomial rings: Let
C be a fixed smooth algebraic curve over E, r = p”, p € N. Let k be the
function field of C and let o be a fixed rational point. Finally, let 4 be
the Dedekind ring of those functions regular outside oo. Then we use 4 as
the basic “integers” of our theory and define over objects with respect to
A. (One instance is when 4 = F,[T], as above.) We then study these
objects at all the primes of k.

Historically, zeta-functions contain (at least) two types of informa-
tion: The information contained in their special-values and the informa-
tion contained in their zeroes. Unlike the classical theory of the Riemann
zeta-function, our functions seem to have two distinct theories of special-
values. One of these arises from the above facts, while the other arises
when we give these functions their analytic continuation and its meaning
is described in §7. As for the meaning of the zeroes of these functions
there are some general themes running through this work that deserve
special attention. The first is the “ two-variable” property of our functions,
(see [7]): Simply put, a two-variable function is a continuous function on a
product of a characteristic-0 space and a characteristic-p space with
analyticity in the finite characteristic space. All functions, at all primes,
always end up being two-variable; an obvious though not well-under-
stood, key to the theory.

The second concerns the general closeness of the theories at all primes
of k which was not apparent in ([6]). In fact, there is little difference
between the theory at co and any finite prime; the sole difference being
the above mentioned results on power sums. For instance, at all primes,
our functions are entire (see 2.1), at all primes they have Euler products,
at all primes there are partial zeta-functions, etc. Thus their zero theory
seems to be a curious amalgam: it contains aspects of both the classical
p-adic and complex theories. This closeness is also borne out in the
[-functions of ([7]). Finally, we point out that there are trivial zeroes at
the negative integers for our functions in exact accordance with classical
results.
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The third theme involves functional equations. It will become ap-
parent to the reader that our functions are quite similar to classical
L-series, but without their functional equations. So, for instance, one set of
our special-values will contain a von Staudt type result while the other will
contain congruences but no denominators, etc. As there does not appear
to be any simple relationship between these values, we are thus presented
with what appears to be a golden opportunity to obtain insight into
functional equations. In fact, in 5.5 we will present some remarkable
evidence for some sort of a functional equation, but of a radically new
sort.

The fourth, and last, theme concerns the relationship between the
zeroes of our functions at the various primes they are interpolated. In the
case of the Artin zeta-function of a curve, this is trivial as the function is
rational at all primes. But, for the Riemann zeta-function there is no
apparent relationship between the zeroes of the complex and p-adic
theories. On the other hand, our functions appear to possess a mechanism
for passing between the various primes. Thus, they appear as a sort of
“missing link” between the classical L-series of number fields and func-
tion fields.

In summary, we believe these new L-series are loaded with arithmetic
information, (e.g., see §7). We also believe they offer a new and unique
opportunity for insight into the classical functions. The situation is quite
fluid and a new idea in any one of many areas will tell us much. We hope
the reader will be inspired to probe deeper into the meaning of these
functions and thereby discover the information they seem to so richly
contain.

1. Background. As in the introduction, we have Spec(4) = C — oo,
k = the function field of 4, and K = k_, the completion at co. We let the
symbol “B” stand for finite primes of A and “% ™ to stand for A-frac-
tional ideals. We let “9(” denote the inverse fractional ideal. Associated to
3, we have the additive valuation v. We let 4 be the completion of 4 at
v, and k,, the associated complete field. Finally, let O, C & be the ring of
integers.

Let = be a fixed uniformizer at co. We use the phrase “z-adic” to
mean “oo-adic”. We also use “v-adic” to mean “PB-adic”. Thus, 4 is
discrete m-adically but dense v-adically. We think of 4 as being analogous
toZ,A4,to Zp, etc.

For each A, we let D(A) be its degree as a finite divisor. Clearly,
D(A,A,) = D(A,) + D(A,). If A = (a), we set D(a) = D(NA). It is clear
that D(a) = {order of pole of a at oo}. Finally, if x € K*, we set
D(x) = {order of pole of x at 00 }.

Let x € K*.
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DEFINITION. We say x is monic (with respect to =) iff x# P € U, =
{1-units at oo}. If x is monic we set (x)= 7P)x.

Any non-zero element differs from a monic by an element of E*.
Further, if x,, x, are monic with D(x,;) = D(x,), then D(x, — x,) <
D(x,). On the other hand, if x is monic and y arbitrary with D(y) < D(x),
then x + y is still monic with D(x + y) = D(x). Finally, if x,, x, are
monic, then x,x, is also.

Notice that picking 7 is the same as giving a splitting K* = Z X U,
where U is the group of units at co. An interpretation in terms of class
field theory is given in §7.

As a convention, if a lower case English letter denotes an element of
k, then it denotes a monic element. Further if L is a field then we denote a
fixed algebraic closure by L and we denote by L, the abelian closure of L
in L.

Now let L be an arbitrary field over F, equipped with additive
valuation v. Let W C L be a finite dimensional E-vector space. The
following lemma will be basic to the calculations that follow. Note the
very strong estimates that it gives.

1.2. LEMMA. Let x € L. Then
D)2, cp(x+w) =0fr0=<i<(r— ldimg W.
(2) Assume v(w) >0 for allw € W. Let

W,={we W|o(w) =/}
Then,
o( 3 w") > (r - 1)( Zdiij) foralli €N.
weW Jj=1

Proof. Let {e,,...,e,} be a basis for W. By the multinomial theorem,

2 (X+W)': 2 (x+clel+...+cmem)i
wew C1s---5cmEF,
VU= =m) , .
== N R N R - eh"'ej'"6~"'8.'
Ry R R

where

{—1 if(r—1)]j,j>0

5 = ¢/ =
/ 2 0  otherwise

c€F,

Therefore, 1 is immediate.
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Next, pick {e,,...,e,} so that {e,,...,e4yy } is a basis for W, all j.
Let j, be such that W, ,, = {0}, but W, # {0}. By our choice of basis,
any w € W can be written as

W= P(w) + (w = P(w)),

where P is the projection onto W, . Thus
W= 3 (w=Pw) POe) [ ]).
d=0

By applying (1) to P(w) € W, and using induction, our sum has valuation
=(r— D2, jdim(W,/W, ) = (r— DZ,.,dim W, and the lemma is
established.

If v(w) > 0, then it makes sense to raise (1 + w) to the ith power for
alli € Z,.

1.3. COROLLARY. v(Z,c (1 +w))=(r— I)Z ., dimW), all i €
Z

P

Proof. Note that

1+w)y=73 wl(;).
=0
Therefore, we can reduce to integral powers. The result follows from 1.2,
as the estimate there is independent of the power involved.
Suppose that o, is another uniformizer at co. Then 7 /7, is a unit at
oo. Let m, /7 = {(7), { € E*. Then we have the obvious

1.4. LEMMA. n is a monic with respect to  iff {P"n is monic with
respect to m,.

Thus, “monicity” carries only a small degree of ambiguity.
Next, we discuss some important abelian groups.

1.5. DErFINITION. (a) Let 1 C A be an ideal. We set P(I) to be the
group of ideals generated by all (n), with n =1(1), n € A. We let
P = P(A). We set P°(I) to be the group of all (n) with ((n), I) = 1.

(b) We set P(7™) to be the group generated by all (n) with (n)=
1(7™). We set P(Ir™) to be the group generated by all (n) with
(ny=1(7")and n = 1(1).
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1.6. DEFINITION. (a) We set 9 to be the group of all 4-fractional
ideals.

(b) Let C C 4 be an ideal. We set 9(C) to be the group generated by
all ideals prime to C.

1.7. LEMMA. (a) 9(C) /P(C) is finite.
(b) 9(C)/P(n™C) is finite.

Proof. (a) is standard. To see (b) note that we have

0 - P(C)/P(7"C) eﬁf—(% L §(C)/P(C) - 0

and,
0- P("’mc) - P(C) - Ul/Ul(m) - 0;

where U(m) = {x € K|x = 1(#™)}. The last arrow is surjective by the
Riemann-Roch Theorem. This gives the result.

Note finally that we have
0 - P°(C)/P(amC) - $(C)/P(n™C) - %(C)/P°(C) - 0,
with $(C)/P°(C) = /P.

2. The theory at infinity. Our purpose here is to define the L-series
and discuss their 7-adic theory. Our method is quite in line with the
classical. We first find a continuous space for which the notion “n™*”,
n € A, makes sense. Then our functions are defined by summation in the
usual fashion. This summation converges on a “half-plane”, but may be
extended analytically to the whole space. This leads to the “two-variable”

notion.

2.1. Basic concepts. Let M denote the space of monic elements of K.
Then M = 7% X U, =Z X U,. Let x be a continuous K-valued character
of M. Then, it is clear that x is determined by a pair (a, E), consisting of
an element a € K* and an element E € End_ (U,); where if n=
7~ P"(n), then we have

x(n) = a®ME((n)).

It is easy to see that U, is isomorphic to an infinite product of copies
of Z,; where End,,,(U,) is huge. In order to obtain something managea-
ble, we replace the full space of endomorphisms with its subgroup
Z, = {closure of integral powers}.
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2.1.1. DeFINITION. We set S, = K* X Z,. We call S the character
space at infinity.

If s = (54, 5,) € S, then n® = 52" n)", by definition.

Note that the integral powers appear in S, as (7', i). We refer to

(7', i) as “i”. These powers are discrete in the product topology on S_.
Further, S, forms an additive topological group in the obvious fashion.

We now want to make sense out of “A~°”, s €S, . Let CC A4 bea
fixed ideal.

2.1.2. DEeFINITION. We set @(C) = lim $(C)/P(7"C). We set §=

@(A). From the results of 1.7, we see we have a map

0 ~1lim P*(C)/P(x"C) - §(c) - 9(c)/P°(C) - 0.

But,

lim P*(C) /P(7"C) > lim U, /Uy(m) = U,.

Thus, we view @(C ) as an extension of U, by 4(C)/P°C) = Ideal class
group of 4.

2.1.3. DEerFINITION. Let (U, C) = 1, we set
(A)= {Image A in §(C)}.

Let x be a continuous K-valued character on § (or more generally, a
continuous map into GL(n, K)). We always assume that x((n)) = (n)",
for all n. (The reader can easily construct such objects.) By abusing
notation, we write,

(A)™ for x((A)).

We do not, of course, specify x, but will always assume that one is chosen.
The character x is thus defined by its action on representatives of the
classes of §(C)/P°(C). In order to keep matters from becoming unneces-
sarily confused, we work only with ¢ in defining the L-series. The case
when C is arbitrary offers no extra difficulties.

2.1.4. DEFINITION. Let s = (s, 5,) € S... We set
ue = 5P (o).

If A = (n), then we see A° = n* with the previous definition.
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If % is a principal ideal, then we set () to be its unique monic
generator. Let X = {¥,..., %, } be a collection of representatives of
1/P.1If A /A, is principal, then we set

0,() = 6(A/A,).

Thus, A = 0, (A)A,, and A* = 0, (A) A,
Let[L: K] < oo.

2.1.5. DErFINITION. We call any series of the form

2 oc(a)”, {e(W)CL,
ACA
a formal Dirichlet series. Two such series are said to be equal iff all
coefficients {c(2 )} are equal.
From our axioms, we can sum L(s) to obtain,

0= 5[ 3 cama|uc

=0 aeﬁ[,

= 3 (S el w)a s

i=0 0691,

2.1.6. DEFINITION. We set L(,, s) = 2,4 c(a¥,)a™". Thus,
L(s)= X L(A,, 5)A™ = 2 LY, S)S(ID(QI')<%I1'>_$"

i=0 1=0
Further,

L(%,,s)= 2— s(;f(D(E):‘c(aQIIKa}_S').

2.1.7. DeFINITION. We say that L(¥,, s) has half-plane of conver-
gence D(sy) > b iff for each fixed s, € Z,, and for each i, the power
series for L(U,,(s,,s,)) converges for all s, with D(s,) > b and the
resulting function on S_ is continuous. We say L(s) is entire if we may let
b= —-o0.

Note that the half-plane of convergence is obviously independent of
X.

2.1.8. DerFINITION. Fix s, € Z,. We say L(%U,,(s,, 5,)) is a Laurent-
polynomial iff it contains only finitely many powers of s, and s,'. We say
L(s) is a Laurent-polynomial if L(2,, s) is one for all i.
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Finally, if 4 = E,[T], we always set X = {4} and do not necessarily
write in “A~*”. For F,[T] the theory obviously is much simpler than for
general 4.

2.2. A remark on the values of Dirichlet Series. Let L(s) be a Dirichlet
series. Suppose L(s) has half-plane of convergence D(s,) = b. Then, for
all (s, s,) with D(s,) > b, the vanishing of

IL( %I i s ) | =)

is independent of ¥ .

Thus, the zeroes of L(U;, s) are independent of the choice of U, in its
ideal class.

Lets € S,.

2.2.1. DEerINITION. (a) We say L(s) = 0 unconditionally iff
L(A,, s)=0alli.

(b) We say L(s) = 0 conditionally iff L(s) = 0 with the particular
choice of character (or representation to GL(U, K)).
Note that a implies b.

2.3. Definitions of the m-adic functions and their analytic continuations.

2.3.1. DEFINITION. We call the function
I a-g=)"=3 a,
B prime ACA
the zeta-function of 4.

§(s) obviously converges for all s with D(s,) > 0. Let C C 4 be an
ideal.

2.3.2. DEFINITION. (a) Let § € 9(C) /P(C). We set
$8,5)= 3 u-.
%es
ACA

It is called a partial zeta-function.
(b) Let 8, € 9(C)/P°(C). We set

$(8,,5)= 3 (8, s) “ - ” means “projects”).
58,

(Note that Z{(8, 5) = §(s) gy (1 — B).)
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(c) Let f be a K-valued function on $(C) /P(C). We set
Lif,s)= 232 AAa)u-.

(%,0)=1
ACA
If f = x is a character, then
Lix,s)= I (1—-x(®)p~)".
(B,0)=1

Let X = {%,,...,%,,} and let § be the ideal class of A,. It is clear
that

$(8,5) =§(A,, s)As, etc.

Then, the components of our functions are essentially partial zeta functions.

It is clear all these functions converge for D(s,) > 0. We now show
that they are, in fact, entire.

Thus, let {%,,C} =1, all i, and let d=B+P(C), BCA If
(A, C) =1, then A € & iff A /B is principal and generated by a monic
= 1(C). Thus,

$(8,5) = 3 ¢(8, A, 5)A,
i=0

l
with,

5“(8, A, S) = 2 n~’,

nedyl,

where (n,/B) is principal and generated by a monic = 1 (C). If %A, and
B are not in the same class, then the condition is vacuous. If {%,, B} are
in the same class, then our condition is the same as

"0)((13)_1 =1(C),

or
n=6,(8) (6x(B)C).
As
(6x(B)) = (B/%,),
we have

(64(B)C) C 9,
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Summarizing,

§(89 9[,"'s).: 2 n-s.
nEQA[,-
n=0x(B) (6x(B)C)

We remark that it is clear how to express L( f, s) as a finite sum of
partial zeta values. Further,

()= 5[ 3 fur
i=0 nEi[,
Thus,

A,s)= 3 (zn-s).

red/8.p)C) "EA

Therefore, to show our functions are entire, we are reduced to
showing functions of the following form are entire: Let % be a non-zero
fractional ideal and let I be a non-zero ideal. Let A € % /1Y and let

L(s)= % n™

Then we need to show L(s) is entire.
2.3.3. THEOREM. L(s) is entire.

Proof. 1t is clear that, upon possibly multiplying L(s) by a°, some
a € k, we may assume ¥ is also integral.

Now,
Ls)=3 ( S <n>‘“) -
J=0 nEn}\e(S‘}{Q[)
D(n)=j
Let (n)= 1+ w,. We show first that the set
{w,}
neY
n=A
D(n)=j

is a principal homogeneous space under a finite dimensional F-vector
space.

Let n; be a fixed element in our set. Let n be an arbitrary such
element. Then,

n=A=n,(I%).
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But {n — n,} is clearly a finite dimensional F,-vector space and
w, = w, + m/(n—n;) = w, + (w, — an)-

Consequently, {w, — w, } is a finite dimensional F-vector space. Thus, the
set

{w, }

neA
n=A\
D(n)=,

can be written as

{w,, +w}

with w € W(i) and dim W(i) < oco. Consequently,

L(s)= 2 S&’( 2 n) =2 S&’( 2 ( +wn)‘s')

Jj=0 D(n)=; Jj=0 D(n)=j
neIy n=)
ned
=3[ 3 (w0 )]
=0 we W(j)

d w s
sl s $ () ()
=0 wew(y =0t 1 W ¢
. ad . (s, te)[ =8
=35/ 3 02 w‘(l =+ an) ( c) .

Jj=0 weEW(y) ¢=0

Now the Riemann-Roch Theorem gives us the existence of elements
n =A(IA) with D(n) = j, j > 0. Indeed, for j > 0 these are of the form
A+ h, h eI, D(h)=j. As j = D(h) grows, we can produce elements
w, with arbitrary order of zero at co, between 1 and N(j) € N. Further,
we may let N(j + 1) = N(j) + 1. So the estimate of 1.2 tells us that the
coefficient of s5/ is divisible by 7/ with f( j) quadratic in j. The result
easily follows.

2.3.4. COROLLARY. The functions of 2.3.1, 2.3.2 are entire.

We now define, for future use, 7-adic functions that have no known
classical counterpart. They can be thought of as partial zeta-functions at
00, and, in the case m = 1, they reduce to those previously defined.

We use the notation of 1.5. Let B be an ideal and let § be a class of
4(B)/P(7™®B), and let §, be a class of 4(B)/P(B).
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2.3.5. DEFINITION. (a) We set
8,5)= Y u~s
A4
AES

(b) We set £(8,, s) = Z5_58(3, s).
(c) Let f be a K-valued function on 9(B)/P(w"B). We set

L(f,s)= %f(S)K(S,S)
Note that
S8(8.5) = {110 =8) <)
) BB

2.3.6. THEOREM. The functions of 2.3.5 are entire.

Proof. As before, we reduce to handling functions of the form

Let A € BYA have degree <;j — m and assume that j >m. Letn € U
have degree j. Then

D(n+\X)=D(n), n+A=n(B8%),
and
(n+A)y={(n)+a™(x/""x) =(n)(7™).

Conversely, if D(n,) = D(n,) =j, n; = n,(BA), and (n)=
(n,)(m™), then n, —n, € BYA and w/(n, — n,) € (=™). Thus, n, —
n, = A is as above.

With these observations, we can proceed as before to the results.

2.4. Complements. (1) Let s; € Z, and let L(s) be a component of one
of the functions discussed in the previous chapter. As L(s,, s,) is entire, it
has a factorization

L(sg, 5,) = ¢(s)sg I (1= 55" /@),
aEZ(sy)

where c(s,) is a constant, k(s,) € Z, and Z(s,) is the set of zeroes of
L(s,, s;) counted with multiplicity. We remark that a very similar expres-
sion is also known for classical zeta-functions. On the other hand, whereas
classical functions are essentially entire of order one, ours correspond to
entire functions of order zero. :
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In the case of the zeta-function, it would be very interesting to see if
there are any relations between the zero sets of the different components.
We present a result in this direction in 5.2.

(2) It is interesting to compare the situation described above with the
situation of the g-expansions, as described in ([5]). Indeed, the g-expan-
sions of Eisenstein series involve sums for each coefficient ¢‘, i € N.
Further, for each non-zero B (a “normalizing factor”) the coefficient of g’
is multiplied by B’. This should be contrasted with the fact that our
L-series appear as sums of s;', i > —oo, and each coefficient of s,/
involves sums not unlike those associated to the Eisenstein series.

(3) Finally, let i € Z. As a corollary of our results, we see sums of the
form

ESaJ'( 2 n")
Jj=0 D(n)=j
neﬁl

are entire as a function of s;'. Indeed, this particular example is

§(U, (so/ 7", ).

3. Description of values at positive integer powers. For completeness,
we now summarize the results on values of {(s) as described in ([7]).
However, using the results of ([11]), we can simplify the exposition given
there.

3.1. The I'-ideal. Let x be a transcendental element.

3.1.1. DEFINITION. (1) We set [i](x) = x" — x,i € NT .
(2) We set Dy(x) = 1 and D,(x) = [i][i — 1]" - - -[1]" " '(x), for i > 0.

3.1.2. DerINITION. (1) Let i €N and let 3¢_,a,r’ be its r-adic
expansion. For a € A4, we set

I'(a,i) = Do(a)™ - - - D;*(a).
(2) We set
I, = (T(a,))ueq-
We call T, the ith I'-ideal.
3.1.3. PROPOSITION. (Sinnott). Let 8 C A be a prime and D(‘B) its

degree. Set ag(i) = 2,.,[i/r*®®] (where [ ] means greatest integer).
Then,

L= [ B=O.

B prime
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3.1.4. COROLLARY. Let A = F,[T], then
[,=(I(T+¢, 1)), {E€E.

The T'-ideals are our “factorial”.

3.2. Special values of zeta-functions at positive integral powers =0
(r — 1). Let F be a field over k contained in K.

3.2.1. DEFINITION. Let

L(s) = ﬁL(ﬁg,s)m;s: %L(m

J=0 j

S)saD(WJ) <%Ij>_ﬂ-

j,

Suppose L(s) has half-plane of convergence D(s,) > b. Leti = (7', i) >
b and let A € K*. We say

NL(i) € F
iff

7-DL)

x"L(%I,,i):( X )’(L((Q‘f’i)(”_i)—p(%')))

is in F for all j. (Note that this concept is independent of our choice of
(3r,))

Let M, be the coarse moduli space of elliptic modules of rank 1. Thus,
M, is the spectrum of the ring of A4-integers in the Hilbert class-field, H,
which is totally-split (“totally-real”) at co. In ([11]), Hayes shows the
existence of a rank one elliptic module, (¢), with coefficients in the ring
0O,, of A-integers of H.

Let A /A be the rank-one lattice associated to (@), where A, is a
fractional-ideal. By applying Gal(M,/A) to (¢), we can construct over
O, elliptic modules whose lattice is 2;A, where {2} runs through
representations of the distinct ideal classes. We use the collection X =
{%A,,...,A,,} in our decomposition of {(s).

Now let i € N*, with i = 0(r — 1). Then we have

3.2.2. THEOREM. X" '{(i) € H.

Proof. We just sketch the procedure for calculation. Let o €
Gal(M,/A) and let (¢°) be (o(@)). Further, let L = A A be the lattice
associated to (¢°).

Let e(z) =z + 2% c,z", be a formal power series with unknown
coefficients, and let a € A. We assume that for a € 4 — K, e(z) satisfies
the composition functional equation.

e(az) = ¢°(a)(e(2)).
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We may therefore find {¢;} by induction. It is a theorem that e(z) is
everywhere convergent and that

e(z)=z [[ (1—2z/a).

0#a€L

As e(z) =1, ze'(z)/e(z) = z/e(z) = zZ,,(z + a)”'; whence the
non-zero Taylor coefficients of z /e(z) are of the form
A (A s i)
for i = 0(r — 1); 0 otherwise. On the other hand, these can be computed

directly by long division. The result is now easy.
We call A “the period of (¢)”.

3.2.3. Question. For A = F,[T], it is known that A is transcendental,
see ([12]). Is it so in general?

It is known that, as 0 € Gal(M, /A) varies, the values
(%, 0),

i =0(r — 1), are conjugate. They therefore generate a Galois stable
fractional ideal over O,. It, therefore, descends to an A-fractional ideal
C k, that we denote

AiE0).

I~
3.2.4. DErFINITION. We call B, = TX¢(i), i=0(r — 1), i EN", B,
= (0), i Z 0(r — 1), the ith Bernoulli-Carlitz fractional ideal.

We now state the basic result concerning the denominator of B;. For a
proof, see ([7]). In the case 4 = E,[T], it is due to L. Carlitz, as are the
basic ideas of proof.

Recall r = p”".

3.2.5. THEOREM. (r #2). Let i =0(r — 1) and let 3p_,a,r®, be its
p-adic expansion. We have two conditions on i,

(1) Sa,/(p—Dn)=hez
and
) (r" =1

If i satisfies both these conditions, then the denominator of B, =
g prime, ppy=1 B - If not, then B, C A.
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3.2.6. THEOREM. (r = 2). We retain the set-up of 3.2.5. If i satisfies the
conditions (1), (2) of 3.2.5 and h % 2, then the denominator of B, is

st prime, pewy=n - )
If h = 2, i even, then the denominator

II =

D(B)=2
B prime

If h = 2, i odd, then the denominator is

I =

D(B)=1lor2
B prime

If i doesn’t satisfy the conditions, then for i even
B, CA4,

while for / odd, the denominator is

I .
O

3.2.6. REMARKS. (1) The I'-values may be interpolated Morita-style at
all primes of k to two-variable functions. For the details, we refer the
reader to ([7]). (In keeping with the present work, it seems natural to
extend the definition of ([7]) at co as follows: Let a € k*, then we set for
i€eZ,

[ (a,i) =T, ((a),i),

where the element on the right is defined in ([7]). This definition reflects
the fact that at oo our functions should be defined via #.) It seems clear
that these I'-functions are intimately related to the L-series, see 5.5.

(2) The proof of 3.2.5 and 3.2.6 is reminiscent of the proof of
Stickelberger’s Theorem on Gauss sums.

3.3. Special values of partial zeta-functions at positive integral powers.
Let 0 = A be a fractional ideal, of k, I an integral ideal and « € % — I¥.
By 2.3, it is clear that we may restrict ourselves to studying functions of
the form

2 n—s.

neA
n=a(IN)

For now, let the above sum be denoted L(a, s).
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3.3.1. PROPOSITION. Let i € N . Then,

> BL(Ba,i)= X &7
sk S35

Proof. We assume that a is chosen of least degree in its residue class.

Let h € I ; we have three cases:
(1) D(h) > D(a). In this case, a + h is monic, while a + {4 is not for
{ € F¥ — {1}. Thus, the sum on the left contributes

S (a+B7m)7

BEF*

so the result is obvious in this case.

(2) D(h) < D(a). In this case a + {h is monic iff « is. The left-hand
sum has a non-zero contribution only for those 8 with Sa monic; in which
case it contributes,

S (a+B7h)" ifh#0,

SERY
a ifh=0;
again the result is obvious.
(3) D(h) = D(a). In this case, for some { € F*, D(a — {h) < D(«).
Thus we are back in case (1).
Now let () be an elliptic module of rank one defined over some
affine piece of Oy, as previously discussed, chosen so that its lattice is
cI AN for some ¢ € k*, and period A.

3.3.2. THEOREM. X (Zgc - B'L( B, i) € ko, for all i € N* .

Proof. As before, we present a sketch. Also, as before, we let

e(z)=z I (1—2z/28).

0#8E€cIAN

Then, e(z) has the functional equation,

e(az) = Y(a)(e(2)),

foralla € A.
Let 0 # i € I. Itis clear that ia € IA. Thus, from above, we see
e(Aa)
is a root of Y(i)(x) = 0, i.e., it is an I-division point. Further,

1 1 ,
e(z+Aa)  e(z) +e(ha) %(z +A(a +8)"



ON A NEW TYPE OF L-FUNCTION 161

Thus, the Taylor coefficients are, on the one hand, in k,, while, on the
other hand, of the form *=(Ac)'Zsc,oq(a + B)7". The previous proposi-
tion now finishes the proof.

3.3.3. REMARK. The proof of 3.3.2 shows

Loox' S (a8 =X S BL(Ba ).

e(Aa) sery BEF*

Now set I =" and let A =L "A,. Further, let ay, a, € A —
B~ DY . Then we have just seen

e(>\al) . EBeFfBL(IBaoa 1)

e(?\ao) EBEF,* BL(Bal’ 1)
But, in ([7]), it was shown that e(Ae;)/e(Aa,) is an invertible function
(unit!) on My.. Due to the work of Galovich-Rosen, Hayes and the

author, it is now known that these units generate groups of finite index.
There are further deep connections with Stickelberger elements, (see [8]).

4. The relative zeta-functions. In this chapter we introduce the study
of “relative” zeta-functions. These functions play the role classically
played by the Dedekind zeta-function of a number field. In particular,
once the basic questions of analyticity and rationality are settled for these
functions, it appears almost certain that their special values will fit into an
Iwasawa set-up completely similar to that envisioned for totally-real
number fields.

4.1. DEFINITION. Let [L: k] < oo and let O be the ring of A-integers
in L. Let N be the norm map on ideals. We set

Ge)= 3 N8 = I (1-(N®)T)
We call {,, the zeta-function of O over A. We conjecture it may always be
extended to an entire function.

If L is abelian over k, we can, in certain cases, show this conjecture by
reduction to L-series in a procedure similar to the classical one. We will
not prove the most general case here, but will content ourselves with the
illustrative case of the schemes M;“W of ([2]), (“n” here is distinct from
“r=p"”). Recall that MJBn is Galois, abelian over k. There is a map
Mg, — M, which is totally ramified at all primes above B and is étale
elsewhere. The Galois group of this map is isomorphic to (4 /B")* /F*.
The Galois group, G, of Mgy./A is, in the notation of 2.3, =
(I(R)/P(B")/F¥, in accordance with class-field theory. Finally M.
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splits totally at co. We have an exact sequence
0->F*>(4/B")* > G- Gal(M,/A4) - 0;

with Gal(M,/A) = {class group of A}. Let a = D(B), Uy(n) = {x €
% x =1(®")}, U, = l-units in 4%, and g,._; = (r* — 1)st roots of 1.
Then,

(A/iBn * = ey X Ul/Ul(n)’

with U, /U,(») a finite p-group.

It is clear that any k-valued multiplicative character of G /(U, /U(n))
extends uniquely to G since char(k) = p. (The reader should not confuse
these characters with those used to define % ~°. ) Thus a character x on G
arises from a primitive character x, on either Gal(Mq,/A) or Gal(M, /A).
If it arises from My, and not M,, we say B is its level, otherwise, we say RO
is its level.

Now #(Gal(My./A4)) = ((r"?™® — 1)/(r — D)k, with h = class
number of A. Let #G = g, - g, with g, a power of p and (p, g,) = 1. Let
h = hyh, with the same restrictions.

For convenience, let ¢ M&w(s) denote the zeta-function of
(Mg, Opy.)/4-

42. THEOREM. {4 (A) = (L L(Xe $)*)1 — B)%, a =
J(go/ho — 1); where f = {ord B in the ideal class group of A} and f - j = h.

Proof. First, let 8, be a prime 7 B of A. The primes above P, in M.
are unramified. Thus, in T(Mg», O,p),
(By) = (B,---8,),

with B,,...,8, prime and Ny = -+ = Ny = /,and f, - r = #G. The
contribution to { M%”(s) is therefore

(1= (%))
Let t = B;*; so the contribution is
(1 — /)™,

On the other hand, ¥, generates a subgroup H of order f, in G. Let
fi = ff, with f, | g, and £, | g,- As 8 % B, the values of a character x on
B, is the same as that of the induced primitive character. There are f;
characters on H, each extending in g, /f, ways.

Now

(1—t5)= ][ (1—¢).

¢h=1
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Thus,
(1= 55 =TI (1 = xo(B)1).

On the other hand, we see

/)80 __ a .
(A =eA)o5) 0 = (1= 5)",  a=gg/h
As the characteristic is p, this in turn equals
(1 — thh)™%,

But, £, f, = f, and a/f, = u. This completes the result here.
Next let B, = . Then, in ['( My, Oy, )

() =(B,---%,)",

with N(B,) =R/ alli,f-j=handf-j - e = #G. Indeed, over M,, there
is total ramification. The contribution above {8 is therefore

(1—B7)7.
Set +t =B7° and let ;f=f,f,, j =Jj,J, With the usual restrictions. As
before,

(1 =2y =10 = x(B)o),
X
with x running through the characters of Gal(M, /A4). Thus, asj, = h, /f,,

IO = x(®))% = ((1 — th)"A)* = (1 — thyhso/s

The result now follows directly.
4.3. COROLLARY. { M‘lnﬂ(s) is entire.

4.4. REMARK. Obviously, for non-abelian extensions of & the above
procedure fails. It is not unreasonable to expect, however, that the
Riemann-Roch theorem, together with results like 1.2, will eventually
establish the results in general.

5. The theory when s, is a negative integer. Our goal here is to
establish the basic algebraicity of our function at negative integers. The
reader will see that at the negative integers our functions possess rational
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“polynomials” as opposed to just “values”. These polynomials are then
interpolated at all primes of k.

5.1. The algebraicity of L-series for s, = —i. Let a € A, a,b EN,
H C A an ideal, and S(e, H, a, b) = 2, _ oy, p(n)=51°. As a simple
corollary of 1.2 and the Riemann-Roch theorem, we see that for b
sufficiently large S(a, H, a, b) = 0.

If we multiply S(a, H, a, b) by 7, we have the same sum over
1-units. Thus the following result is immediate.

5.1.1. THEOREM. Let L(s) be one of the functions of 2.3.1 or 2.3.2. Then
L(s,, i) is a Laurent-polynomial for i € N.

Now let A be a fractional ideal, n,, n, € A and I C A an ideal. Let
ny, ny, € A with D(n)) = D(n,) =j, ny = n,(IN) and (n,)= (n,)(7™).
Then A = n, — n, € I and #/A € (7™), or D(A\) <j — m. Conversely,
given A, we can add it to n, to obtain an n, with the above property. The
set of such A is an F-vector space and if we use 1.2 on each coset, along
with the binomial theorem, we conclude

5.1.2. THEOREM. Let L(s) be one of the functions of 2.3.1 or 2.3.2. Then
L(s,,—i) is a Laurent-polynomial for i € N.

5.1.3. COROLLARY. { my(S0, —1) is a Laurent-polynomial for i € N.

Proof. This is immediate from 5.1.1 and 4.2.
As a corollary of the above, we have the following method of
calculation: Let, for instance, L(s) = {(s) and let

X={%,,...%,)}.

Then, we have

{(SJIJ.,—i): 2 2 n,
-0 peq,
D(h)=v
is a finite sum and it belongs to k.

5.2. Some trivial zeros for zeta and L-functions. We begin with the
zeta-function. Fix a collection X = {¥,,..., %, }. Then we have

£() = 3 802, )97
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Set
Z(sy,—i) = {(w'so,—i).
Thus,
Z(So’“ 2( E 50] E n' AL
e=0\/>-0 g
D(n)=j

2 23, (59, ~0)) 2

In particular, the sum in parentheses is a Laurent-polynomial.
Our first result is a non-vanishing result:

5.2.1. LEMMA. Z(X ,(1,0)) = {(,,0) = 1 for all c.

Proof. There always exists a unique monic of least degree in §I(,. The
result is obvious upon taking multiplicities into account.

Let H C A be an ideal. We let S(0, H,(r — 1), j) be defined as in 5.1,
with j so large that the sum is 0.

5.2.2. LEMMA.
S(0,H,(r—1),j)=— 3 nt b,

D(n)<j
neH

Proof. Let f be a fixed element of degree N(r — 1) in H. Any other
may be written as f + ah, with & € H of smaller degree and a« € F.. Then

(r=1 _ QY (r 1)zr—1
(f+ ah) Ef(ah

Summing over « kills the terms corresponding to i > 0. We are left with
~h"~Y_ Summing over A finishes the proof.

5.2.3. COROLLARY. {(¥ ., —(r¢— 1)) = Z(A_, (1, ~(r — 1))) = 0.

Proof. Upon multiplying by a constant, we reduce to having %, = H
be integral. As

S(Os Ho(r - l)a .]) = O,

we see the result follows from 5.2.2.

5.2.4. THEOREM. {(—i) = O unconditionally for i =0(r — 1), i > 0.
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Proof. Of course, we need only check the result for the corresponding
components. But, by induction, this follows as in 5.2.2, 5.2.3.

Thus, in this case, we obtain relations between the zeros of the

different components.
We turn now to the case of L-series associated to characters x. For

convenience, we work only with characters on
$(R)/P(B™)

8 prime. However, our arguments easily generalize to the case where B is
replaced by an arbitrary 1.

Let X = {%,,...,%,}, (¥X,,B) =1 all i. Suppose that for { € F*,
x($) = ¢, where we think of E* C 9(8)/P(B™) in the obvious fashion.

5.2.5. THEOREM. If 0 <[ <r — 1, then L(x,—i) = O unconditionally,
fori=-l(r—1).

Proof. As before, we may restrict ourselves to handling only the
components of L. These are of the form

2 ( 2 x(n)n"),
’ B

where  is extended to 9 _in the obvious fashion.
Assume first that each residue class of 9% mod 3", has representa-
tive of degree < f, f = min,_gegp~§ { D(B)}. Our sum becomes

2 x(a)f X 2

«EA /B, J=-o0 nedl,
nEa(%mﬁc)
D(n)=j

a j>-%  D(h)=j acdl /B,

hesBmQ[c a monic

=Sx@| T 3 Zew (] + I x(@e«
a Jj>-00 D(h)=j =0 z a monic
heR™I,

- Sx(@| S i e8ma =)+ 3 x(ae

amonic
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Let (9_/B™9,)* be defined as
9. /pmd, — A /B
Let {«a,,...,a,} be monic representatives of
Ex\ (9,87 )*.

Our sum becomes,

2 5“’25° ()(%mﬁ[ ~i=))+ 3 x(a)d

$EE* =0 amonic

2x(a;)
J
Now if (r — 1) | (i — ¢), (i — t) > 0, then, by 5.3.3,

S RmA,,-(i—1)) =0.

If r=Di(—t)=(—Dt{+1)=3"*"=0. If we note that
$(B™A,,0) =1, and that (r — 1) | (i + ), by assumption, then we are
left with

EX(aj)Ef(r_l)aj + ¥ x(a)a'=0.

a monic

Next, suppose there exist a with D(a) > f; a smallest in its class. Our
sum becomes

2 x(@) X (a+B)'+ T (ath)

S mgy \* j<-— D(h)=j
A J<D(@) o
D(a)>f D(BY=) hER™S
BEB™I, ¢

+ X x(@| ¥ (ath)

e, /B )* D(h)=;
¢ a non{mom'c) J >D(Of)
D(a)>f heB™A,

+ 2 x| T (ath) |+ T x(a)
ae(ﬁ‘['/qﬁm@[c)* Jj>-c0 a monic
D(a)<f hep™i,
D(h)=j
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Now suppose a monic D(a) > f; obviously if 1 # { € E*, then {a is
of the same degree but non-monic. Our sum with respect to these «
becomes

x(e) T (a+h) +x(a) I (a+h)

Jj<D(d) j>D(d)
D(h)=j hep™
amonic

+ 3 x(a)$ Y ($a+h) + (rest).

(EFF—1 Jj<D(a)
D(h)=j
But, a=' = ¢/, so x(@)¢’ = x({a). Thus, we can express our sum as we did

above and proceed in the same fashion to finish the proof.
5.3. Some additional results with A = F,|T]
When 4 = F[T'], we can say much more.

5.3.1. LEMMA.
i—1 .
Z(SO’—i): 1 — 2 (2)7‘1’3612(80"[)):
b=0
(r—Dli—b)
fori e NT.

Proof. Write n = Th + { with D(h) + 1 = D(n), { € F,, and expand
out the additive formula for Z(s,, —i). Upon noticing

¢ = {O if (r — 1? U}, the result follows.
—1 otherwise

If we put s, = 1, we obtain a formula for {(—i). If we apply d/ds, we
obtain a formula for (d/ds,)Z(s,, —i).

5.3.2. DerFINITION. We set B(0), 8(1) = 1 and fori > 1
i—1

) =1- L\ THR(b).
piy=1- 3 (£)78(0)
(r=D|i~b)
5.3.3. LEMMA. Let i € N" . Then
§(~1) if(r—1)ti

B(i)y=1 d N .
E;;Z(l,—z) if (r—1)]i.



ON A NEW TYPE OF L-FUNCTION 169

Proof. This follows from the above and 5.2.4.

Clearly B(i)(0) = 1 for i > 0. Thus, we have for i =0(r — 1),
5.3.4. PROPOSITION. The zero of Z(s,,—i) at s, = 1 is simple.
This is exactly as for the Riemann zeta-function.

Let now r = p.

5.3.5. DEFINITION. (1) Let j € N* be written as 2/ qc, p’, 0 < ¢, <p.
We set S(j) = Zc;.

(2) Let j be written as Xp%, e, <e, < ---, and suppose S(j) >
(p — 1), with each e, occurring at most ( p — 1) times. Set

p—1
p(j)=j— 2 p% P =pop,etc
i=1

Using formula on congruences of binomial coefficients, Emory
Thomas has shown the following:

5.3.6. THEOREM. (1) Let i € N with S(i) <p — 1. Then B(i) = 1.
(2) Let S(i)>p— 1 and let S(i) =c(p— 1) +d, with 0 <c and
1 =d=<p— 1. Then D(B(i)) = 2, p°(i).

The reader should compare the above with 3.2.5.

5.4. The v-adic theory and interpolation. We now discuss the interpola-
tion of our functions at the finite primes. The reader will note the
remarkable similarity to the #-adic theory. In particular, the v-adic
functions will also turn out to be entire in a sense similar to the #-adic
sense.

Let %8 be a finite prime of degree a and let v be the associated plane.

5.4.1. DEFINITION. We set

S,=Z/(r* = 1) XZ,=lmZ/((r* = 1)p').

1

We call S, the character-space at v. The integer powers are dense in S,,.

5.4.2. PROPOSITION. Let iy, i, € Nwithi, — i, € (r* — 1)p°. Letn € k
be a v-adic unit. Then

nit — nt2 € P*.
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5.4.3. COROLLARY. The function i — n' interpolates to a continuous
function S, - A%.

Note the extremely strong congruences given by 5.4.2.

S, is the exact v-adic analogue of S, and of the classical p-adic
character space. What is surprising about the present situation is that our
functions naturally occur on a much larger two-variable space.

5.4.4. DErFINITION. We set X, = kX X S,.

Let C be a fixed integral ideal and let 9 be prime to B. We now
define 9™, the v-adic version of A" Let

§(cam), = lim§(CR)/P(n"CP’).
J

We have an exact sequence,

0 ~1lim P(BC)/P(x"CR’) - §(Cx™), > (CP)/P(BC) ~ 0.

But,
lim P°(PC) /P(PB/Cn™) = U = units in k.
7
Thus, we think of §(Cn™), as being an extension of U by §(CR) /P°(RC).
As in the 7-adic case, for simplicity of exposition, we now set C = 4,
m=0and 9, = 9(C7™),. B
We now consider only those continuous k -valued characters (or,

more generally, maps to GL(n, ED )) that induce n™' on the units, etc.
Let X = {¥A,,..., %}, (A, B) = 1all i, be a collection of ideal class

representatives.

5.4.5. DEFINITION. Let x = (x,, x,;) € X,,.

(1) We set
L= I (1-xP@n=)" = 3 xP0a,
%%9%‘13 (A, P)=1
prime ACA

{,(x) converges for all x with v(x,) > 0, (v considered additively).
(2) Let D be an ideal divisible by B.
(a) Let 8 € 9(D)/P(7™D). We set

$(8,x) = 3 xgP®y—x,

AEs
ACA
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(b) Let 8, € §(D)/P°(D). We set
§(8,x) = X £(8, x).

58,

(c) Let f be a k-valued function on (D) /P(D7"™).We set

Lifx)= 3 f0)x;P0u,

(A,D)=1
ACA

Note that L ( f, x) can easily be expressed in terms of partial zeta-func-
tions. All functions clearly converge for v(x,) > 0.
It is clear, for instance, that

G(x) = 3 5(,, x)(xgPM0U);
i=0

where

GULx)= B oxgPnm= Foxgl X

nedl, JZ - ned,
(n,R)=1 (n,B)=1
D(n)=j

From now on, we use the symbol 3’ to mean that we sum over the
elements prime to B. We always sum by using cosets mod B with
generators prime to ‘8. So, we can use previous vanishing results to
conclude that if L(x) is one of the above functions, then for x, = —i,
i €N, L(x) is a Laurent polynomial.

Before discussing analyticity, we want to make the connection with
the 7-adic functions explicit. We need only do so in the illustrative case of
the zeta-function: Let x = (x,, x,) with x, = —i, i € N, and x, € k*. Let
s = (7m'sy, 8,), So = X, and s, = x; = —i. Then, we have an equality of
Laurent-polynomials.

a6, £.00=(1-9)000) = | B oz -w)

-5,
c

m
=2 2 s&’( 2 n
=0 | j>-o0 nedi,
D(n)=j
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where we have equated 7 PJ(9 ) with A’; one symbol considered
a-adically and one v-adically. (We leave it to the reader to make this a
rigorous statement concerning characters.) For instance, when 4 = F,[T],

$o(x) = (1 — PB~)Z(s9, ).
Therefore, we see that for x, = —i, i € N, our v-adic functions are, up to
a possible Euler factor, special values of our m-adic functions for x, € k.

5.4.7. THEOREM. The functions of 5.4.5 interpolate to entire functions on
X,

v

Proof. As in the m-adic case, we reduce to handling sums of the
following form: Let A C k be prime to B and let a € A — PA. Then, we
need only show sums of the form

2 x| X oA

J= -0 D(n)=j
nel
n=a(PA)

(ny=1(n")

converge for all x, # 0. We can, as before, consider 2 as being integral.
Now let n = w(n){(n),, with (n), a l-unit, and w(n) = the
Teichmiiller representative. Then,

n = w(n)®(n),",
with
a, €Z/(r*—1) and «, € Z,
Asn = a(BA), we have w(n) = w(a). Further, if D(n) > D(a), then
n=a-+th,
with h € BA. Also, if j = D(n,) = D(n,), and n, = a = n,, then
a/(n, —n,) € (7™).

If welet (n), =1 + (w,),, then the coefficient of x;’/ becomes

00

o(@)® 3 (1+m))"=e@* 3 3 m)Y).

D(n)=j D(n)=j =0 4
n=a(BA) n=a(BPA)
(nYy=l(=")

The set {(w,),} is not an F-vector space. But, as before, it is a
principal homogeneous space over one. Also as before, we can now use
the Riemann-Roch theorem and 1.2., v-adically, to finish the proof.

Thus, we’ve obtained the v-adic interpolation of the polynomials of the
type given in 5.4.6.
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5.4.8. REMARKS. (1) By using the Teichmiiller representatives, and
congruences at oo, it is clear now how to extend our theory to the most
general situation where co is not necessarily rational. It would be interest-
ing to have such results to compare with.

(2) The same remarks that we made at co about values also are valid
in the v-adic theory. Thus, the v-adic valuation of the components is
independent of the ideal class representative prime to ‘B.

The zeroes are also invariant. And, as 7-adically, the components of
our entire functions have infinite products over their zero sets, counted
with multiplicity.

(3) We stress that each time x, is chosen, we obtain a continuous
function from S, — k,; each function is similar to the classical p-adic
L-series. In particular, if x, = 1, we obtain the interpolation of our functions
at negative integral powers.

Next we discuss some corollaries. Let 9 be a fractional ideal and let
ay, a, € P "A — B""DY. Then in 3.3.3, we showed that 7-adic series
of the form

S(a+B)"/ S (a+8)"

BeEA BEA

are units in the schemes M. But we’ve just shown that if we sum these
series by grouping according to degree that they also converge 3-adically.
The obvious question is, do these series also converge v-adically to the
same unit?

Finally we return to the relative zeta-functions of §4. Theorem 4.2
tells us that, upon removing the 3-factor,

(8u.), (5) = (L))

Thus, as we move up the ‘B "-tower the ‘B-adic functions differ by powers of p.
In particular, they have the same zeroes.

5.5. A remark on functional equations. It is not known whether or not
the 7-adic functions satisfy functional equations. However, it seems highly
doubtful that if they do satisfy functional equations, that they will be of
the classical s+ 1 —s form. The point is the following: A classical
Dirichlet-series is determined, as a Dirichlet series, by its values at an
infinite subset of those positive integers for which it converges. On the
other hand, they are not determined by their values at negative integers
(e.g., $o(25)). But, via the functional equation, {,(s) is determined by its
values at the negative integers; and, thus by its interpolation at the finite
primes.
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Our zeta-function has a whole polynomial at each negative integer and
this polynomial is determined by its rational values that are interpolated
at the finite primes. Further, these polynomials also determine by continu-
ity the m-adic function. Thus, from this point of view, a functional
equation along the classical lines is not needed!

On the other hand, there is some rather remarkable evidence linking
B(i) and I'(T, i), that seems to represent a functional equation of some
sort. Let r =p,and 1 <c<p —1and i(c, j) = ¢p/ + (p/ — 1). Then it
is easy to use Thomas’s formula to show that for i = i(c, j), D(B(i)) =
D(I'(T,i)), and, in fact, there is a fascinating degree of agreement
between these functions as the following tables will attest, when r = 3. We
begin with ¢ =1 and we let B(i) = B(i)/§, where { is the highest
coefficient of B(i).

i a = D(B(7)) b=D(I(T,i)—B(i)) | a—b
1 0 0 0
5 3 0 3
17 24 15 32
53 123 96 33
161 528 447 34
485 2067 1824 35

But when ¢ = 2 we obtain

i a = D(B(i)) b= D(I(T,i) —B(i)) a—b
2 0 0 0

8 6 0 2-3
26 Y] 24 2-32
80 204 150 2.3

Any explanation for these facts would explain much. It should be noted
that it even took a large computer over an hour to grind them out, so a
computational explanation is probably ruled out. It is quite remarkable
that, unlike the classical situation, we seem to have a deep connection
between the values at the negative integers of the zeta-function and the
values of the gamma function! (See note at end of paper.)
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6. The connection with distribution theory. The whole of the preceding
theory becomes better understood when it is interpreted from the view-
point of distribution theory. (See 4.4.)

6.1. Distributions and measures. We begin by presenting a very rapid
review of distributions and measures. Let X be a compact totally dis-
connected space, let L be a finite extension of k,, w a place of k, and let
O C L be the ring of integers.

6.1.1. DEFINITION. An L-valued distribution is a finitely additive
L-valued function on the compact open subsets of X. It is a measure iff
the set of values on compact opens is bounded.

Let u be such a measure and let f: X — L be continuous. As X is
compact, f is uniformly continuous. It is now simple to see that the
Riemann sums associated to f converge. The limit is denoted as [, fdu.

If p is just a distribution, it is clear we may integrate locally constant
functions.

6.1.2. PROPOSITION. Let X, X, be two compact totally disconnected
spaces. Let p. be a distribution on X, and let P: X, — X, be continuous. Then
there exists a distribution P,y on X, defined by [y fdP.p = [y fo Pdp,
for any locally constant f.

Note that an O-valued distribution is automatically a measure.

Suppose now that G = X is also a topological abelian group. Then, in
the usual way, both the distributions and the measures form an L-algebra
under convolution. For the moment, call these algebras D( X) and M( X).
Let D,(X) be the O-algebra of O-valued distributions. So M(X) =L ®
D (X).

As G is a group, it has a neighborhood basis of the identity consisting
of open subgroups, {G,}, G; D G,,,. Thus, G/G, is finite. It is clear, upon
a moment’s reflection, that the algebra of distributions on G/G, is
precisely the group ring L[G/G,]. If j > i, then we obtain a map L[G/G ]
- L[G/G,]. We call the inverse limit ring, L[[G]]. It is the completed group
ring of G. The ring O[[G]] is defined in the obvious fashion.

As measures push forward, the following proposition is obvious.

6.1.3. PROPOSITION. (a) O[[G]] < D( X).
(b) M(X)S L ®O[[G]]
(9) D(X) = L[[G]].

Next let U; C L be the 1-units and let R be either a field over F, or a
d.v.r. over E.. Then, we form R[[U,]] in the obvious fashion. Recall, that,
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U, is an infinite product of copies of Z,. Let U C U, be an open
subgroup, so G’ = U/U, is a finite p-group.

6.1.4. LEMMA. R[G’] is a local ring.

Proof. Let G’ be written as a product of prime power subgroups and
let #,,...,¢; be chosen generators of these subgroups. Then R[G'] =
R[tl,...,tj]/(t,l’e' — 1). Letx; = 1 + ¢,. Then

R[G'] = R[x,,...,x,)]/ (xF" = 0).

The result is therefore obvious.

6.1.5. PROPOSITION. R[[U,]1] is a local ring.
Proof. This is clear from 6.1.4 and the decomposition of U,.

6.1.6. THEOREM. (a) An L-distribution is on U, invertible iff its total
mass is non-zero.

(b) An O-valued distribution on U, is invertible iff its total mass is a unit
in 0.

Proof. Let u be a distribution of G’. By the above, it corresponds to a
“polynomial”

f(xl,...,xj).

But £(0,...,0) = total mass of u. Upon passing to the limit, the result
follows.

As an example of a measure, we have the Dirac measure, §_, x € X.
This is defined by

/X fds, = f(x).

Finally, one can talk about measures and distributions with values in
M(n, L) = {n X n matrices}. We leave the details to the reader.

6.3. The m-adic theory. We now show how our w-adic functions arise
out of w-adic distributions and measures. Fix s = (54, 5;) € S, and let
X ={¥%,,...,%,} be a collection of ideal class representatives. We use
the notation of 2.3. .

_ Let C be an integral ideal and 3(C), 9(C), be as defined earlier, i.e.,
9(C) =1im 9(C)/P(7™"C). We begin by considering 4(C) as a discrete
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group. The notion of a distribution on @(C ) is obvious, if we agree to
integrate only bounded locally constant functions.
Let s = (54, 5,) € S, with D(s,) > 0.

6.2.1. DEFINITION. We set i, = 3o ¢y 1,94 '8y where 8y is the
Dirac measure at 2.
It is clear that u_ is a distribution in the above sense.

Now 9$(C) (or rather its image) is dense inf}(C). Therefore, we can
push this distribution forward to obtain one on 9(C). We still denote this
distribution by pu,.

6.2.2. PROPOSITION. Let 8 be a class of $(C)/P(w™C) =
$(C)/P(w"C). Then,

py(8) =¢(8,s).

Proof. This follows immediately from the definition of the pullback of
a distribution.

It is not hard to see p (8) is a Laurent-polynomial, for s = (s,, —i).

It is clear that we can now extend the definition of p, on 4(C) to all
s € S,. It is easy to see that p, is a measure for all s €S, with
D(sy) = 0.

Let D(s,) = 0.

6.2.3. LEMMA. Let f be continuous on @(C ). Then,
j: fdp, is analytic in s;".
$%C)
Proof. The integral is a uniform limit of analytic functions.

Recall now that in our set-up, (A )" is thought of as being identified
by some character on $(C), which induces (n)" on U,. If x € §(C), we
abuse notation and write x* for the value of this character. Then, we have

6.2.4. THEOREM. Let D(s,) = 0. Then, if s, € Z,,,
[ xodu, =t LA -B7) »= (50,5 +55).
[1(e)) SBIC

Proof. By our description of pu, in terms of Dirac measures, this is
obvious for D(s,) > 0. Thus, by analytic continuation, the result is
immediate.
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In the same fashion, one can show

6.2.5. THEOREM. Let f be a function on 3(C)/P(w™C). Then, in the
obvious meaning,

[ frdp = L(f, y); vy =(s0,8 +5,).
([1(%))

6.2.6. Question. Does there exist a method by which we can extend the
integration to all (s,, s,) with D(s,) > —i, i € N arbitrary?

6.3. Group theoretic interpretation of zeros. 6.1.6 allows us to give a
distribution theoretic integration of the zeroes of our functions. We show
how via an example: Let C C 4 be an integral ideal and let L(s) =
(Il (@ — B7))E(s). Let X = {¥A,,..., %} (A, C) = L alli.

We have just seen that

| dp, = L(s).
30)

By using X, we can push our distribution onto U, C @(C ); it is defined
over K(s,). Then 6.1.6 implies

6.3.1. PROPOSITION. p,, considered on U,, is not invertible as K(s)-dis-
tribution iff L(s) = 0 conditionally.

6.4. The v-adic theory. We now mention the v-adic theory. As the
proofs are exactly the same as for the 7-adic case, we omit them.

Let C be a fixed integral ideal, ‘B a prime, etc. We view @(C ), as a
discrete group and, for v(x,) > 0, we construct the distribution

2 X POOAEy =,
(2,0)=1
ACA

As before, p, descends to a distribution §c )»» Which is still denoted p.,.

6.4.1. LEMMA. In the notation of 5.5.5, if 8 € $(BC)/P(R’C), then
p(8) = (8, x).

Thus, we can extend p, to all x € X,. It is a measure for v(x,) = 0.
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6.5.1. THEOREM. Let x, € §,. Then, if v(x,) =0,

f z7%dp, =§¢(y) [T 1=9B7),  y=(x x +x,).
3c) B|C
?B%p;:iﬁe

We leave the corresponding result on characters to the reader.

One can also obtain distributions and measures on @(C'ﬂ’")D in the
above fashion. We also leave the (easy) details to the reader.

7. Galois group interpretation via class-field theory. We begin with a
simple example. Let 4 = E[T] and let (C;),{ € E*, be the rank one
elliptic module given by

C(T) = TF° — ¢F.

Let 7 = 1/T; so “monicity” has its usual meaning. Let I = (i) be an ideal
and let a; be a primitive /th division point in k. It is an exercise to show
that k(a;)/k is Galois with group isomorphic to (4,/I)* in the natural
fashion and that 4[«,] is the ring of integers.

Let B = (P) be a prime not dividing 7 and let P be monic. It is trivial
to see that

C(P)=(=¢ )PP FPP) + (lower terms whose coefficients are in (P)}.

Thus, the Frobenius at 98 is given by the image of (-{)"?®P in
(A/I)*.

Let 7 now be —{/T. Then, via class-field theory, we see the Galois
group of k(a,)/k is 9(I)/P(I); where we use monics with respect to our
new .

We can now express { (a1 () in terms of L-series as in §4. From 5.4.5,
we have

7.1. THEOREM. § (i) = O for all i € N.

As A[a;] is not “totally-real” (i.e., totally split at o) this result is in
line with classical results.

We also obtain the fact that the ramification degree at oo is (r — 1).
As k(a;™") is the function field of M, | and this splits totally at co, we see
that k(«a;) /k(ag") is totally and tamely ramified above oco. Thus, we
have an explicit “cyclotomic” construction for the group 9(I)/P(I). This
is due to D. Hayes following L. Carlitz; see ([1], [10]). It is the analog of
the classical full cyclotomic field.
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Now let A be general. It is easy to see that, via class-field theory, all
groups of the form 9(C)/P(w™C) occur as Galois groups of abelian
extensions of k. A construction of the A-integers may be given in the same
fashion as above, when m = 0, by using the elliptic modules constructed
in ([11]). Therefore, these extensions may also be thought of as being
“cyclotomic”. Further, the act of picking 7 corresponds to choosing a
totally ramified tower at co.

To finish, we now summarize what is known (see [8]), when 4 = E,[T],
r=p". Let f C 4 be a prime and k(‘B™) be the field corresponding to
I(B)/(B™). Let D(R) = d. Let hg» be the class number of this field and
let A3~ be the class number of the subfield fixed by E*. It it known that
hgm | hgm and we set hgm = hgm/hgm.

7.2. THEOREM. (2) p | hgn if and only if % | 7235, ), B(0)
(b) p | higm if and only if B | ;5 5,— 1y B(E).
Now let M € A, with (M, ) = 1 and D(M) < di.

7.3. DEFINITION. (a) We set

(M + %) = 2+ (p) if Mismonic
# |1+ (p) if Misnon-monic|”
(b) We set
; -D(M) +di + (p) if M is monic
I-‘z(M + SB') = : - . .
-D(B’) + (p) if M is non-monic.

Both measures have values in F,C4. The measure p, arises from §6.4
with X = (1,0), and the measure u, arises by applying d/dx,,.

It is easy to use 6.5.1 and the vanishing of {(—i), i=0(r — 1), to
show the following

7.4. THEOREM. (a) Let i € N* withi # 0(r — 1). Then
(1= R9B() = [ x*du(x).
A%
(b) Let i =0(r — 1). Then
(1= BB() = [ x'dpy(x).
A%
Now let P be the continuous function from A% to A% given by taking

x—>x7\. Let fi,=Pyp,, i =1,2. Let CL(B™), CLP™), be the class-
groups i.e., Jac(F)), of k(B™), k(B™) . respectively. It then follows from
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the work of Tate and Gross that ji, annihilates C2(R™) /pCl(R™) and fi,
annihilates C0(B™), /pCLR™), .

Next, let { be a primitive (r¢ — 1)-st root of 1 and let B = Z,[{].
Clearly B is unramified over Z, and B/pB ~ A4 /. If we fix one such
isomorphism we obtain a character w: 4 /B* - B*. All characters are
powers of w and, upon tensoring with B, we can form isotopic compo-
nents CO(P™)(w'), in the usual cyclotomic fashion. Putting all this to-
gether we finally have

7.5. THEOREM. Let 0 < i < r? — 1. Then COU(PB™)(w') # 0 implies that
B|B(ri—1—1i).

As it is trivial to see, from its additive expansion, that B( pi) = B(i)?,
the result is invariant of the choice of w.

7.6. Question. What is the meaning of the Bernoulli-Carlitz numbers?

(Note: This pattern also seems to hold with » = 2 and r = 4. With
r = 4 the numbers differ by powers of 4!)
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