PACIFIC JOURNAL OF MATHEMATICS
Vol. 117, No. 1, 1985

SOME MAXIMUM PROPERTIES FOR A FAMILY
OF SINGULAR HYPERBOLIC OPERATORS

Lu ZHU-J1A

We study some maximum properties of solutions of the equation
h'(x)
h(x)
with real parameters p and g. Some of the results here improve those of
L. E. Payne and D. Sather. We also point out that a certain condition
given by S. Agmon, L. Nirenberg and M. H. Protter is not only sufficient
in order to obtain a kind of maximum property, but also necessary for a
special case of L

L U=, — hz(x)utt +ph’(x) u +gq

P,q,¢ ux+c(x, t)u=0

P.q:c’

1. Introduction. Since the maximum principles were first estab-
lished for a class of linear second order hyperbolic operators in two
independent variables [1], [3], many authors have studied various maxi-
mum and monotonicity properties of some problems for classes of linear
second order hyperbolic operators in two or more independent variables
[5]-[10]. Later Payne and Sather considered a singular hyperbolic operator
[4]. They obtained some maximum, monotonicity and convexity proper-
ties, as well as pointwise bounds, for the solution of some Cauchy and
initial-boundary value problems for the Chaplygin operator

(11) L=,

where A satisfies

(1.2) (a) h e C'(R,) N C*(R,), (b)R(0) =
(c)w'(x)>0,x>0.

For example, Theorem 1 in [4] states that if 4 satisfies (1.2) and

. h(x)
(13) i (%)

and if u satisfies the conditions
(14) (a)ue C*(EUAB)NCYE), (b)u,<0 onA4B,
(c)Lu<0 inE,

=0,

then

(1.5) u < maxu inkE,
AB

193



194 LU ZHU-JIA

where AB is a segment of the #-axis and E is the domain bounded by 4B
and the two characteristics of operator L, through A4, B, respectively,
which have positive x-coordinate.

In this paper we deal with a family of operators with two real
parameters p and g:

(16) Lyye= s =) L 4 p) 3 + 4 ()34 ().

dx Tnx) 3
The domain E in which the operators L, , . are defined is the same as
above, and we denote the closed segment AB by C. In §2, we give two
lemmas which are used in §3. The main results of this paper are stated
and proved in §3. Theorems 1 and 1’ show that condition 4 in [1] is not
only sufficient, but necessary for the maximum property for the family of
operators under consideration in this paper. Theorems 2 and 3 improve
Theorem 1 and Lemma 1 in [4]; in fact, some superfluous conditions in
the latter are eliminated. In addition we obtain pointwise bounds as given
in Corollaries 1 and 2.

2. Two lemmas. It is always supposed in this paper that
(2.1) (a)h e C*0, M] nC!O,M] or (b)he C'0, M],
(2.2) h(0) = 0; h(x)>0, x>0,

(2.3) ce C°(E\C), c¢<0,

where M = max{x: (x,t) € E}. We denote the x- and ¢-coordinates of
any point P in R? by x »» 1, TESpectively. Assume 7, < 75, and denote by
I'; (I,) the characteristic curve of L, , . in (1.6) that passes through 4 (B)
with positive (negative) slope and with positive x-coordinate.

LeEMMA 1. Suppose h satisfies (2.1)(b) and (2.2). Then for any p and q,
there exists a function g(x, t) € C*(E\ C) such that

4L, ,g>0inE\C,

(2.5) g as a function of t decreases strictly on I';.

Proof. We select the function g in the class C*(0, M]; in other words,
g will be a function of the single variable x. Then we have

’

(2.6) L,,08=8"+q3¢.

(a) The case g < 0. It is sufficient that g satisfy
g’ <0, g’ > 0.
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In this case, g can be chosen to be in the class C*( R), say
(2.7) g(x) = x? — 3Mx,
and it follows that

(2.8) L,,08=2—3Mgh'/h >0 inE\C.

(b) The case g > 0. Choose
(2.9) g(x) = [" (h(s)) " as,

X

which satisfies the equation
’

g/I + 2q_,1_

8 =0 inE\ C.

Therefore we get
(2.10) L, 08=gh™>71>0 inE\C.
Thus, the proof of Lemma 1 is complete.

LeMMA 2. If (2.1)(b), (2.2) and (2.3) hold, then, for any p, q, there exists
a function g(x, t) € C*(E\ C) which satisfies

(2.11) L,,8<0 inE\C
and
(2.12) g.(x,t)<0 inE\C.

Proof. (a) The case ¢ > 0. We choose

(2.13) g(x,t) = M?*— x2,
A simple calculation shows that
h'(x .=
(214) L,,.8= —2- th((x))x +c¢(M?-x?)<0 inE\C
and that
(2.15) g (x,t)=-2x<0 inE\C.
(b) The case g < 0. We choose
h'(r)

. = 2 .

(2.16) g(x,1) f exp(f qh()d ds

Then we obtain

g (x, 1) = —exp(fx (()) )<0 in E\ C



196 LU ZHU-JIA

and

reae8 = D) h(s)
h’ h’ .=
th((;c)) exp( xM 2q——(§—)—ds) <0 mE\C.

3. Main results. First we give two definitions.

L h(x) exp(fo PPLAC) ds) +cg

DEFINITION 1. Suppose (2.3) holds. The operator L, , . is said to have
the maximum property ( P) if the conditions

(3.1) ue C*(E\C)n CNE),
(32) L,,u>0 inE,
(3.3) u as a function of ¢ decreases on T},
(3.4) maxu > 0ifc#0

E
imply
(3.5) maxu = maxu.

c E

REMARK. (3.4) is not needed if ¢ = 0.

DEFINITION 2. Suppose (2.3) holds. The operator L, , . has the
maximum property (L), [(L),] if the conditions

(3.6), ue C*(E)n CYE),
[(3.6), ue C}(E\C)nCYE)],
(3.7), L,,u<0 inE,
((3.7),, L,,u<0 inE\C|,
(3.8), u, <0 inC,
[(3.8), u, <0 onC]

(3.9) maxu < 0 ifc#0
imply (3.5).

REMARK. (3.9) is not needed if ¢ = 0.
We now state and prove the main theorems.
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THEOREM 1. Suppose (2.1)(a), (2.2), (2.3) hold. Then the operator L, , .
has the maximum property ( P) if
(3.10) p—q—1x<0,
(311) 4h% +(p—q—V)[2m” +(p +q-3)(W)’] 20 in(0, M].

Moreover, (3.5) holds without the requirement (3.4) ifp — g — 1 = 0.
Conversely, (3.5) is violated if (3.10) doesn’t hold even though all the
remaining conditions are satisfied.

Proof. (a) First we consider the case p —¢—1<0 and ¢ # 0.
Suppose u satisfies (3.1)—(3.4). If the result (3.5) were false, there would be
apoint Q € E U T, such that

u(Q) = maxu > 0
E

because of the condition (3.3). We have the identity
(312)  D_[(A(x)*D,v] = (h(x))°L, 0 — D_(4v)
+[a -—(h(x c]v
Voe CHE\C),inE\C,
where

_prtq-1

d d
Di=—a—ih(‘x)57’ 2 ’

LB L () (h(x))™

Draw the characteristic I' from Q to a point P which is on I}, and
integrate (3.12) with respect to x in which v is replaced by u. We find

(h(x))"D,ulg > (—Au)p + fr (4" — hec)u dx

A=

= (~Awg + [ (e = 4)(u(Q) - ) dx
——u(Q)j; hcdx + u(Q)A|2
= A(P)(u(Q) = u(P)) + [ (e = 4)(u(Q) - u) dx

—-u(Q)fr h%dx > 0,
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since u(Q) > u(P), A(P)> 0, h%c <0, u(Q)=0, u(Q) —u >0, h*c —
A’ = 0, where the integral along I is from Q to P. Hence we have

(3.13) D.u(Q) < (%—)aD+u(P) <0

since (3.3); this contradicts the fact that u(Q) = maxy u.

(b) Suppose p — g — 1 = 0. It follows immediately from (2.3), (3.11)
that ¢ = 0. Let g be a function which has the properties mentioned in
Lemma 1. Let

(3.14) v,=u+eg, €>0.

It is easy to see that v, has the properties (3.2) with strict inequality and
(3.3) for every ¢ > 0. We claim that for every 8 > 0(8 < M) and ¢ > 0,

(3.15) the maximum of v, on Ej is only achieved on Cj,

where Eg = E N {(x,?): x > §} and C; = dE; N {(x,t): x = §}. In fact,
identity (3.12) in this case is

(3.12) D_[(h(x))*D,v,] = (h(x))°L, . inE\C.

With reasoning similar to the case (a) we get (3.15) (notice that we haven’t
used condition (3.4)). Hence we obtain

maxu = maxu forevery§ € (0, M),
G E,

and (3.5) follows.

(c) In the case ¢ = 0, it is obvious that we can obtain (3.5) without
condition (3.4) because we can add any constant to u.

(d) We give an example to show that the last conclusion is true. For
the sake of convenience, let

I={(x,1):t—H(x)=0,0<x <M},
I,={(x,t):t+ H(x)=2H(M),0<x <M},

where H(x) = [ h(s) ds.
(1) The case ¢ = 0. The function we desire is

(3.16) u,  (x,1) =g, (x)f(t = H(x)),
where f satisfies

(a)f€ C*[0,2H(M)], (b)f(0)=0, (c)f =0,
(3.17) M

(@) f(s) = f(2H(M)) > 0, 2H(M) — 2H(7) <s <2H(M),
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and g,  is defined as follows:

(3.18)
3IM\" . ,
Gy =2n+ 1)(7) /(p —a-1 M/?gclsMh (%),
M
gp.q(x) = 0<x<7,
n+1
Gp,q+(x—%l—) " %4-<st,
where n satisfies
M\ Rh(x)
(3.19) (@)n>1,  (b)n= M/ftnsafsM( q(x 4 ) h(x) )

It is not difficult to verify that
(320) L, jott, = [(p— a—1)g, " = 2hg, | (1 = H(x))

hl
+(g,’,’,q + qg,’,,q-,;-)f(t - H(x))
>0 inE\C
ifp — ¢ — 1> 0, and that (3.3) holds for u, ,. But

(3.21) up,q(%,ZH(M)—H(%))

- s (¥ )slonon) 211 %)

~ (G (5) " 020y

= 5, 07GH0) +( L) rn(m)

M n+1
= maxu,, +(—4—) fQH(M)) > maxu, ,,

that is to say, (3.5) doesn’t hold.
(i1) The case ¢ < 0, ¢ # 0. Define the function

(3.22) (X, t)=u, (x,1) + 4,

199
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where u, (x,t) is the function which appears in case (i), and 4 =
—maxg u, .. It is obvious that

(3.23) v,,<0 inE and  maxv,, =0.

p,9 — E q
Andwe have (3.3) (for v, ,) and
(3.24) L,, =L, (u,, +A4)

=L +e,, >0 inE\C

p,q,Oup,q P.q =

if p — qg— 1> 0, because of (2.3), (3.20) and (3.23). Thus, the function
v, , satisfies conditions (3.1)—(3.4). However, we have

o 5o 2HOM) = 1)) =, [ 5 20(0) — 1 )| + 4

> mgxup,q + A= mgxupyq,

because of (3.21); i.e., (3.5) doesn’t hold. The proof of Theorem 1 is
complete.

REMARK 1. In a special case of operators L, , . with
h(ix)=x, ¢g=0, ¢=0,
(we denote L, , . by L’ in this case), condition 4 in [1] is sufficient and

necessary for L’ to have the maximum property (P). It is stated as
follows:

THEOREM 1'. The operator L’ has the maximum property (P) if and
only if
(3.25) p<1.

In fact, we note that conditions (3.10), (3.11) in this case become
p—1=<0,(p—1(p—3)=0,ie, (3.25.

REMARK 2. The first part of Theorem 1 can be stated in an equivalent
way.

THEOREM 1”. Suppose (2.1)(a), (2.2), (2.3), (3.1)-(3.3), (3.10), (3.11)
hold. Then we have
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(3.26) maxu < 0,
E

if

(3.27) maxu < 0.

Proof. The reasoning from Theorem 1 to Theorem 1” is obvious. On
the other hand, if (3.4) holds, we define

(3.28) v =u— maxu.
E

Then maxzv = 0. According to Theorem 1”, we must have max v = 0,
i.e., (3.5) holds.

We now deal with the operators Lp‘,O,c'

THEOREM 2. Suppose (2.1)(b), (2.2), (2.3) hold. Then the operator L, .
has the maximum property (L), if

(3.29) lp| < 1.

If c satisfies (2.3) and, in addition,

(2.3) cis bounded if p > 1,

(2.3)"” ¢ is bounded by a certain constant depending on M and p if
p<-1
the operator L, , . doesn’t have property (L) when |p| > 1. When ¢ = 0, the
result holds without condition (3.9).

Proof. (a) The case | p| < 1.
(1) Suppose all of the conditions in the theorem are satisfied and
¢ # 0. We will show that

(3.30) u<0 inE.

If it were not true, then there would exist a point P’ which belongs to the
union of I'}, I, and E, and is such that

(3.31) u(P’) =0,

(3.32) u(Q) <0 forany Q € Ewith0 < x,, < x,,

because of (3.9). Draw two characteristics I'j, I'; through P’, with positive
and negative slope respectively. Let A’ (B’) denote the unique point of

intersection of the #-axis and the characteristic I'] (I';), and let E’ be the
domain bounded by I}, T; and the z-axis. Then, by Green’s formula, we
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have

f/ L,oudxdt= ? (h%u, — ph'u) dx + u dt + /f cu dx dt
E’ E’ o4
= — " ua +frh2u,dx +oudt —[r h?u,dx + u,dt
A Y ;

2

_/I"llph’udx+/rz’ph’udx+ 4[cudxdt
_L?’uxdt-i-frllhdu+frz’hdu—fnph’udx

+fr/ph'ua'x + ffcudxdt
2 E’

B’ , ,
= —f uxdt+huli,+hu|§r—(p+1)fh’udx
% Iy

+(p—1)/;'h’udx+ ffcudxdt
2 E’

_ _jjux dt + 2h(P)u(P") — h(A)u(A) — h(B)u(B')

—(p+ 1)]1;h’udx +(p — 1)fI"h’udx + ffcudxdt,
7 5 fod

where the integral along I'] (I;) is from A’ (B’) to P’. Therefore we find
that

(3.33) 2h(P)u(P’) = h(A)u(A’) + h(B)u(B’)
+ fpr,o,c“ dx dt — ffcu dx dt

+fBluxdt +(p+ l)jl“h/udx
o 3

+(1 —p)fr,h’udx.

According to assumptions (2.2), (2.3), (3.6), (3.7), (3.8), (3.29), (3.31) and
(3.32), we have
0 = 2h(P’)u(P’) = the right-hand side of (3.33) < 0.

This is a contradiction and (3.30) follows.
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(ii) The reasoning from the fact that “max.u <0 = maxzu < 0”
to the fact that “max.u <0 = max,u = maxzu” is as follows: Let
v, = u — max.u — & where 0 < ¢ < —max u; then we see that v, satis-
fies all the conditions of the theorem. So we obtain maxzv, < 0 in E. Let
€ tend to zero; we get u < max . u in E,ie., max. u = maxg u.

(iii) ¢ = 0. The result in this case is obvious because we can add any
constant to # and insure a negative maximum of ¥ on C without violating
any conditions of the theorem.

(b) The case |p| > 1 and ¢ = 0. Let I'}, I, and E be as in the proof of
Theorem 1, (d). We have a counterexample as follows:

(3.34) u,(x,t) = H(x) —é.

It is easy to check that
(3.35) L,o0u, =0, (u,) (0,1) = H'(x)lc=o=h(x)li==0.
(i) p > 1. We have
(3.36) maxu, =  max (—L) =0.
C 0<t<2H(M) p
However, when (x, t) € I'}, t > 0, we have

up(x,t)=H(x)—-£=H(x)—t+(1 —%)t= (1 —%)t>0.

(ii) p < —1. We have now, instead of (3.36),

2H(M
(3.37) maxu, =  max (—i) = ——(——)—.
C O<t<2H(M)\ P p
But an easy calculation shows that
H(M)

u,(M, H(M)) = H(M) -

2H(M)

_ _T+(1+%)H(M)> _2H(M)

(c) The case | p| > 1 and ¢ # 0. Define the function

(3.38) v,(x,1) =u,(x,1) = (G, + ep)exp(\/a)_x),
where u,(x, ¢) is the function given in (3.34), and the constants G, ¢,, C,
satisfy the following conditions:
0, p>1,
(3.39) G,={ 2H(M)

p < _1’
P
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max |¢| < G, ifp>1;
E

(3.40) -2
max |c| < CO<(ln(—2——)) /M2 ifp < -1,
E

(the number (In((1 — p)/2))?/M? is the constant mentioned in condition
(2.3)"”) and

0<e,< H(M) ifp>1,

p[exp‘/_M —l]
p+1

[exp \/—_M - 1]

A not too complicated calculation shows that

(3.41)

0<e, <{ ]H(M) ifp< —1.

L,ob,=—(Co+c)(G, +¢, exp(\/—_x)<0 inE,
(3.42) (UP)x|x=0 = Gp tTe, \/_0 <0,
maxv, = —¢, <0,
c

vp(M, H(M)) > —&,.

The proof is complete.

REMARK 3. The operator to be considered in Theorem 1 of [4] is a

special case of operators L,o. i.e., the case that p = 0, ¢ = 0. Moreover,

we eliminate the superfluoud condition that lim __, ,[A%(x)/A(x)] = 0
REMARK 4. Of course, we have the following (compare also [4]).
COROLLARY 1. Suppose h satisfies (2.1)(b) and (2.2) and | p| < 1. Then,

in E,

2

(3.43) u(x,1) < mg.xu + x mgxu + % mng,,,o,ou,

ue€ C*E)n CYE).

Finally, we deal with the family of operators L, , . again.

THEOREM 3. Suppose (2.1)(b), (2.2), (2.3) hold. If
(3.44) p—q—-1>0, p+q+1<0,
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then the operator L, , . has the maximum property (L),,. Actually, we have

(3.45) u < maxu in E\C,

(3.46) D,u<maxu, D_u<x< maxu, inE,
c

under conditions (2.1)(b), (2.2), (2.3), (3.44), (3.6),,, (3.7),,, (3.8) , and (3.9).
When ¢ = 0, (3.45) and (3.46) hold without (3.9).

Proof. (a) First of all, we suppose that strict inequality holds in (3.7,
Suppose (3.45) didn’t hold. Then there would exist a point P, € E\ C
such that

(3.47)  w(P)=0; u(Q)<0, VQEE,0<x,<xp.

Therefore we would have

(3.48) D,u(P))>=0, D_u(P)=0.
We could get a point P, with 0 < xp, < xp such that
(3.49) D, u(P,)- D_u(P,) =0,

(350) D,u(Q@)<0, D u(Q)<0, VQEE,0<x,<x,,
since (3.8) . Suppose
(3.51) D.u(P,)=0.

Then the maximum of #*D, u in the set (E\ C) N {(x,#): x < xp}) U
{ P,} is achieved at P, because of (3.50), (3.51) and (2.2), where the real
number A is arbitrary. Hence it follows that

(3.52) (D_(k*D,u))(P,) = 0, foranyA.

But according to the identity

. _ u)= u+ 52— —ppe- _u — ch®u,
3.53) D_(h*D hoL, g+ P2 Lihe=D_u — ch

a=Pri=L

and conditions (2.3), (3.44), (3.47), (3.50) and (3.7),, with strict inequality,
we have

(3.54) D_(h*D,u)(P,) <O.

This is inconsistent with (3.52) with A = a. It follows that

(3.55) u<0 inE.
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If D_u(P,) = 0, then we use another identity, namely,

(3.56) D, (h*D_u)=h*L, , u— p—-'-;]—+1—h’h3‘lD+u — chPu,
g—p—1
B="3

We now show that
(3.57) D,u<0, Du<0 inE.
In fact, suppose there were a point P € E \ C such that
(3.58) D_u(P)=0, D_u(Q)<0, foranyQ € E,0<x, < x,.
We could, without loss of generality, suppose
(3.59) D,u(Q) <0, foranyQ € E,0 < x, < xp.
Then we get a contradiction by using the identity (3.56). So (3.57) follows.

It is easy to obtain (3.46) from (3.57) if the above result is applied to
the function

v, =u —(maxux + s)x,
C

where 0 < ¢ < —max . u,, and if we let ¢ tend to zero. (Notice, we have

used the fact that ¢ < —1, which is a consequence of (3.44)). Then we
obtain

u, <maxu, inE and u <0 inkE,
c

because u, = (D, u + D_u)/2. Therefore (3.45) follows. (b) We now
consider the general case; in other words, we do not assume that (3.7),
with strict inequality holds. If u is the function given in Theorem 3, we
define a family of functions

v, =u + &g, e>0,

where g is the function mentioned in Lemma 2. If we concentrate on the

domain E; and C; is a part of its boundary, where § > 0 is sufficiently

small, it is easily seen that all of the conditions, including strict inequality

in (3.7),, in Theorem 3 are satisfied if ¢ > 0 is sufficiently small. It

follows then that

(3.60) D,y < max (v,)
]

and we therefore have

x?

D-—Ue = II}:ax (Us)x inE&’
&

(3.61) D,u<maxu, D_u< maxu, inkE,
c

if first we let € tend to zero and then 8 tend to zero. It is an immediate
consequence of (3.61) and (3.8) that (3.45) holds.
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The result in the case ¢ = 0 is obvious because we can add any
constant to the function u without violating any condition of Theorem 3.

REMARK 5. We can obtain an estimate which is more explicit than
(3.45).

COROLLARY 2. Under all conditions of Theorem 3, i.e., if (2.1)(b), (2.2),
(2.3), (3.44) hold and if u satisfies (3.6),,, (3.7) ., (3.8) , and (3.9), then
2

x =
(3.62) u < maxu + x maxu, + > mngp’q,cu inE.

When ¢ = 0, we have
2

x =
(3.63) u < maxu + x maxu, + = mngp,q,ou inE

without the requirement (3.9).

Proof. For every ¢, 0 < ¢ < —max u,, define a family of functions
2

(3.64) v, =u— x(mgxux + s) - %— mngp’q’cu.

It is easy to verify that (3.6),, (3.7),,, (3.8), and (3.9) hold for every v,,
0 < ¢ < —max.u,. (Notice that we have used here the fact g < —1, a
consequence of (3.44)). Therefore we have

(3.65) v, < maxuv,, 0<e< — maxu,, inE\ C.

The reasoning from (3.65) to (3.62) is obvious. The proof in the case ¢ = 0
is similar to that in the case ¢ # 0. The proof is complete.

REMARK 6. The operator M in [4] is the special case of L, . with
p=0,g=-2,c=0.

Acknowledgment. 1 wish to thank Professor M. H. Protter for his
helpful suggestions.
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