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SOME EXAMPLES OF
RIEMANNIAN ALMOST-PRODUCT MANIFOLDS

V. MIQUEL

Foliations with bundle-like metrics, conformal, minimal and totally
geodesic foliations and minimal and geodesic plane fields have been
subject to recent study. A. M. Naveira has fitted all these classes into a
general scheme and has gotten thirty six classes of riemannian almost-
product manifolds. In this paper we give strict examples of these classes,
showing that none of them is vacuous, and that the inclusion relations
among them are strict. The basic riemannian manifolds for the construc-
tion of these examples are submanifolds of C"*' and H"*! (C = complex
field, H = quaternion field), and we use the canonical complex structures
on these vector spaces. Perhaps the most interesting examples are those
of minimal foliations which are not totally geodesic foliations.

1. Introduction. Some classes of riemannian almost-product mani-
folds have been extensively studied in the literature. In the beginning,
most of the works on this subject dealt with foliations with bundle-like
metrics ([6], [17], [15]). Recently, the study of other types of riemannian
almost-product manifolds has been initiated: conformal foliations ([14],
[23], [11], [12]), minimal and geodesic plane fields ([18], [24]), minimal
foliations ([5], [16], [20], [21]), totally geodesic foliations ([2], [9]). Hsu [8],
by analogy with the almost-hermitian manifolds, defined some types of
riemannian almost-product manifolds in terms of the symmetries of the
tensor VP, where Vv is the Levi-Civita connection and P is the almost-
product tensor (P? = identity). Naveira [13] has fitted all these classes
into a general scheme. This has been accomplished by means of a detailed
study of a representation of the pertinent group O(p) X O(qg) on a
certain vector space. With this method he has gotten thirty six classes of
riemannian almost-product manifolds, and has also given a geometric
interpretation of some. Carreras [1], along the study of the natural
functions on riemannian almost-product manifolds, has shown that this
general scheme is, in a reasonable sense, complete. Gil-Medrano [3] and
Montesinos [11] have completed the geometric interpretation.

In this note we give concrete examples of some classes. By using them
and the behaviour of the classes under a conformal transformation of the
metric studied in [3], we obtain examples of the thirty six classes, which
shows that the inclusion relations among the classes are strict.
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The plane of the paper is the following:

§2 is a résume of the general scheme of Naveira and an exposition of
the notation employed. In §3 we give a canonical almost-product structure
on a real hypersurface in C"*!, characterize the possible different classes
by properties of the second fundamental form 4, and give concrete
examples of (TGF, AF), (TGF, D,), (F,, D,), (TGF, F,)-manifolds. In §4
we give an almost-product structure on a real hypersurface in H"*!
(H = quaternion field), and, following the same scheme as in §3, we finish
the section with concrete examples of (TGF, AF), (TGF, D,), (D,,D,),
(D,, D)), (A, D,), (TGF, F,)-manifolds. In §5 we define an almost-prod-
uct structure on a complex hypersurface in H"*! and give concrete
examples of (F,, D,)-manifolds. A surprising fact is that, whereas in §§3
and 5 Vis always F, or F,, in §4 Vis F if and only if it is TGF, and in
many manifolds < is not integrable. Occasionally, the proofs involve
messy computations. In these situations we have adopted the method of
writing them only in the cases occurring in §3 which use similar tech-
niques. In §6 examples of the thirty six classes are given.

The effective existence of the thirty six classes (showed by the
examples) lends plausibility to the study of their general geometrical and
topological properties. On the other hand, the examples given in §§3-5
can be considered as possible topics on classical differential geometry
since they are defined in C"*! and H"*!.

The examples given in 3.12, 4.9 and §5 have a special interest. In fact,
as far as I am aware, one encounters in the literature characterizations of
minimal foliations ([20], [21], [5]) and sufficient conditions for defining a
minimal foliation by a closed form ([16]), but nothing is said to dis-
tinguish a minimal foliation from a totally geodesic one.

It is also interesting to remark on the variety of examples of AF and
D, distributions which are not integrable, whilst in [18] only examples on
R? appear.

Finally, the examples given in §5 are also examples of complex
distributions on Kéhler manifolds as defined in [22], and 3.12, 4.9 give
examples of closed vector fields on riemannian manifolds as studied in [7].

I wish to thank F. Carreras, A. Ferrandez, O. Gil-Medrano, D. L.
Johnson, A. M. Naveira and I. Vaisman for useful comments, and
especially A. Montesinos who revised the manuscript.

2. Generalities. Let M be a riemannian almost-product manifold
with metric tensor ( , ) and almost-product tensor P. Let V' be the vertical
distribution (generated by the vectors A such that PA = A4), and I the
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horizontal distribution (generated by the vectors X such that PX = —-X).
We also denote by YV and JC the corresponding vector subbundles of the
tangent bundle TM. V and H will denote the projections onto  and ¥
respectively. Then P = V — H.

As shown in [3], the thirty six classes of Naveira can be reobtained by
considering on each distribution %) (V or J() one of the following
conditions:

(2.1) AF (anti-foliation): V,(P)B = —Vgx(P)A;

(2.2) D, (minimality): 27_, V(P)E, = 0;

(2.3) D, (umbilicity): V,(P)A = 5{ A4, A)ZE_, Vz(P)E,;

(2.4) A: no condition;

(for 4, B € 9, { E,}?_, alocal orthonormal frame of °) and p = dimension
of o), and the conditions obtained by adding to them the integrability
condition F: vV, (P)B = Vg(P)A:

(2.5) TGF (totally geodesic foliation): v, P = 0;

(2.6) F, (minimal foliation): minimality and F;

(2.7) F, (umbilical foliation): v,(P)B = (A4, B)2f_, V (P)E,;

(2.8) F (foliation).

There are the following implications

DI
2
AF > A {D,and D,} < AF.
> D2 =z

Combining conditions (2.1)-(2.8), eliminating the dual situations,
gives the thirty six classes. The inclusion relations among the classes
follow from the above implications.

Relations among these classes and the other studied in the literature
are given in [3], [11] and [13]. For example, the foliated manifolds with
bundle-like metric ([17]) are the (F, AF)-manifolds; the manifolds with
conformal foliations ([14]) are the (F, D,)-manifolds; the manifolds with
totally geodesic or minimal plane fields ([18]) are the (AF, A)-manifolds
and the (D,, A)-manifolds respectively.

We shall say that M is (9D, %)) strict if Vis %D, JCis D’ and M is not in
any other class included in (D, 90)").

From now on we denote by 4, B, C, - - - vertical vector fields, by X,
Y, Z,. .. horizontal vector fields, and by S, T, U,... arbitrary vector fields
on M. {E,}7_, will denote an orthonormal frame in ‘V and {E,}¢_, an
orthonormal frame in JC.

For the real submanifolds in R” we use the same notations as in [10],
except for A which here is denoted &.
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3. Canonical almost-product structures on real hypersurfaces in C"*!,
Let M be an oriented real hypersurface in C"*!, N the unitary normal
vector field on M, and J the canonical almost-complex structure on C"*!.
These elements define a canonical almost-product structure on M, namely
that for which V= {JN} and 3 = {JN}* (orthogonal complement of
JN in TM). Observe that JIC = JC.

In this section M will denote such an hypersurface in C"*! with the
metric ( , ) induced from that of C"*! and the almost-product tensor P

defined above.
First, we observe that the dimension of V' is one, hence M is in the

class (F,, A). Moreover:

3.1. PROPOSITION.
(3.1) v(P)X =2hn(T,JX)JN,
(3.2) VT(P)JN = 2{JAT + h(T, JN)N}.

Proof. V(P)X = -V, X — PV, X=-2Vv; X, and
Vv X=(V;X,JN)JN = (v;X,JN)JN = —(v;(JX),N)JN,

so (3.1) follows. Analogously, V(P)JN =2HV(JN), and a similar
computation gives (3.2). (]

3.2. LEMMA. Every such M is in the class (F,, D,).

Proof. Since it is in (F,, A), the class (F,, D,) is characterized by (2.2).
The condition JIC = I shows that an orthonormal frame {E,} in I can
be chosen in the form {E,,... ,E,, JE,,...,JE,}. Then, using (3.1),

2n 2n
E: VfIP)ELZZZ E:h(E;’JEu)nV
u=1

u=1

=2 n(E,,JE,)—2 > h(JE,,E))JN=0. O

u=1 u=1

Notice that this lemma could be expected, since if JC is integrable,
JIC = K implies that the integral leaves of JC are complex submanifolds of
C"*!, hence they are minimal in C"*'. Lemma 3.2 further states they are
also minimal in M and the minimality remains when the integrability is
dropped.

3.3. CoroLLARY. His F iff it is F,. a
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3.4. PROPOSITION. We have the following equivalences:

(@) M is (F,, TGF) iff (X, Y) = 0.

(b) M is (TGF, AF) iff h( X, JX) = 0and h( X, JN) = 0.

(c) M is (TGF,F)) iff (X, JY) = h(JX, Y) and h( X, JN) = 0.
(d) M is (F,, AF) iff h( X, JX) = 0.
eyMis(E,F)iffn(X,JY)=h(JX,Y).

(f) M is (TGF, D,) iff h(X, JN) = 0.

Notice that the condition A(X, JX) =0 says X and JX are con-
jugated directions, A( X, JN) = 0 says JN is a principal direction and
h(X,JY)=h(JX,Y) is a condition verified by the complex submani-
folds of a Kéhler manifold.

Proof. (d) and (e) follow immediately from the defining conditions
(§2) and (3.1). Now we prove (f). Here, the class (TGF, D,) is char-
acterized by v,, P = 0, which, by (3.1), is equivalent to

h(JN,JX)=0 forevery X €l and JRJN + h(JN,JN)N =0,
but

2n
@JN = 3 h(JN,E,)E,+ h(JN,JN)JN,

u=1
and
h(JN,JX)=0 forevery X€ I iff h(JN,E,)=0, u=1,...,2n.

Then h(JN, JX) = 0 implies J&JN + h(JN, JN)N = 0, and (f) is proved.
(a), (b), (c) are consequence of (d), (e), (f) and the inclusion relations
among the classes. O

3.5. COROLLARY. If M is compact and b(M) = 0 (b,(M) = first Betti
number of M), then M is not (TGF, F,).

Proof. Let 6 be the one-form on M given by (U) = (JN,U). If M
were (TGF,F,), we would have d6(X,Y) =0 = d#(JN, JN) and, by
3.4(c),

d0(X, JN) = vx(6)JN — V,5(0)X = ~(VyJN, JN)+ (v, X, JN)
= —h(JN, JX) =0,

so § would be closed. As b (M) = 0 there would exist a real function f on
M such that § = df. Since M is compact it would be some point x € M
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where 0, = df(x) = 0, whence (JN), = 0. That would yield a contradic-
tion. O

The following corollaries give more concrete examples.

3.6. COROLLARY. Let M be an umbilical real hypersurface in C"*!.
Then M is (TGF, AF) strict iff M is an open set of a sphere, and it is
locally-product iff M is an open set of a real hyperplane in C"*'.

Proof. The second assertion is obvious. For the first, if M is umbilical,
there exists a real number A such that € X = A X (which implies 4( X, JX)
=0) and @J/N =AJN (which implies A(JN, X) =0). Then M is
(TGF, AF), and it is not locally-product since A( X, X) = A|| X||># 0. O

Notice that the canonical almost-product structure on §2"*! C C"*!
coincides with that given by the Hopf fibrations

Sl N SZn+l
7l
cp"

From this viewpoint it is clear that S?"*! is (TGF, AF). In fact the fibers
o
S! are geodesics of $2"*!, and $2"*! - CP" is a riemannian submersion;

then ([1]) v(P)Y = 20,Y, where 0 is the horizontal configuration tensor,
which verifies O, X = 0 ([4] and [15]).

3.7. CorROLLARY. M is (F,, TGF) iff JC is integrable and its leaves are
real 2n-planes in C"*'. Then M is an open set of vector bundle M’ over a
curve o in C"*' such that the fibres are complex hyperplanes in C"*!,
Moreover M’ is contained in the normal vector bundle of o in C"*!.

Proof. If 3 is TGF, then the second fundamental form a of an
integral leaf of JC viewed as a submanifold in C"*! is
a(X,Y)=(vyY,N)N+ (v,Y, JN)JIN
=h(X,Y)N — h(X,JY)JN = 0.
Then this leaf is a linear submanifold in C"*!. O

3.8. COROLLARY. A minimal real hypersurface in C* is (F,,F,) iff
h(JN, JN) = 0 (i.e. JN is an asymptotic direction). O
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From now on we consider two identifications between C"*! and
R?>"*2; those given by the isomorphisms j,, j,: C""' - R*"*2 such that
Tz 0Zyiy) = (Xgse o o5 Xpits Vise - - 5Vsy) and jo(zy,. .. ,2,0) =
(X1 Y15 o5 Xpi1s Yus1)> Where z, = x, + iy,

3.9. PROPOSITION. If we consider the identification j, between C"*' and
R?"*2 we have:
(@ S"XR(r+t=2n+1,r#0%*1t)is
(1) (TGF, D,) strict for r < n;
(ii) (F,, D,) strict forn <r < 2n.
(b) If M is the hyperboloid of one sheet, {(X,,-..,X5,4,) € C**!|
i x2 — x3, ., = 1}, then M is (F,, D)) strict.
For the identification j, we have
(c) S” X R (r, t as above) is
(iii) (TGF, AF) strict for r =2s — 1 # 1 and locally-product iff
r=1;
(iv) (F,, D)) strict for r = 2s.
(d) If M is the hyperboloid of one sheet, it is (F,, D,) strict.

Proof. (a) At Xx = (Xy5- .- ,X,4q, Ups.-.,4,) ES" X R, N =
(x15.--5%,41,0,...,0).

(1) In the case r = n, JN, =(0,...,0, x},...,x,,,,0,...,0) with x, in
the (n + 2)th spot, and @/N = —v;y N = 0. Then Vis TGF. Moreover, if
X=(X,....X,,) €I, then @X = (-X,,...,-X,,,,0,...,0), and
MX,JY)=X\Y, ., + - +X,,,Y, ., At x =(1,0,...,0), we take X
=(0,1,0,...,0, 1,0,...,0) with the second 1 in the (n + 3)th spot, then
h(X, JX) = 1% 0 and ¥ is not AF. Similarly, if X, = (0, 1,0,...,0) and
Y, =(0,...,0,1,0,...,0), with 1 in the (n + 3)th spot, then A( X, JY) =1
and A(Y, JX) = 0, whence J( is not F,.

(i) In the case r >n, JN = (=x,,9,---»—X,1150,...,0, xp,...,x, 4 1)
and @JN = (=x,455---»—X,41,0,...,0, x,,...,x,_,,0,...,0), which shows
that @JN is not proportional to JN in many points x of S” X R/, since
t # 0 implies r — n # n + 1. Then Vis not TGF. Similar computations as
in (i) show that JCis not AF nor F,.

(b) If

2n+1
f(xpse0xy,05) = 2 XP = %340~ 1,

then
N—__gradf

21 +2x2 .,
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and the proof of (b) follows from similar, but longer, computations than
in (a).

(c)iil) For r =2s — 1, JN = (x5, X,.-.»—X35 X35-1,0,...,0), A is
the same for S” X R’ in R?"*? as for S” in R?**. Then, if r # 1, S” X R’ is
(TGF, AF) strict from 3.6, and, for » = 1, JN is the tangent vector to S',
whence the result.

@v) For r = 25, JN = (X3, Xj5. <. s—Xp4 X951, 0, X554 1,0,...,0) and
@JN = (x5, -X},...,Xp,, —X25_1,0,...,0), which is not in the direction of
JN in the points wiht x, ., # 0. Then V' is not TGF. Moreover, analo-
gously to (a)(i), JCis not F, nor AF.

(d) Similar computations. O

The following is an example where M is compact and the distribu-
tions verify the conditions as weakly as possible (cf. 3.2).

3.10. Let M be S? X S' immersed in R* by the parametrization
x(8, ¢, )

= ((cos @ cos ¢ + a)cos v, (cos fcos ¢ + a)sin v, cos §sin ¢,sin§),

where a > 1. The entries of the matrix of &, (h,;), and { , ), (g;;), obey the
following relations:

(D) hgg = ~8o9» Pps = —8ppr Moy = —(8,, — a(cos B cos ¢ + a)),

(ﬁ) h0¢ = hﬂo = h¢u = 869 = 8o — Bpv — 0.
A long computation using (i) and (ii) shows that M is (F,, D,) strict with
the identification j,. O

3.11. REMARK. All computations are valid if we have, instead of C"*!,
a Kahler manifold M’ of complex dimension » + 1 and M is a real
hypersurface in M’ with a global unitary normal vector field N. In this
situation the Corollary 3.6 holds for umbilical real hypersurfaces which
are not necessarily spheres.

3.12. Examples of (TGF, F,)-manifolds can be obtained as follows.
Let M’ be a complex hypersurface of C"*! with trivial normal vector
bundle (for example, let M’ be the zeros of a holomorphic function f:
C"*!' - C of complex rank one on every (z;,...,z,.,) €f7'(0)) and
compact closure. Then we can choose an orthonormal frame {N, JN} in
the normal vector bundle over M’. Let M” be a tubular neighborhood of
M’ in C"*! and « a strictly positive real function on M’ such that
x = k(x)JN, € M"” for every x € M’. We define M = {x + AJN|x € M’
and |A|< k(x)}. Then M is a real hypersurface in C"*! such that, with the
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canonical almost-product structure, the distribution JC is integrable and
the leaves of this foliation are the submanifolds obtained from M’ by the
flow of JN, and the vertical leaves are segments x + AJN, —k(x) <A <
k(x). Then Vis TGF and ICis F,. Moreover M is locally product iff M’ is
a linear submanifold of C""! (see proof of 3.7).

4. Almost product structures on real hypersurfaces in H"*'. Let M
be an oriented real hypersurface in H**!, N the unitary normal vector
field on M, and J,, J,, J; the canonical almost-complex structures on H"!
such that J,J, = J;. These elements define an almost-product structure on
M, namely that for which the vertical distrubution Y is generated by the
vector fields J;N, J, N, J; N and 3 = V* . Observe that JIC = I(,i = 1,2, 3.

In this section we always consider this almost-product structure on all
real hypersurfaces M in H""' endowed with the metric induced by the
canonical riemannian metric on H"*!.

PROPOSITION. We have the following formulas:

(4.1) VL (P)Y =2 3 h(T, JN)IN;

(42) v (P)JN= —2{J,C~BT+ h(T, JN)N + h(T, JkN)JjN
~h(T, JN)J N},
where {i, j, k} is a cyclic permutation of {1,2,3}.

Proof. The formulas are obtained by similar, but longer, computations
than in 3.1. O

4.2. LEMMA. Every such M is in the class (A, D,).

Proof. On M we can take a local orthonormal frame in the form
{E,, J\E,, ,E,, JLE 6 J N, J,N, ,N}'_ . If we denote E,, = J\E,, E;, =
LE, E, =JE, then {E }*"  is a local frame in 9C and, by (4.1),

4n 4n 3
2 VE“(P)EM = 2 2 2 h(Eu’ JzEu)‘]lN = O’
u=1

u=1 1=1

as can be verified by explicitly writing the summands. O

As in 3.2, this lemma could be expected, and ¥ is F iff it is F,.
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4.3. PROPOSITION. On these riemannian almost-product manifolds the
conditions AF or F on V are equivalent to the condition TGF.

Proof. Vis AF iff v, (P)J;N = 0. Then, from (4.2), ( J;@J.N, X) = 0,
whence h(J.N, X) = 0 for every X € JCbecause J,I3C = I(C.

Vis F iff Vyn(P)JN = VJIN(P)J,»N. Then, from (4.2),h(J;N, J; X)
= h(J,N, J, X). Therefore, if {i, j, k} is a cyclic permutation of {1,2,3}
and X = J, Y, we have h(J,N, J)Y) = -h(J,N, J;Y) for every i, j, whence
h(JN, JY) = -h(J, N, J,Y) = h(iJ;N, J.Y). Then h(J;N, Z) = 0 for ev-
ery Z € .

Finally, V'is TGF iff V;~P = 0. Then, from (4.1), h(J;N, J;Y) =0,
and, as above, h(J,N, X) = 0 for every X € JC. Conversely, if A(J;N, J;Y)
=0, then Vv,,(P)Y =0 and, by the symmetry properties of VP,
V;n(P)N = 0, so Vis TGF. O

4.4. COROLLARY. Among these riemannian almost-product manifolds we
have the following equalities of classes:

(a) (AF, D)) = (F, D) = (TGF, D)).

(b) (AF, AF) = (F, AF) = (TGF, AF).

(c) (AF, F)) = (F,F,) = (TGF, F)).

(d) (AF, TGF) = (F, TGF) = locally-product.

Using the equations defining the classes, (4.2) and 4.4 we can get the
characterization of all the possible classes of these riemannian almost-
product manifolds in terms of h. This is the content of the following
proposition:

4.5. PROPOSITION. We have the following equivalence:

(a) Mis (A, AF) iff h( X, J.X) = 0.

(b)yMis(AF)iff (X, J.Y)=h(JX,Y).

() M is (Dy, D) iff 2, h(J;N, J,X) = 0.

(d) M is (D, D)) iff h(J,N, J.X) = h(J;N, J, X).

(e) Mis (A, TGF) iff h(X,Y) = 0.

() M is (D,, AF) iff (X, J,X) = 0 and 33_, h(J,N, J, X) = 0.

(8) M is (D,, AF) iff h( X, J;X) = 0 and h(J;N, J; X) = h(J,N, J; X).

(b) Mis(D,,F) iff (X, JY) = h(J, X, Y) and 23_, h(J,N, J, X) = 0.

(i) M is (D,,F)) iff h(J,N, J,X) = h(J,N, J,X) and h(X, JY)=
h(J.X,Y).

G) M is (D,, TGF) iff h(X,Y) = 0 and 23_, h(J,N, J,X) = 0.

(k) M is (D,, TGF) iff (X, Y) = 0 and h(J,N, J; X) = h(J,N, J, X).

(1) M is (TGF, D)) iff h(J,N, X) = 0.



RIEMANNIAN ALMOST-PRODUCT MANIFOLDS 173

(m) M is (TGF, AF) iff h(J,N, X) = 0 and h(X, J.X) = 0.
(n) M is (TGF.F,) iff h(J N, X) = 0 and h( X, JY) = h(J, X, Y). O

Similarly to 3.6 and 3.7 we get

4.6. COROLLARY. Let M be an umbilical real hypersurface in H"*'.
Then it is (TGF, AF) strict iff M is an open set of a sphere, and it is
locally-product iff it is an open set of a real hyperplane of H""!. ]

As in 3.6 the almost-product structure given here on S***? is also
given by the Hopf fibration

S3 N S4n+3
'”\L 5
HP"

. m . . -
and consideration of S*'"3 SHP" as a riemannian submersion also
shows that $*"*3 is (TGF, AF).

4.7. COROLLARY. M is (A, TGF) iff the leaves of the horizontal foliation
are complex 2n-planes in H" . O

We consider the identifications between H” ! and R4n 4 giVCIl by the
iSOIIlOI'phiSI’IlS kl’ k21 H” ' > R4" 4 such that

kl(ql9""qn+l) = (xl""’xn+]’yl""9yn+l’ ul""’un+l’Dl""’vn+l)’

kZ(ql""ﬂqn—H) = (xl’ y\’ ul’ Ul""’xn+l’ Yu+15 un+l’ Dn-H)’

where g, = (x,, y,, u;, v;).
After a long computation following the technique of 3.9, we obtain
the following concrete examples:

4.8. PROPOSITION. (a) Under the identification k,, S" X R (r +t =
4n+ 3, r+=0+#1)is
(1) (TGF, D,) strict forr <norr=2n + 1,
(i) (A, D)) strict forr > nandr #2n + 1l and r # 3n + 2,
(1i1) (D,, D)) strict forr = 3n + 2.
(b) Under the identification k,, S” X R’ (r, t as above) is
(iv) locally-product for r = 1,2, 3,
(V) (D,, D)) strict forr = 4s (s = 1,2,...),
(vi) (A, D)) strict forr = 4s + 1,45 + 2,
(vii) (TGF, AF) strict for r = 4s + 3. O
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4.9. Examples of (TGF, F,) can be given by a similar construction to
that of 3.12, but with M’ a complex submanifold in H"*! of complex
dimension 2n and with trivial normal vector bundle.

5. Canonical almost product structures on complex hypersurfaces in
H"*!.  H""! can be identified with C?"*2. Then it is meaningful to
consider a complex hypersurface in H"*!. Let M be a such hypersurface
with trivial normal vector bundle. We consider as almost-complex struc-
ture on C2"*2 = H"*! the one given by J,. Let {N, J,N} be a frame in
the normal vector bundle of M. Then we can consider on M the vertical
distribution V generated by {J,N, J;N}, and 3C = V. This defines an
almost-product structure P on M. In this section M will represent such a
riemannian almost-product manifold. For the components of the real
second fundamental form a of M, we use the notation:

a(S,T) = h°(S, T)N + (S, T)J,N.
As in §§3 and 4 we have the following
5.1. PROPOSITION.
(5.1) v (P)X =2{hT, ,X)J,N + h’(T, J;X)JN}.
(5.2) (vr(P)JN, X)=2nr%T, JX), i=2,3.

5.2. LEMMA. Every such M is in the class (F,, D,).

Proof. We choose a local frame {E,, J\E,, ,E,, ,E,, J,N, N} on
TM. Then 32, Ve(P)E, = 0 as in 4.2. Moreover, since M is a complex
submanifold of C*"*2, a(S, T) = —a(J,S, J,T); then

(Vin(P)LN, X)= 205N, J;X) = -2h°(J,J,N, J,J,X)
= 2h°(LN, [, X) = (v, (P)L,N, X),
and
<V12N(P)J2N, X>= 2h°(L,N, J,X)

= -2h°%(LN, LX) = ~(v,y(P)LN, X). O

Asin 3.2 and 4.2, we could expect that M was (D,, D,). The agreeable
fact is that “Vis also F.
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As in 3.4 and 4.5, the different classes of almost-product structures
can be characterized by symmetries of 4°, but here 4° is not the whole
second fundamental form of M.

We identify H"*! with C2"*2 by the isomorphism k: H"*! - C2"+2
such that k(q,,...,9,+1) = (2}, 235 - - 323,415 Z2,42) (Where g, =
(251> 2;)), and with R**** by j, o k, where j, is the isomorphism given
in §3. Then:

5.3. PROPOSITION. If r is a real number, M = {(z,,...,25,+,) €
H""' /3277222 = r} is (F,, D,)-strict.

Proof. First, we observe that if f(z,,...,z,,,,) is a holomorphic
function and vf = (9f/9z,,...,0f/0z,,,,), then {—V—f, J,_v_f} is a frame
in the normal vector bundle of M. With this remark, the proof is a
computation similar to those in 3.9. O

6. Examples of the thirty six classes. In §§3-5 we gave examples of
nine classes of riemannian almost-product manifolds. Here, our point is to
give strict examples for the thirty six classes. This proves that the
inclusions among the classes are strict. In order to get all of them, it is
enough to build a few because the rest can be obtained by using the
following results:

6.1. PROPOSITION ([3]). Let (M;{ , )) be a riemannian manifold, %) a
distribution on M, g a real function on M and { , )° = e?¢(, ). Then:

(a) If D is AF for { , ), then it is D, for { , )°, and it is AF for { , )° iff
Xg = 0 for every X € D+

(b) If D is D, for { , ), then it is A for { , )°, it is D, for { , )° iff
Xg = 0 for every X € D* and it is D, for { , )° iff it is AF for { , ).

(d) If D is D, for { , ), then it is also D, for { , )°.

6.2. PROPOSITION. Let M be a (F, A)-manifold. Then there is a real
function f on a open set of M such that Af = 0 for every A € Vand Xf # 0
for some X € XC.

6.3. PROPOSITION. Let M, M’ be two riemannian manifolds, %) a
distribution on M and %)’ another one on M’. On the riemannian product
M X M’ we consider the distribution %) ® %)’. If ) and %)’ are both AF, D,
or F, then ) ® %)’ is AF, D, or F, respectively.



176 V. MIQUEL
Proof. 1t is a consequence of the formula
Viiw(P+ P)(B+B)=v,P)B+ vy(P)B,

where P, P’, P + P’ are the almost-product tensors corresponding to the
structures (D, D), (D7, D’*), (D & D, (D & D’)*) on the manifolds M,
M’', M X M’, respectively, and v, V', V" are their corresponding Levi-
Civita connections. O

6.4. PROPOSITION. Let (M, P) be a product manifold and (M’, P’) a
riemannian almost-product structure. Then, in the induced almost-product
structure (M X M', P + P’) there exists a real function g such that Xg = 0
for every X € I® I’ and Ag # 0 for some A € V& V', and another f
such that Af = O for every A and Xf # 0 for some X.

Proof. Let M = B X 9 and g’: % — R not constant, take g(x, y, z)
= g'(x) for (x, y,z) €SB X M X M’. With respect to f the proof is
similar. a

Now we give the examples. First, we note that, by 6.1 and 6.2 or 6.4,
it is enough to have examples for which the distributions are TGF, F,, AF
or D,. We give a list of these examples:

(TGF, TGF) product manifolds.

(TFG, F)) examples given in 3.12 and 4.9.
(TGF,AF)  examples given in 3.6 and 4.6.
(TGF, D,) examples given in 3.9(i) and 4.8(1).

(F,, F) (M X M', P+ P’), where (M, P) is (F,, TGF) and
(M’, P")is (TGF, F)).

(F,,AF) (M X M', P + P’), where (M, P) is (F,, TGF) and
(M’, P’) is (TGF, AF).

(F, D)) (M X M', P+ P’), where (M, P)is (F,, TGF) and

(M’, P")is (TGF, D,); and examples given in 5.3.

(AF,AF) (M X M’, P + P’), where (M, P) is (AF, TGF) and
(M’, P") is (TGF, AF).

(AF, D)) (M X M’, P + P’), where (M, P) is (AF, TGF) and
(M’, P") is (TGF, D,).

(D,, D)) (M X M’, P+ P’), where (M, P)is (D,, TGF) and
(M’, P’)is (TGF, D,); and examples given in 4.8(iii).
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The examples in the list given as products of almost-product mani-

folds are correct by 6.3.

(1
(2]
131
(4]
15
6]

[7]
(8]

[9]

[10]
(1]
[12]
[13]
[14]
[15]

[16]
(17

(18]
[19]
[20]
(21]

[22]
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