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ON ORTHOGONAL COMPLETION OF
REDUCED RINGS

R. K. Ral

It was proved by the author earlier that every orthogonal extension
of a reduced ring R is a subring of Q(R), the maximal two sided ring of
quotients of R and the orthogonal completion of R, if it exists, is unique
upto an isomorphism. Here, in Theorem 2, we prove that the orthogonal
completion of R, if it exists, is a ring of right quotients Q (R) of R with
respect to an idempotent filter F of dense right ideals of R. Furthermore,
it is shown in Proposition 5 that Q -(R) is an orthogonal extension of R
if and only if for every ¢ € Q(R), there exists a maximal orthogonal
subset {e,: i € I'} of idempotents of Q(R) such that g maps (by left
multiplication) the right R-submodule of Q( R) generated by g”'R U {e;:
i €I} into R. Also an orthogonal extension Q(R) is an orthogonal
completion of R if and only if for every R-submodule M, of Q(R)
generated by a maximal orthogonal subset of idempotents of Q(R) and
for every f € Hom (M, R) there exists a ¢ € Q(R) such that f(m) =
gm for every m € M (Proposition 6). Thus we obtain a necessary and
sufficient condition for a reduced ring to have an orthogonal completion
without any reference to its idempotent which improves earlier known
results derived by Burgess and Raphael. By examples we show that
reduced rings without proper idempotents may also have an orthogonal
completion.

Introduction. Abian [2] showed that the canonical order relation
‘=<’ of Boolean rings can be defined for reduced rings R (a ring with no
nonzero nilpotent element) by writing a < b if ab = a* and this order
relation makes R into a partially ordered multiplicative semigroup. Re-
duced rings under this relation ‘< ’ were studied by Abian [1] and
Chacron [5] to characterise the direct produce of integral domains, divi-
sion rings and fields. Their studies involved the concepts of orthogonal
completeness and orthogonal completion of reduced rings. These two
concepts, on their own merit, were studied by Burgess, Raphael and
Stephenson [3], [4], [11]. They proved that reduced rings which have
enough idempotents (i-dense) or satisfy certain chain conditions have an
orthogonal completion. In this paper we shall provide a necessary and
sufficient condition for a reduced ring to have an orthogonal completion.

In what follows, all rings referred to will have 1, the identity element,
and R will always denote a reduced ring. In a reduced ring R, every

385



386 R. K. RAI

idempotent is central and for every subset X of R, right and left annihila-
tors of X in R coincide. A subset X of R is called an orthogonal subset of R
if for every x, y € X, x #* y implies xy = 0. An element a € R is said to
be an upper bound of an orthogonal subset X of R if xa = x? for every
x € X. An upper bound a of X is called a supremum of X in R if for every
upper bound b of X in R, a < b. It is obvious from this definition that a
supremum of an orthogonal subset of R, if it exists, is unique. We denote
the supremum of an orthogonal subset X in R by sup, X. It can be easily
proved that an upper bound a of an orthogonal subset X of R is the
supremum of X in R if and only if ann, X = anng(a). Also, for every
orthogonal subset X of R and for every r € R, supgrX = r(supg X)
provided sup, X exists (see Raphael and Stephenson [11], page 347).

A reduced ring R is said to be orthogonally complete if every orthogo-
nal subset X of R has a supremum in R. A reduced ring R D R is an
orthogonal extension of R if every element of R is the supremum of an
orthogonal subset of R. An orthogonal extension R of R is said to be an
orthogonal completion of R if every orthogonal subset of R has a supre-
mum in R. It follows easily from this that an orthogonal extension R of R
is an orthogonal completion of R if and only if R is orthogonally
complete. Obviously, every orthogonal extension of a reduced ring is a
reduced ring.

A ring S D R is said to be a ring of right quotients of R if for every
s €S,s5 'R = {r € R: sr € R} is a dense right ideal of R and s(s~'R) #
0. We denote the ring of right quotients of R with respect to the
idempotent filter of all dense right ideals of R by Q,(R). Every ring of
right quotients may be regarded as a subring of Q,(R) in the canonical
way ([8], page 99).

Let Q(R) = {q € Q,(R): Dg C R for some dense left ideal D of R}.
Then obviously, R C Q(R). It is proved by Wong and Johnson [14] that
Q(R) is a subring of Q,(R) and it is unique (up to isomorphism over R)
maximal two sided ring of quotients of R. Also for every reduced ring R,
Q(R) is reduced (see Steinberg [12], page 466). It is proved in [10] (page
483) that every orthogonal subset X of R has a supremum in Q(R) and
since Q(Q(R)) = Q(R), Q(R) is orthogonally complete.

For every non-zero element a of a reduced ring R there exists an
idempotent 0 # e € Q(R) such that ann; zy(a) = ann,g\(e) and ae =
ea = a. For a proof of this see Lambek [7], Theorem 6.6.

We denote the injective hull of a right R-module M by I(M).

LEMMA 1. Let R be a ring, S a proper subring of Q,(R) such that R C S
and D a right ideal of R. Then Homg(R/D, I(Q,(R)/S)) = 0 if and only
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if for every x € R and for every q € Q(R), (D:x) C(S:q) implies
qES.

Proof. Hom x(R/D, I(Q (R)/S)) = 0

« foreveryx + D € R/Dandforevery0 #q+ S € Q,(R)/S
there exists an » € R such that xr € D and gr & S

< for every x € R and for every ¢ € Q,(R)\ S, there
existsanr € Rsuch thatr € (D: x) and r &(S: q)

< forevery x € R and forevery g € Q,(R)\S, (D: x) ¢

(S:9)
« foreveryx € R and foreveryq € Q,(R), (D:x) C(S:q)
implies g € S.

THEOREM 2. Let R be a reduced ring which admits an orthogonal
completion R. Then there exists an idempotent filter F of dense right ideals of
R such that R = Q(R).

Proof. If R = Q(R), then R = QO (R) where F is the idempotent
filter of all dense right ideal of R. Hence assume that R C O,(R) and let
F denote the collection of all those dense right ideals of R for which
Hom (R/D, I(Q,(R)/R)) = 0. Then F is an idempotent filter of dense
right ideals of R corresponding to the torsion theory cogenerated by
I(Q(R)/R). Now consider Q(R), which is a subring of Q(R). Let
q € Qr(R). Then there exists a D € F such that ¢D C R. Hence D =
(P: 1) C (R: g), which by Lemma 1 implies that ¢ € R. Thus Or(R) C
R.

On the other hand, let ¢ € R and suppose 0 # f €
Hom(R/q™ 'R, (Q(R)/R)). Let 0 = p + R € f(R/q"'R) N Q(R)/R
and a € R be such that f(a + ¢ 'R) = p + R. Then for every r €
(¢ 'R:a) =(R: qa),f(a + g 'R)r = 0. Hence p(R : qa) C R.

Sinceqeli and a € R, qa, ga + 1 € R. Also, (R:ga)=(R:gqa+
1). Hence there exist orthogonal subsets X = {x,: i € I}, Y = {y;: j € J}
of (R: ga) such that ga = supz X and ga + 1 = sup; X. Since p(R: ga)
- Ié,pX, pY C R. Hence for everyz € Xandr € R,

(supz pX)(rz) = supzl(pX)(rz)]  (Cor.1.2,[11])
= supy; p[ X(rz)] (associativity)
= p(zrz) (orthogonality of X).
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Also, since ga = supy X, z(qa) = (qa)z = z>. Hence [(qa)rz — zrz]> = 0
and since R is a reduced ring, this implies that (ga)rz = zrz for every
z € X and r € R. Now consider the dense ideal D = {Za,x,;b, + r: a;, b,
€ R, x; € Xand r € anny X}. For every 2a,x,b, + r € D

(supz pX)( X axb, + r) = X (supz pX)a,x;b,  (Prop. 1.1, [11])
= > p(x,a;x;b,)
=p(2(qa)axb,)
=p(qa)(Ja;xb, + r).

Hence ( pga — supg pX)D = 0 proving that supg pX = pqa. Similarly,
p(ga + 1) = supg pY But this implies that p € R which contradicts the
fact that p + R is a nonzero element of 0, (R)/R. Hence
Hom(R/q" 'R, I(Q,(R)/R)) = 0 proving that g~ 'R € F. Therefore g €
Qr(R) and hence R=0 r(R) as was required to be proved.

As an immediate consequence of this theorem we have the following
result.

PROPOSITION 3. Let R be a reduced indecomposable ring which has an
orthogonal completion R. Let F be an idempotent filter of dense right ideals
of R such that R=0Q r(R). Then no dense right ideal D € F can be
expressed as a nontrivial direct sum of two right ideals.

Proof. 1f D =D, ® D,, then e € Q (R) which is defined by
e(d, +d,) =d, for every d, € D,, d, € D, is an idempotent of R =
Q(R).1f D, # 0 # D,, then e is a proper idempotent of R. Since R is an
orthogonal completion of R and e € R, there exists an orthogonal set {e,:
i € R} C R such that e = supg e,. But then each e, should be a proper
idempotent of R which is a contradiction since R is indecomposable.

COROLLARY 4. C[0, 1], the ring of continuous real values function on the
interval [0, 1] has no orthogonal completion.

Proof. Consider the orthogonal subset { f,: n € N} C C[0, 1], where
for a typical n € N, f, is given by the following.



ORTHOGONAL COMPLETION OF REDUCED RINGS 389

5
L 4
5-4
v
%

Then sup f, is not continuous at 1/2. Hence C[O0, 1]is not orthogonally
complete. Now suppose C[0, 1] has an orthogonal completion R. Then by
Theorem 2 there exists an idempotent filter F of dense ideals of C[0, 1]
such that R = Q (C[0,1]). Let f € Q(C[0,1]) be the supremum of {f,:
neN)} and M = {ge€ C[0,1]: g(1/2) =0}. The f(C[0,1]) = {g €
C[0,1]: fg € C[0,1]} C M. Hence M € F. Since C[0, 1] has no proper
idempotents and M can be expressed as a proper direct sum of ideals of
C[0, 1], by Proposition 3 this is a contradiction. Hence C[0, 1] has no
orthogonal completion.

Burgess and Raphael [3] proved this result using the properties of
continuous real valued functions over a closed interval.

Theorem 2 provides us a necessary condition for a reduced ring Rto
be an orthogonal completion of R. But it fails to provide a sufficient
condition for a reduced ring R to have an orthogonal completion because
for many subrings S of Q,(R) there exist idempotent filters F such that
S = Qr(R). The following proposition characterises the nature of
idempotent filters which give rise to an orthogonal extension of R.

In what follows, we shall write sup X for supy g, X. Also, we would
like to remind our reader that for an orthogonal subset X of R, Burgess
and Raphael ([3], Lemma 11) proved that supp X = sup X whenever
supg X exists.

PROPOSITION 5. Let R be a reduced ring and F an idempotent filter of
dense right ideals of R. Then Q(R) is an orthogonal extension of R if and
only if for every q € Qr(R), there exists a maximal orthogonal subset {e;:
i € I} of idempotents of Q(R) such that q maps (by left multiplication) the
right R-submodule of Q(R) generated by g~ 'R U {e;: i € I} into R.

Proof. Suppose Q(R) is an orthogonal extension of R. Then Q(R)
C Q(R). Let a € Qg(R). Then there exists an orthogonal subset {a;:
i €I'} of R such that a = sup{a;: i € I'}. Let E = {e;: i €I’} be the
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orthogonal subset of central idempotents of Q(R) such that a,, e, = a

i %

and ann, g\(a;) = ann, g\ (e;) for every i € I’ (see [7], Theorem 6.6).

Embed E in a maximal orthogonal subset {e;: i € I} of idempotents
of Q(R). Then, since

anng g {a;: i €I'} = annyzy(a) = annyz){e; i €1'},

ae; = 0 for every i € I\ I'. Also, since a is the supremum of {a,: i € I'},
a, = a;e; < ae, for every i € I'. But, since

ann y g,(e;) C anng g (ae;) C ann g, g(a;),

we have a; = ae,, proving that ae; € R for every i € I.

Now if we let M be the right R-submodule of Q(R) generated by
g4 'R U {e;: i € I} then obviously the left multiplication by g determines
a homomorphism from M into R.

Conversely, suppose for every g € Q-(R) there exists a maximal
orthogonal subset {e;: i € I} of idempotents of Q(R) such that g maps
(by left multiplication) the right R-submodule of Q(R) generated by
¢ 'R U {e; i €I} into R. Consider the ideal D = {Ze,R} N R. Since
{e;: i € I} is a maximal orthogonal subset of Q(R), annz D = 0. Hence
D is a dense right and left ideal of R. Since e;’s are central in Q(R),
Dgq C R and therefore ¢ € Q(R). It follows from this that Q .(R) C Q(R).

Now, since {e;: i € I} is a maximal orthogonal subset of Q(R), g is
the supremum of the orthogonal subset {ge;: i € I} of R. Hence Q(R) is
an orthogonal extension of R. This completes the proof.

The following proposition gives us a necessary and sufficient condi-
tion for an orthogonal extension to be an orthogonal completion.

PROPOSITION 6. Let F be an idempotent filter of dense right ideals of R
such that Q(R) is an orthogonal extension of R. Then Qp(R) is an
orthogonal completion of R if and only if for every R-submodule M, of
Q(R)y generated by a maximal orthogonal subset of idempotents of Q(R)
and for every f € Hom (M, R) there exists a ¢ € Q (R) such that f(m) =
gm for every m € M.

Proof. Since Qr(R) is an orthogonal extension of R. Q. (R) i1s a
subring of Q(R). Suppose Q(R) is an orthogonal completion of R, My is
an R-submodule of Q(R) generated by a maximal orthogonal subset {e;:
i € I} of idempotents of Q(R) and f € Homgz(M, R). Then (as in the
proof of Proposition 5) the ideal D = (Z,e,R)y NR=MNRof Ris a
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dense right and left ideal of R. Since f| D € Hom gx( Dy, Ry), we can find
a g € Q,(R) such that f(d) = gd for everyd € D. Let i € I. Then since D
is a dense right ideal of R and ¢, € Q (R), e, 'D is a dense right ideals of

1

R. Now, ge, — f(e;) € Q,(R) and for every r € e; 'D,

(ge, — f(e,))r = qe;r — f(e,)r
= fle,;r) — f(e)r
= fle;)r — f(e;)r
=0.
Since e, 'D is a dense right ideal of R, it follows from this that ge, = f(e,)

for every i € I. Hence f(m) = gm for every m € M. Further, for every
i€landd €D,

(ge, — e,q)d = q(e,d) —e,(qd) = f(e,d) — e,f(d)
= g(de,) — (qd)e, = 0.

(Here we used the fact that e,’s are central in Q(R) and that ¢d € R.)
Since D is a dense right ideal of R, it follows from this that ge, = e,q for
every i € I. Therefore, Dg = ((Z,¢,R) N R)q C R. Thus ¢ € Q(R) and
hence sup{qge,: i €I} = q-sup{e,: i EI} =¢q-1 = q. Since {ge;: i € I}
C R C Qp(R) and Q,(R) is orthogonally complete, this implies that
q € Qr(R), as was required.

Now we prove the converse. Let {a,: i € I’} C R be an orthogonal
subset and {e,: i € I’} be the orthogonal subset of idempotents of Q( R)
such that a,e, = e;a; = a, and anny z\(a,) = anny z(e,) for every i € I'.
Let {e;: i € I} be a maximal orthogonal subset of idempotents of Q(R)
containing {e;: i € I'} and M = X, e,R. Define f: M — R by

fle,)) =a, ifierl
=0 otherwise

and extend f by linearity over sums. Then f € Hom (M, R). Hence by
our assumption there exists an a € Q(R) such that f(m) = am for every
m € M. Now

aa, = a(a,e,) = a(e;a,) = f(e;)a, = a?

and hence a, < a for every i € I'. Also, if x € ann g, {a;: i € I'} then,
since

(aei)x :f(e,)x,
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(ae;)x = 0 for everyi € 1. Hence,
ax =a.l.x = a(sup{e;: i € I})x = sup{(ae,)x:i €1} = 0.

Thus anngy{a,: i €I’} C annyg)(a). Since a is an upper bound of
{a;; i €T}, annygy(a) C annygfa;: i € I'}. Hence a is the supre-
wnum of {a;: i €I'}. Since, Qr(R) C Q(R) and a € Qx(R), a=
supy (ryta;: i € I'}. Thus we see that every orthogonal subset of R has a
supremum in Q(R). Since Q(R) is an orthogonal extension of R, it
follows that Q (R) is the orthogonal completion of R. This completes the
proof.

Combining Propositions 5 and 6 we get the following result.

THEOREM 7. A reduced ring R has an orthogonal completion if and only
if it has an idempotent filter ¥ of dense right ideals of R such that (i) for
every q € Qr(R) there exists a maximal orthogonal subset {e;: i € I} of
idempotents of Q(R) such that q maps (by left multiplication)_the right
R-submodule M of Q(R) generated by g~ 'R U {e;: i € I} into R and

(i1) for every R-submodule M of Q(R) generated by maximal orthogonal
subset of idempotents of Q(R) and for every f € Homg( M, R), there exists
a q € Qr(R) such that f(m) = gm for every m € M.

Thus a reduced ring R has an orthogonal completion if and only if it
has an idempotent filter F of dense right ideals of R such that Q.(R)
consists of exactly those elements of Q(R) for which there exists a
maximal orthogonal subset {e;: i € I} of idempotents of Q(R) such that
ge; € R for every i € I. Also, it follows from this that a reduced ring R is
orthogonally complete if and only if it contains all those elements of
Q(R) for which there exists a maximal orthogonal subset {e;: i € I} of
idempotents of Q(R) such that ge; € R for every i € I.

As an application of Theorem 7, we prove the following result which
was established in [4] for commutative rings.

COROLLARY 8. Every reduced i-dense ring has an orthogonal comple-
tion.

Proof. Let F be the idempotent filter of all those dense right deals of
R which contain a maximal orthogonal subset of idempotents of R and
consider Qr(R). Since all members of F contain a maximal orthogonal
subset of idempotents of R, Q-(R) is an orthogonal extension of R. Now
let M, be any R-submodule of Q(R), generated by a maximal orthogonal
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subset of idempotents of Q(R) and f € Homg(M, R). Then, since each
idempotent of Q(R) is the supremum of an orthogonal subset of idempo-
tents of R, it follows that M, contains a maximal orthogonal subset of
idempotents of R and hence a member D of F. Therefore, there exists a
q € Qr(R) such that f(d) = qd for every d € D.

Now let m be an arbitrary element of M. Then, since M C Q(R),
m~'D={r €R: mr € D} is a dense right ideal of R and for every
d’ € m™'D, md’ € D and hence

(f(m) — gm)d’ = f(m)d’ — (gm)d’ = f(md") — q(md’) = 0.

Thus f(m) = gm for every m € M and hence by Theorem 7 Q(R) is the
orthogonal completion of R. This completes the proof.

It follows from this result that every reduced Baer ring has an
orthogonal completion (see [S], Theorems 18).

EXAMPLE 9. For every n = 1, let R, = k[x, y, z] be a polynomial ring
in commuting indeterminates over a field k such that yz = 0. Let R be the
subring of II%_, R; generated by @2 R, and 1 €[I?_, R,. Let D =
@ | R, and F be the idempotent filter of ideals of R which contain D.
Since D contains a maximal orthogonal subset of idempotents of R and
hence of Q(R), it follows from Theorem 7 that Q-(R) is an orthogonal
extension of R. Also, since every R-submodule M of Q(R) generated by a
maximal orthogonal subset { f;: i € I} of idempotents of Q(R) contains
{e,: n € N} (where e, is that element of R C [I%2, R; whose rth coordi-
nate is 1 and all other coordinates are 0), it follows that D C M. Hence if
g € Homg(M, R) then g|D € Homg(D, R). Let ¢ € Qx(R) be such
that g(d) = qd for everyd € D.

Now, let m be an arbitrary element of M. Then as in the proof of
Corollary 8, it can be proved that g(m) = gm for every m € M. Hence by
Theorem 7, Q(R) is the orthogonal completion of R. It can be easily
verified that Q-(R) = II}2, R,. It is also interesting to observe that R is
not i-dense.

Theorem 7 produces conclusive results when applied to reduced rings
without proper idempotents as well. This is done in the next example.

ExaMPpLE 10. Let S denote the ring [13_, k,[x] where k, = Z /(2) for
every n € N and let M = (x? + x)S where x is the element of S all of
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whose co-ordinates are x. Let R be the subring of S generated by
MU {1} U {a,: n € N} U {b,: n € N} where

4 =(x+1,x+1,0,0,0,0,0,....0cc0ooreriii. ., ),
a,=(0,0,x+1,x+1,0,0,............. ... ),
ay=1(0,0,0,0,x+ 1, x+1,0,0,0.0vreeee.... ),
by = (x,0,0,0,0,0,0, . .0eeeeeeeseeeeeeeeeiii, ),
by =1(0,%,x,0,0,0,0,. .00t ),
by = (0,0,0, %, %, 0,0, 00 neeneeeer e, ),

Every power of a, (resp. b,) can be expressed as a, + m (resp. b, + m)
where m € M. Also, a,b,, € M, a,M C M and b,M C M. Hence every
element of R can be expressed in the form

Daa,+ XBb,+m+n

where a,, B, € Z/(2) for every i, j,mE€ M and n =0 or 1. It can be
easily verified that R has no proper idempotent.

Let D be the ideal of R generated by {a,: n € N}, {b,: n € N} and
let F be the idempotent filter of all those ideals of R which contain D.
Since ann, D = 0, F is an idempotent filter of dense ideals of R. Let f:
D — R be an R homomorphism. Then since (taking a, = 0)

a,= (b, +a,+ b, ,)a,,
b,= (a,_, + b, + a,)b,,
it follows that
fla,) =[1(b) + f(a;) + f(b;s )],
and
f(b)) =[f(a;-)) + f(b) + f(a;)]b.
Let ¢ = sup Q(R)f(a,.) + sup Q(R)f(bj)' Then, since every element of D is
i J
of the form of
d= Ya,a, + zﬁjbj +m

where a,, 8, € Z/(2) and m = Za,r, (or Zb;s,) is a finite sum with r,’s
(or s,’s) in R. Hence it follows that f(d) = ¢d for every d € D. We show
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that either ¢ € R or there exists a proper maximal orthogonal subset
E = {e;: i € I} of idempotents of Q max(R) such that gE C R.

Since f(b;) + f(a;) + f(b,;,) € R, it is of the form Za,a;, + Z8,b, +
m + n and it follows from this that f(a,) = aja, + m; where m; € M is
such that m,a; = 0 for every i # j and &; € Z/(2). Hence, by Lemma 5 of
(10],

sup f(a;) = sup(aja, + m;) = supaja, + supm,
i i i i

=supaja;, + m wherem € M.

Similarly,
sup f(b,) = sqp(Bj’bj + m’) = sup B/b; + supm;
J J J J
= supB/b, + m’ wherem’ € M.
J
Hence,

q = supaja, + sup B/b, + (m + m’)

where «), B/ €Z/(2) and m +m’ € M. Thus g =r+ m” where r =
sup, aja; + sup,B/'b,and m” = m + m’.

It follows from these discussions that Q.(R) is the subring of S
obtained by adjoining elements of the form of sup a,a; + supB,b; to R
where «;, B; € Z/(2) for all i, j. Now using Theorem 7, it can be verified
that Q -(R) is the orthogonal completion of R.

This example shows that the existence of proper idempotents in R is
not a necessary condition for R to have an orthogonal completion.
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