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COUNTEREXAMPLE TO A CONJECTURE
OF H. HOPF

HeNRrY C. WENTE

The purpose of this paper is to produce an immersion of a compact
oriented two-dimensional surface of genus one into Euclidean 3-space
with constant mean curvature / # 0. We thus provide a counterexample
in dimension 3 to the following conjecture of H. Hopf.

Conjecture of H. Hopf. Let = be an immersion of an oriented, closed
hypersurface with constant mean curvature H # 0 in R". Must 2 be the
standard embedded (n — 1)-sphere?

Two important results relating to this conjecture are due to A. D.
Alexandrov and H. Hopf. A. D. Alexandrov [1] showed that the conjec-
ture is true if 3 is an embedded hypersurface in R". This extended an old
result of J. H. Jellett [10] (see also [15] p. 354), who showed the conjecture
to be valid in the case where 2 is a two-dimensional star-shaped surface in
R3. H. Hopf himself [8] showed the conjecture to be true when = is an
immersion of §? into R* with constant mean curvature.

A negative answer to the Hopf conjecture in dimensions greater than
three was recently supplied by Wu-Yi Hsiang [9]. He constructed a
counterexample in R*. He considered 3-dimensional immersions into R*
which were invariant under the action of O(2) X O(2), a subgroup of the
isometry group for R*. If one identifies R* with C X C so that a point in
R* has coordinates (z,, z,) where z, = x, + iy, and the action of O(2) X
O(2) to be given by (z,,z,) = (e'%z, e®z,), then the orbit space is
R*/0(2) X O(2) = {(x;, X,)|x; = 0, x, = 0} and a surface of constant
mean curvature with the desired symmetry is determined by a generating
curve lying in the orbit space. Such a curve will generate a closed surface
if it terminates on the positive x; and x, axes. Hsiang succeeded in
showing that there exist such curves which generate an immersion of S3
into R* of constant mean curvature which is not a standard sphere. This
method does not carry over to the classical dimension and so the Hopf
conjecture for R® remains unresolved.

Our counterexample is contained in the following theorem.

COUNTEREXAMPLE THEOREM. There is a conformal immersion of R*
into R® with constant mean curvature H # 0 which is doubly-periodic with
respect to a rectangle in R*. If w = u + iv = (u, v) represents a typical
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point in R* and we label points in R by x = (x, y, z), then we construct a
function x(u, v) satisfying

(1.1) (a) Ax=2H(x,Ax,) someH +0
(b) Ix,)=Ix,), (x,-x,)=0
(c) Ix,J=#0.

These equations say that x(u, v) is an immersion of R* into R> with constant
mean curvature, H. Finally, there are positive numbers A, B with

(1.2) x(u+ A4,v)=x(u,v+ B) =x(u,v)

for all (u, v) € R?. In fact, we produce a countable number of isometrically
distinct immersions.

If x(u, v) is a solution to (1.1) (1.2), then we may write the first
fundamental form ds? = E(du® + dv*). Now set E = (a’/4)e>® where
H = a ! # 0 then as we shall see in the next section, w(u, v) will be a
doubly-periodic solution of the P.D.E.

(1.3) Aw + sinhwcoshw = 0

where Aw = w,, + w,, 1s the Laplace operator. Conversely, if w is a
doubly periodic solution to (1.3), then the Gauss and Mainardi-Codazzi
Equations may be used to construct a mapping x(u, v) satisfying the
constant mean curvature equations (1.1) and such that the lines of
curvature are parallel to the coordinate axes in R?. This mapping is
generally not doubly periodic. These surfaces do possess some symmetry
properties, however. We use a continuity argument to show that for
certain rectangles (A, B) the resulting surface is doubly periodic giving us
our desired counterexample.

In 8§II we develop our construction procedure. In §III we give the
continuity argument leading to the existence of doubly periodic immer-
sions. In §IV we discuss the needed results concerning solutions to the
D. E. (1.3). In particular we will study “large” solutions to the D. E. of
the form

(1.4) Aw 4+ 2Asinhw =0, w = 0on 9

where € is a rectangular domain. Our treatment is based on recent work
of V. Weston [18] and J. L. Moseley [12, 13]. Weston studied large positive
solutions to Aw + Ae® = 0 on a smooth domain € C R? with @ = 0 on
d€. Subject to certain restrictions on £ he showed the existence of a
branch of “large” solutions parameterized by A as A — 0. Moseley [12]
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then adapted Weston’s method to equations of the form

Aw + A[e“ + a(w)e @] =0
which includes the case of interest here. For us the domain is not smooth.
In §IV we shall see that the Integral Equation method of Weston and
Moseley will work for us.

Finally in §V, we shall discuss the shape of these surfaces and shall
give some indication of their form.

II. The differential geometry. Much of the following development
may be found in Eisenhart [4, p. 297] or in the lecture notes of H. Hopf
[8]. Suppose that x: € c R? > R*® is a conformal representation of a
surface of constant mean curvature H. x(u, v) then satisfies (1.1) and the
first fundamental form is given by

(2.1) I =dx-dx =E(du® + dv?)

where using the classical convention E = G = |x |?and F = (x,, - x,) = 0.
The second fundamental form is given by

(2.2) II=—(dx-dt)=Ldu>+ 2Mdudv + N dv*
= —(x,- &) =(x,,-§)
= —(x,-&)=—-(x, &)= (x,,-§)
N=-(x,-§)=(x,,§).

Here £ = (x, A X,)/|X, A X, is the unit normal vector with the orienta-
tion determined by the mapping x(u, v). For this mapping we have

(2.3) (a) K=kk,=(LN—- M?)/E?
(b) H=(k,+k,)/2=(L+ N)/2E

where k,, k, are the principal curvatures, K is the Gauss curvature, and H
is the mean curvature. For this system the Mainardi-Codazzi equations are

(2.4) (a) L,—M,=EH
(b) M,— N,=-E,H.
However, EH = (L + N)/2 so that the system (2.4) may be rewritten
(2.5) (@) [(L-N)/2],+M,=EH,
(b) [(L-N)s2],- M,=-EH,.
Therefore, if H = constant we find that

(2.6) ¢(w)=[(L—-N)/2] —iM
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is a complex analytic function of w = u + iv, and it is easily checked that

(2.7) o (w)| =1k; = ko|E/2.
We assume that x(u, v) is an immersion so that £ > 0.

Now suppose further that x(u, v) is a doubly periodic immersion of
R? into R3. In this case ¢(w) is a doubly periodic analytic function on C
and so is a constant. This leads to two possibilities.

Case 1. |¢(w)| = 0. Here we have k, = k, so that the entire surface is
umbilic. The only closed bounded surface with this property is the round
sphere. We thus would have a conformal map of a torus 72 onto a sphere
S? c R’. This is impossible.

Case 2. |¢(w)| > 0. We now have k; — k, # 0 and the surface is free
of umbilic points. The lines of curvature are given by the form

(2.8) ~Mdu®> +(L — N)dudv + Mdv*> = 0.

But L — N and M are constant and not both zero. Therefore the lines of
curvature are a family of mutually orthogonal straight lines in the u — v
plane.

If the lines of curvature happen to be parallel to the coordinate axes,
then we have M = 0, k, = L/E, k, = N/E from which we obtain

(2.9) £, = —kx,, & =-kx,.
We also note that in Case 2 the mean curvature H # 0 (there is no closed
bounded minimal surface) and so by choice of orientation we may

suppose H is positive. We select H = 1/2.
In conformal coordinates Gauss’s Theorem Egregium may be written

(2.10) K = -[(E/E),+(E/E),]/2E.

Suppose that the lines of curvature are parallel to the coordinate axes, that
k, < k,, and that k, + k, = 2H = 1. It follows that -1 < k,/k, < 1 and
so there is a unique value w with k; = Csinhw, k, = Ccoshw where

C = C(u,v) is to be determined. However k; + k, = C[cosh w + sinh w]
= Ce® = 1 allows us to conclude that C = e~ “. Hence

(2.11) k, = e “sinhw < k, = e “cosh w

K = e ?“sinh w cosh w.
Since ¢(w) is a constant it follows from (2.7) that (k, — k) E is constant
and therefore E = Ae?“ for some constant . We substitute this into (2.10)
and obtain

(2.12) Aw + Asinh wcoshw = 0.
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By stretching the domain via a homothety we may force A to equal 1, and
so for suitably stretched coordinates we have

(2.13) Aw + sinh wcosh w = 0.

We want to reverse this procedure. Start with a solution w(u, v) of (2.13)
and from it construct an immersion of a surface with constant mean
curvature H = 1/2. This procedure is indicated in Eisenhart [4, p. 297].

The Reverse Procedure. Let Q,, C R? be the open rectangular domain
(0, A) X (0, B) and suppose w(u, v) is a positive solution to the P.D.E.
(2.13) which vanishes on the boundary. The following theorem applies.

THEOREM 2.1. Let w(u,v) € C*(R,,) N C%Q,,) be a positive solu-
tion to the D.E.

(2.14) w,, +w,+ Flo)=0

vv

on §),p which vanishes on the boundary, where F(w) is an odd smooth
function, F(-w) = —F(w) and where we also assume that F(w) is positive
for w positive. The following assertions are true.

(a) By odd reflection over adjacent rectangles w(u, v) can be extended as
a doubly periodic solution to (2.14) of class C* on R* satisfying

(2.15) w(u+24,v)=w(u,v+2B) = w(u,v)
w(-u,v) = w(u,-v) = -w(u,v)

(b) The solution w(u, v) is symmetric about the bisecting linesu = A /2,
v=B/2.
(2.16) w(Ad—u,v)=w(u,B—0v)=w(u,v)

w(A/2 —u,v)=w(A4/2 +u,v) etc.

(c) For a fixed v,0 < v < B, w(u, v) is a strictly increasing function of
u,0 <u < A/2, and for a fixed u,0 < u < A, w(u, v) is a strictly increas-
ing function of v,0 < v < B/2.

(d) w,(u,0) is a strictly increasing function of u,0 <u < A/2 and
w,(0, v) is a strictly increasing function of v,0 < v < B/2.

Proof. See Lemmas 4.5-4.6.

Suppose we have a smooth (analytic, in fact) doubly periodic solution
to (2.13) satisfying the symmetry properties listed in Theorem 2.1. We
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recover the immersion x(u, v) as follows, where the constant mean curva-
ture H = 1/2. We set
(2.17) E =e*, ds*= E(du®+ dv?)
k, = e “sinhw, k,=e “coshw
L = kE = e“sinhw
N =k,E =e“coshw, M=0.
We write
K=kk,=(LN—-M?)/E? and
H=(L+N)/2E = (k, +k,)/2=1/2.
Our first and second fundamental forms are
(2.18) ds® = e**(du® + dv?)
—dx - d& = e®[(sinhw) du® + (cosh w) dv?].

It is straightforward to check that the Gauss Equation (2.10) and the
Mainardi-Codazzi Equations (2.4-2.6) are satisfied. These equations (by a
Theorem of Bonnet) see [3, p. 311] are precisely the integrability condi-
tions that guarantee the existence of a mapping x(u, v) whose first and
second fundamental forms are given by (2.18). If E = G =e?*, F=0
then the equations to be integrated may be written

(2.19) Xy = ©X, — 0X, + L§
X, = 0X, twx, + M§

uv

X, = —wX,+ wx,+ N
gu = ﬂklxu
£U = ‘kZXU

where k, and k, are given by (2.17) and £ = (x, A X,)/x, A X,|. Our
discussion gives us the followng theorem.

THEOREM 2.2. Let w(u, v) be a solution to (2.13) on R>.

Let the first and second fundamental forms be given by (2.18). There is a
solution x(u, v) to the system (2.19) whose fundamental forms are given by
(2.18). The lines of curvature are parallel to the coordinate axes and the
principal curvatures are k, = e “sinhw and k, = e “cosh w with mean
curvature H = 1/2. The solution x(u, v) is unique to within a Euclidean
motion in R>.
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Proof. Follows from the previous discussion. This result may be found
in Eisenhart [4].

Now suppose x(u,v) is the parametric surface of constant mean
curvature H = 1/2 obtained from Theorem 2.2. by integrating the system
(2.19) where w(u, v) is a solution to (2.13) on R? which is doubly periodic
relative to the fundamental rectangle [0, 2 4] X [0, 2 B] satisfying the sym-
metry properties listed in Theorem 2.1. We are interested in the symmetry
properties of x(u, v) itself.

THEOREM 2.3. Let x(u, v): R* > R? be a parametric surface obtained
by integrating the system (2.19), satisfying the conclusions of Theorem 2.2
where w(u, v) is a solution to (2.13) and satisfying the symmetry conditions
listed in Theorem 2.1. The surface x(u, v) possesses the following symmetry
properties.

I. The curve x[(m + (1/2))A, v] lies in a plane 11,, (m is an integer)
whose normal vector is X ,[(m + (1/2))A, v] and

(2.20) x[(m+(1/2)A4 —u,v] =R, ox[(m +(1/2))4 + u, v]

where R,,: R® — R® is the reflection map about the plane 11, In particular
this implies that

(2.21) x(u,v)=Ryox(A —u,v) =R ox(-4 — u,v).

The planes 11,, are all parallel. Therefore x(u + 2A4, v) = x(u, v) + ¢ where
T(x) = X + ¢ is a translation T = R, R_, in a direction normal to each
I1,, and carries 11, into 11, ,. If e is a unit normal vector to 11,
e=x,A4/2,0)/x,(A4/2,0)| then we may write

(2.22) x(u+24,v) = x(u,v) + e

for some real number .

II. x(u, IB) (/ an integer) is a plane curve lying in a plane T', whose
normal is given by &(u, IB) = constant. In particular I, L 11, for all I, m.

III. The curves x(mA, v) satisfy the identity x(mA,v) + §(mA, v) = ¢,
where ¢, is a constant vector. Thus x(mA, v) C S(c,,, 1) = the unit sphere
with center c,,. The centers ¢, all lie on an axial line | with direction parallel
to the vector e given in 1, and c,c, = Te.

IV. The curve x[u,(n + (1/2))B] lies in a plane Q,. This plane is
orthogonal to each 11, its normal is given by x Ju,(n + (1/2)) B, and each
Q, contains the axial line I. As in 1 we have x(u, v) = Wyox(u, B — v) =
W, ox(u, B — v) where W, is the reflection in R® about the plane Q,. It
follows that

(2.23) x(u,v + 2B) = Rox(u,v)
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where X o X is a rotation through an angle 8, with the line | as the axis of
rotation. A positive rotation is determined by the oriented normal x ,(u, B/2)
to Q,, and @ is the angle between the planes Q, and Q,. R ox = Wyo W  ox
in fact.

Proof. The theorem follows from the symmetry properties of the
curvature function w(u, v) as listed in Theorem 2.1. Since M = 0 and
w,(A/2,v) = 0 we have from (2.19)

x,,(A4/2,0) =w,(4/2,0)x,(4/2,v).

From this we may conclude that x,(4/2,v) = a(v)b, where a(v) is a
positive scalar function and b, is a constant vector, b, = x,(A4/2,0) for
example. It follows that x(4 /2, v) lies in a plane II, with x (A4 ,/2,0) = b,
as a normal vector. Furthermore, from the symmetry properties (2.15)
(2.16) of w(u,v) it follows that by integrating the system (2.19) the
surface x(u, v) will satisfy the symmetry property x(A4/2 — u,v) =
Roox(A/2 + u, v) where %, is the reflection about the plane I1,,.

Identical statements apply to the curves x[(m + (1/2))4, v] with
corresponding planes of symmetry II,, thus showing (2.20) and (2.21), and
to the curves x[u, (n + (1/2)) B] contained in the planes of symmetry @,
orthogonal to II .

Now look at the curve x(u,0). We have k;(u,0) = e “sinhw = 0.
Therefore, by (2.19), §,(u,0) =0 or £(u,0) = constant. From this it
follows that x(u,0) is a curve lying in a plane I}y which has £(«,0) as its
normal vector. Thus I, is a tangent plane to the surface along the entire
curve x(u, 0). Furthermore I'; is orthogonal to the planes II .

We now show that x,(u,0) is an even function of u. It will then
follow that the planes II_; and II, are parallel, hence all II,, are parallel.
Since £(u,0) is a constant unit vector we may suppose that &(u,0) =
(0,0,1), that x ,(u,0) = (F(u), G(u),0). Now x (u,0)| = x,(u,0)| = 1 s0
that x (u,0) = (-G(u), F(u),0) where F? + G? = 1. From (2.19) we see
that D.E. for x, is x,,(¢,0) = —w,(u, 0)x,(u, 0). This gives us the system
of O.D.E’s for F and G, F'(t) = w,(2,0)G(t), G'(t) = —w,(t,0)F(1)
where w,(¢,0) is an odd function of . Let f(¢) = F(-t), g(t) = G(-t). It
is easy to check that the pair ( f(¢), g(¢)) is a solution to the system if
(F(2),G(1)) is a solution. Now ( f(0), g(0)) = (F(0), G(0)) and so by the
uniqueness theorem for O.D.E’s we conclude that F(-¢) = F(¢) and
G(-t) = G(t) and so x,(u,0) is an even function of u.

Now consider the curve x(0, v). Here we have the D.E. §,(0,v) =
—k,(0, v)x,(0, v) = —x (0, v). From this we obtain x(0, v) + £(0, v) = ¢,
= constant.
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Therefore the curve x(0, v) lies on the unit sphere S(c,, 1) with center
¢, and radius 1. The same result holds for the curve x(mA, v) which lies
on the sphere of radius 1 and center c,,,.

Our discussion has shown that the planes 1I, are parallel. We
conclude that x(u + 2A4,v) = x(u, v) + ¢ where the translation vector
c=c, — ¢,

It now follows that the planes £, containing the curves
x(u,(n + (1/2))B] also contain the centers c,, of the spheres S(c,,,1). As
shown above we have

x(u,v)=#yox(u, B—v) =% ox(u,-B —v)

where #,, #~, are reflections about planes £, _, respectively. It follows
that x(u, v + 2B) = R ox(u, v) where Z = #, o #” | is a rotation through
an angle 6 about the axis / where [ is the line determined by the centers of
the spheres S(c,,,1). We may choose the positive direction of rotation to
be determined by the normal vectors x ,(u, B/2) to ,,. O

Letting / be the line containing the centers ¢,, with direction given by
x,(A/2,0) we have shown that x(u + 24, v) = x(u, v) + ¢ where ¢ =
¢, — ¢, is parallel to /, and x(u,v + 2B) = Zox(u,v) where # is a
rotation through an angle 6 around the axial line /. This parametric
surface will describe a closed surface if the translation constant ¢ = 0 and
if the rotation angle is a rational multiple of 2#. We discuss this possibil-
ity in §II1.

III. Existence of closed surfaces. Consider the set of solutions
w(u, v) to (2.13) positive on the interior of the rectangle {2,, = (0, 4) X
(0, B) and vanishing on the boundary. This is a two parameter family of
functions, and by the discussion of §II each solution in the family allows
us to generate an immersion x(u, v) R?> — R? of constant mean curvature.

At this point it is convenient to identify rectangular domains of
similar shape by conformally mapping all similar rectangles onto a chosen
rectangle from each class. This leaves us with a one parameter family of
rectangular domains. The second parameter becomes an eigenvalue ap-
pearing in the transformed P.D.E.

LEMMA 3.1. Let ¢: R* > R?> be the map (u',v') = ¢(u,v) =
(w/\, vVN). A function W(u', v') is a solution to the P.D.E. W, + W,, .

+ h(W) = 0 for some C? — function h(W), iff W(u,v) = Wo®(u,v)isa
solution to AW + Nh(W) =W, + W, + Ah(W) = 0.

oo
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Proof. Immediate.
We shall select rectangles of various shapes by the Schwartz-Christof-
fel transformation of a rectangle onto the unit disk.

The Schwartz-Christoffel Map. For 0 < a < 7 /2 the transformation

(3.1) w=f(z,a)=f(z) = f‘/ 2m;it — o)

_ fz dt
0 \/1* - 2(cos2a)® + 1

is a conformal map of the unit disk D in the z-plane onto the rectangle
Q(a), centered about the origin and symmetric with respect to the
coordinate axes. The points z = +e'®, +e~'® are mapped onto the vertices
of the rectangle. We note that f(e'*) = (A(a), B(a))

dt
(3.2) (2)  A(a) ='[0 J1* = 2(cos2a)t* + 1

o) =/ dt
0 Vt* + 2(cos2a)t® + 1

with limit,_,,A(a) = + oo and limit,_,, B(a) = 7/2. (See Figure 1.) We
shall write w = f(z, a) if the dependence of the mapping on « is being
considered. We note that the inverse map z = g(w, «) to w = f(z, a) has
an extension analytic in w to all of C while the map w = f(z, a) is analytic
in z on the open unit disk D, continuous on D, and of class Lip(%, D) (i.e.
Lipschitz (or) Holder continuous with Lipschitz exponent 1,/2) where the
Lipschitz constant depends continuously on the parameter a.
In §IV we shall prove the following theorem.

(b)

THEOREM 3.1. There is a real valued function ¥(z, a, N\) such that for
any a;, a, with 0 < a; < a, < /2 there exists A = A(a,, a,) > 0 the
domain of ¥ will include the set D X [a,, a,] X [0, ] with the following
properties.

1. ¥(z, a, A) is continuous in its variables except when z = 0, A = 0.
For A = 0 we have ¥(z, a,0) = 41n(1/|z)).

2. If we set Z(w, a, A\) = ¥[g(w, a), a, \] where z = g(w, a) is the
inverse of the Schwartz-Christoffel map, then Z(w, a, N) is a positive
solution to

(3.3) AT + AM(e*— e %) =AZ + 2AsinhE =0
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on the rectangle Q(«), and vanishing on the boundary. This solution neces-
sarily has all of the symmetry properties described in Lemma 2.1 and so has
a (real) analytic extension to the entire w-plane. For A = 0, Z(w, a,0) =
4In(1/)\g(w, a)|) is harmonic except at w = 0 and at the reflection points
with respect to Q(a) when extended analytically to R*.

3. The partial derivatives 2 ,, 2, are continuous funtions of (w, a, )
on any domain Q(a) X [a;, a,] X [0, A] except for (w, a, A) = (0, a, 0).

Proof. To be given in §IV.

Each solution Z(w, a, A) to (3.3) defined on £(a) depending continu-
ously on a, A as stated in Theorem 3.1 allows us to construct an immer-
sion x(u, v): R? > R? of a surface with constant mean curvature H = 1,2
using the recipe of §II. Let 2 (', v) be a solution to (3.3) on the rectangle
Qa), set (u,v)=¢(u,v) = (u/V2X,v/V2X) and define o(u,v) =
2 o ¢(u, v). It follows from Lemma 3.1 that o(u, v) is a solution to
(3.4) Ac + sinho = 0

which is positive on the rectangle («a, A) and vanishing on the boundary.
Q(a, A) is the rectangle symmetric with respect to the coordinate axes
with first quadrant vertex at (V2X A(a), V2X B(«)). Finally we set w(u, v)
= o(u, v)/2 and find that w(u, v) is a positive solution to

(3.5) Aw + sinhwcoshw =0 on Q(a, A).

We are now in a position to construct the immersion x(u, v) [which
depends on A and a as well] using the method of §II. The fundamental
rectangle (e, A) is presently centered about the origin. A simple transla-
tion will put it into the standard position of §1I where two of the sides lay
on the coordinate axes.

Label the vertices of 2(a, A) by (A(a, A), B(a, A)) where A(a, A)
= V2A A(«), B(a, A\) = V2 B(«) and suppose we have constructed our
surface x(u, v) with the fundamental rectangle as Q(a, A) centered about
the origin. For this surface we have the parallel planes II, containing the
curve x(0,v) with normal x,(0,v) and II, containing the curve
x(2A(a, A), v) parallel to II,, (See Theorem 2.3, keeping in mind that we
have shifted the fundamental domain). [See Figure 2.]

We wish to identify values (a, A) for which II;, = II,. To do this it is
convenient to look at the expanded surface y(u, v) = x(u, v)/ V2\ and to
consider these surfaces as functions of (u’, v’) relative to the fundamental
rectangle Q(a).

(3.6) y(u',v') = xo¢7 (u', v') /V2N
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where («/, v') = ¢(u, v) = (u/V2X,v/V2X). The surface y(u’, ') has
mean curvature H = y2X /2 and so is being flattened out as A — 0. The
fundamental equations (2.19) for the surface y(u’, v’) become the follow-
ing (where we now drop the cumbersome (', v’) notation and replace it
by (u, v)).

(3.7) You = W¥u = Wy, + L&

Voo = Wy, + Wy, + ME
Yoo = -VVuYM + I/V;zyu + Ng

ky, = V2Xk, = V2Xe WsinhW,  k, = V2Xe " coshW

L=V2XL=V2X(e"sinhW), M=0,N=2\N.
Here W = Z /2 and so by (3.3) W is a solution to
(3.8) AW + 2Asinh Wcosh W = 0
and limit, ,, W(u, v, a, A) = 2In(1/|g(w, @)|), using Theorem 3.1. Here
W(u, v, a, ) is a positive solution of (3.8) on the fundamental rectangle
() vanishing on the boundary. It has been extended smoothly to all of
R?, satisfying the symmetry properties listed in Theorem 3.1. Also
W(u, v, a, N), W (u,v,a,X), W (u,v,a, \) are continuous in its varia-
bles down to the limit A = 0.

Now select that solution y(u, v, a, A) to (3.7) for which at (u, v) =
(0,-B(a)), y=0,y,=(1,0,0), y, = (0,-1,0), £ = (0,0, -1). Because of
the continuous dependence of W, W,, W, on (a,A) the solutions
y(u, v, «, A) will have a continuous dependence on (a, A) as solutions to
(3.7) down to the limit A = 0.

Our choice of initial conditions for y(u, v, a, A) causes the plane IIj
containing the curve y(0, v, @, A) to be the plane x = 0, while II; is that
plane parallel to ITj containing the curve y(2A4(«), v, a, A).

DEFINITION 3.1. We define a function S(a, A) by setting II] to be the
plane x = 28 = 2S(a, A) which is parallel to IIj. We then have 2§ =
7/ V2\ where 7 is the directed distance between the planes I1, and IT, for
the original surface.

THEOREM 3.2. The function S(a, N) which is defined on an open set U in
the (a, ) plane (where for each 0 < &, < a, < m/2 there exists A(ay, a,)
> 0 such that [a;, a,] X (0, A] C U) has a continuous extension to 0 < a <
7/2, A\ = 0. S(a,0) is a strictly increasing function on the interval (0, w /2)
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with limit S(a,0) = —00 as a = 0" and S(«a,0) positive for a > w/4. In
particular there is exactly one value a*, 0 < a* < 7 /4 with S(a*,0) = 0.

Proof. From Theorem 3.1 we know that the functions W(u, v, a, A),
W (u,v, a, A), W,(u,v,a, A) are continuous in a horizontal strip
-3B(&)/2 <v < -B(a)/2 and for |a — & <o, 0 <A <A, for some
Ao > 0 and o > 0, with W(u, v, a,0) = 2In(1/|g(w, a)|). It follows that
the functions y(u, v, a, A) solving the system (3.7) with initial conditions
y=0y,=(@1,0,0),y,=(0,-1,0), £ = (0,0, -1) at (u, v) = (0, -B(«a)) are
continuous in all of its variables along with the first and second partial
derivatives with respect to u, v.

We consider the curve y(u, —B(a), a, A). By Theorem 2.3(1II) this is a
plane curve lying in the plane I'y which by our choice of initial conditions
is the plane z = 0. [}, is a tangent plane to the surface with § = (0,0, -1)
the oriented unit normal.

Write y(u, -B(a), a, A\) = (F(u, a, A), G(u, a, A),0). From our ini-
tial conditions we have F(0,a, A) = G(0,a,A)=0, F,(0,a,A)=1,
G,(0,a,\) =0, and F(2A(a), a, A) = 2S(a, A). However, by the symme-
try of the surface we also have S(a, A) = F(A4(a), a, A). Clearly, S(a, A)
is a continuous function on the set UU {(a, A)|0 < a < 7/2,A = 0}. It
remains to investigate the function S(a, 0).

We look at the map y(u,v) = y(u,v, «,0) when A = 0 and write
y(u,—B(a)) = (x(u), y(u)) = (F(u), G(u)). Let ¢(u) be the angle of
inclination of this curve. I claim that ¢ = 26 where @ is the angle on the
unit circle in the z-plane measured from the point x = —i to the image
g(u — B(a)i) = e'®""/? the inverse of the Schwartz-Christoffel mapping.
(See Figure 3.)

To see this we write w = u + iv and let A(w) = x(w) + iy(w) where
y(w, a,0) = (x(w, a), y(w, a),0) and we have suppressed the dependance
of h on a. The system (3.7) when A = 0 may be written in the complex
form as

(3.9) h'(w) = 8(w)h'(w)

where 8(w) = W, — iW, and W(w, a) = 2In(1/|g(w, @)|) so 8(w) is a
complex analytic function of w. It follows that §(w) = -2g'(w)/g(w) =
d(-2In(g(w)))/dw. An integration of (3.9) gives 2'(w) = K/[g(w)]*. But
h'(-B(a)i) = 1 and g(-B(a)i) = —i whence K = -1

(3.10) h(w)=-1/g%(w).

By definition g(« — B(a)i) = ¢®~"/? from which we obtain

h/(u _ B(a)l) — _1/e2i0—m — 8_210.
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But A'(u — Bi) = x(u) — iy’(u) = e™'* since |y (u,-B(a))|* =E = 1.
Since ¢(0) = #(0) = 0 we conclude that ¢ = 26.

Along the line v = ~B(a) the function W(u, v, a, A) solving (3.8)
vanishes. This implies that along v = —B(«), |dy/du| = YE = 1. We have
y(u,-B(a), a,0) = (x(u), y(u),0). If we parameterize this curve by arc
length we find

(3.11) x(5) = f (Z)SC) ds = / cos ¢(s) ds = /: cos(26(s)) ds

y(3) = fs sinp(s) ds = fs sin(26(s)) ds.
0 0
We now introduce the angle 6 as parameter (3.11)
x(6) = ] cos(28) - ( ) a6,
0

From the Schwartz-Christoffel map (3.1) we have
dt

'[0 Jr* — 2(cos2a)® + 1 ’

ut+iv=w=

where we shall now set z = —ie'?. If we also put v = —B(a) then we obtain

du/df = ' /[e*? + 2(cos2a) e’ +1]"* = (2cos 28 + 2cos2a) /2.

Substitute this into (3.11) recalling that ds/du = 1 and we find

~ 0 cos 20
(3.12) x(0) =
'/ (2c0s26 + 2cos2a)'?
- g sin26
y(8) = f

(2cos28 + 2cos2a)"?
Now S(a,0) = x(7/2 — a) = S(B) where we set B = m/2 — a.

(313)  S(a0)= [° cos 26 —5d0 = $(B).
0 (2c0s28 — 2cos2B)
We need to show that S(B) is strictly decreasing in B, that limit S$(8) =
—o0 as B — 7 /2, and S(B) is positive for 8 < 7 /4.
If we introduce a new variable of integration by setting sinf =
sin Bsin ¢, where 0 < § < B and write k = sin 8 we obtain

(3.14) $(B) = /”/2 (1 — k2sin’ 1) ds
0

/2
—-%// (1 - k2sin2t) % d
0
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The first integral is a decreasing function of B while the second is
increasing in B. Therefore, S(B) is a strictly decreasing function of S,
0<B<m/2

From (3.13) we see that for 8 < 7 /4, S(«,0) is positive. For 8 =
7 /2(a = 0) the limiting trace curve {x(8), y(#)) is given by

~ 6 cos26
(3.15) (a) x(0)= ]0 g
= L[2sinf — In|sec § + tan ||
§ sin26 .
(b) y(8)= A 2c050d0 =1—cosé.
Thus we see S(7/2) = limitx(f) = —o0 as § — 7 /2. O

Let a*, 0 < a* < 7 /4, be the unique a with S(a*,0) = 0. By continu-
ity of the function S(e, A) there is a closed rectangle [a;, a,] X [0, A] with
a, < a* < a, and A > 0 so that S(a;, A) < 0 and S(a,, A) > 0for 0 <A
< A, S(a*,0) = 0, and S(a,0) increasing for a; < a < aj.

LEMMA 3.2. Let X be the set of (a, A) in the closed rectangle [a;, a,] X
[0, A] for which S(a, X) = 0, where S is a continuous function, S(a,, A) < 0,
S(ay, A) > 0, and for exactly one o*, a; < a* < a, we have S(a*,0) = 0.
Let Y be that component of X which contains (a*,0). Y is a connected set
which separates the set { a;} X [0, \] where S < 0 from the set { a,} X [0, A]
where S > 0. In particular, for any N’ € [0, A], Y N {(a, N)|A = X'} is not
empty.

Proof. Extend the domain of S to the rectangle [a;, a,] X [-A, A] by
setting S(a, —A) = S(a, A). By identifying the points (a, A) with (a, -A)
we may assume that S is continuous on a cylinder. By extending the
domain of S slightly to the left of «; and slightly to the right of «, we may
assume that S is constant in A on each end of the cylinder. Identify the
left and right hand ends of the cylinder with the south and north poles of
the sphere S? and we see that our Lemma is equivalent to the following
assertion.

Assertion. Let f be a continuous real valued function of the sphere S2.
Suppose f < 0 at the south pole and f > 0 at the north pole.
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Let 4 be the open component of f < 0 containing the south pole and
B be the open component of f > 0 containing the north pole. There is a
connected subset X of f ~!(0) which separates 4 from B.

Sketch of proof. Let O be that component of (A)¢ which contains the
north pole, co. Clearly co € B C O and O is an open connected set since
any component of an open set is open.

The following assertions can now be established in a fairly straightfor-
ward manner.
(i) 30 = O N A4, hence f = 0 on 90.
(i1) O is simply connected
(iti) 90 is connected. It now follows that X = 00 is a connected
subset of £ ~}(0) which separates 4 from B.

Note. In §IV it will be shown that the function S(«, A) is continu-
ously differentiable for A positive. If this property were to persist down to
the boundary A = 0, then it would follow that X = S~'{0} is the graph of
a differentiable function a = a(A) with a(0) = a* since S, would be
positive in a neighborhood of (a*, 0).

Now go back to the surface x(u, v, a, A) as constructed in Theorem
2.3 with the fundamental rectangle Q(a, A) lying in the first quadrant and
vertex at (A4, B) = (2V2A A(a),2V2A B(«)). For (a, ) with S(a, A\) =0
the surface closes up in the u-direction, the planes II,, are all identical,
and x(u + 24, v) = x(u, v). From Theorem 2.3-1V we know that there is
an axial line / and an angle of rotation 26 so that x(u,v + 2B) =
R ox(u, v) where Zis a rotation through an angle 26 about the axis /. This
angle 28 is a continuous function of (a, A) for A > 0. We can measure this
angle by examining the curve x(0, v).

Instead of x(u, v, a, A) it is more convenient to look at the expanded
surface y(u, v, a, A) = x(u, v, a, A)/ Y2\ with the domain also blown up
by the same factor. This surface y(u, v, a, A) will satisfy the system (3.7).
Let us assume, as before, that the fundamental domain §(«) is centered at
the origin, with sides parallel to the coordinate axes and first quadrant
vertex at (A(a), B(a)). Let initial conditions for y(u, v, a, A) be chosen so
that for u = A(a), v =0 we have y =0, y,=(1,0,0), y, = (0,-1,0),
£=(0,0,-1).

The image of the line v = 0 under the mapping y lies in a plane £
while the image of the line v = 2B(a) lies in a plane {}]. The two planes
intersect on the axial line /”. The curve y(A(a), v, a, A) lies on a sphere
with center ¢ € /” and radius (1/V2X). 8(«, ) is the angle between
and Q7.
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THEOREM 3.3. For any a;, ay with 0 < oy < a;, <7/2 and 0 < A <
A ay, a,) the function G(a, A) = 0(a, N)/ V2N extends continuously to
[a;, a,] X [0,A) with G(a,0) given by
“ cos20 do
3.16 G(a,0)=2
(3.16) (0,0 =2[" =

$s20 — 2cos2a

Proof. The proof is analogous to that of Theorem 3.2. The curve
y(A(a), v,a,A), 0 <v < B(a) lies on the sphere S[c;,1/ V2X]. The
point y(A(«a), B(a), a, A) determines a plane £’ containing the line /'
which meets the plane Q; at the angle 8(«a, A) /2.

The limit A — 0 of the curve y(A(a), v, @, A) is the plane curve

y(A(a), v, a,0) = (f(A(a), v, a), g(A(a), v, @),0) where (f(u, v, a),
g(u, v, @),0) is the limiting surface, using (3.9) as discussed in the proof
of Theorem 3.2. We obtain

(3.17) limit6(a, ) [1/V2X] = 2g(A4(), B(a), ).

By essentially repeating the calculations of (3.10)—(3.14) in the proof of
Theorem 3.2, we find

g(A(a), B(a), a) = /0“

giving us (3.16).

Since y(u, v, @, A) depends continuously on its variables down to
A = 0, we see that G(a, A) = 8(a, A)/V2X is continuous on any rectan-
gle [ay, a,] X [0, A], with G(e,0) given by (3.16). O

cos26do
V2¢cos26 — 2cos2a

The parametric surface will define a closed surface if the function
S(a, A) equals zero and the rotation function #(«, A) is a rational part of
.

Let [a;, a,] X [0, A] with 0 < @, < &, < 7/2 and A(e,, @,) > 0 be a
rectangle as described in Theorem 3.2 and Lemma 3.2 with ¢y < a* < «,
and S(a*,0) = 0. Since a* < 7/4 we may suppose that our rectangle
about (a*,0) is chosen so that G(a, A) is positive on this rectangle. It
follows that the angle function 8(«, A) = V2X G(a, \) is continuous on
the closed rectangle, positive if A is positive, and equals zero when A = 0.

Now Y C [a;, a,] X [0, A] is that component of S'{0} containing
(a*,0), which by Lemma 3.2 contains more than the single point (a*, 0).
It follows that there exist points (', A’) in Y with A” > 0 with S(a’, A") = 0
and 0(«’, \’) positive. Since Y is a connected set and 6§ is continuous on Y
there will exist points (a, A) in Y with A > 0 and S(a, A\) = 0, 0(a, N\) /27
a positive rational number. The resulting surface x(u, v, a, A) is a closed



210 HENRY C. WENTE
surface. We have shown

MAIN THEOREM. There exists (a, A) with 0 < a < w/4 and A > 0 so
that the surface x(u, v, a, \): R* = R3 is a doubly periodic immersion with
constant mean curvature H = 1/2. This determines an immersion of a torus
T? into R? with constant mean curvature. Furthermore, if (a, \) are chosen
so that S(a, A\) = 0 and 0(a, N\) = w/n where n is a positive integer, then
the corresponding immersion will contain 2n rectangular zones of positive
Gaussian curvature and 2n zones of negative Gaussian curvature.

IV. The differential equation. We now proceed with a discussion of
Theorem 3.1 on existence of solutions to (3.3). The proof is based on the
method used by V. Weston [18] on solutions to the P.D.E. Aw + Ae“ = 0
on a region  with @ = 0 on 9. This method was subsequently extended
by J. Moseley [12,13] to include differential equations of the form
Aw + A(e® + oe~“) = 0 on © with Dirichlet boundary data. Here o is an
analytic function on €. So if we set 6 = -1 it is seen that the results of
Weston and Moseley should apply to our situation where £ is the
rectangle Q(a). In their papers Weston and Moseley impose certain
conditions on the domain € to insure that their procedure works. Except
for the condition that its boundary be smooth, these conditions are met by
rectangular domains. Their method does carry over to this case, as we
shall show. However, some alterations in the argument are necessary and
for this reason we shall carry through the proof in some detail.

In this section we shall change notation slightly, keeping it in agree-
ment with the papers of Weston and Moseley. We let D be the unit disk in
the z-plane where z = x; + ix,, x = (x;, x,). € is a domain in the
w =y, + iy, plane with y = (y;, »,).

We let w = f(z) be a conformal map of D onto { so that for us
f(z) = f(z, a) will be the Schwartz-Christoffel map (3.1) of D onto the
rectangle Q(«). f(z, a) is continuous on D X (0, 7/2) and is analytic in z
for z € D. The inverse map z = g(w, a): €(a) = D has a meromorphic
extension to the entire w-plane which is analytic in a neighborhood of
Q(a). As noted earlier, for each a, f(z, a) is a Lipschitz (Holder continu-
ous) map of class Lip(1,/2, D) with Lipschitz constant depending continu-
ously on a.

Let @( y) be a solution to Aiz + Ah(#&) = 0 on Q. Then it follows that
u(x) = o f(x) is a solution to Au + A|f(z)|*h(u) = 0 on D. We may
convert these P.D.E.’s to integral equation form by using the Green’s
kernel for the Laplace operator.

(4.1) a(y,) = A [Q k(y, yo)hla(y)] dy
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where k(y, y,) is the Green’s kernel for the Laplace operator on £ with
zero boundary data. Similarly, the transformed function u(x) = @[ f(x)]
satisfies

(4.2) u(x,) = A fD k(x, xo)|f(2) A lu(x)] dx

where k(x, x,) = (-1/27)In(|z — zy|/]1 — Z,z]).

If w = f(z) is the Schwartz-Christoffel map of D onto Q(«), [we shall
often suppress the dependence on «] then a straightforward calculation
reveals the following

(4.3) (a) f(z,a)isoddin z
(b) f(z, a)isreal for z real, f(z, a) = f(Z, a).
(¢) flz,a)=1z+ 2(cos2a)z®+ ---

so that £(0, &) = 0, /0, a) = 1, (0, a) = 0, |f " (0, a)| < 2.

THEOREM 4.1. (In large part, due to Weston and Moseley.) There exists
an open set 0 in the (a, A) plane and a continuous map (a, A) = u(x, a, )
from 0 into C(D), the space of continuous functions on D with the uniform
norm, such that

(a) For each choice of 0 < a; < a, < m/2 there exists A = A a;, o) >
0 with [a;, a,] X (0, A] € 0.

(b) u(x, @, \) = 0 forx € 0D

(c) u(x, a, N) is a solution of the operator equation

(4.4) u(xq,a, )= A/D k(x, xo)|f(z, a)lz(e“ — e “Ydx = K[u](x,).

( Following the notation of Weston and Moseley, we shall write the right hand
side of (4.4) as K[u](x,) = K,[ul(x,) or simply K(u).)

(d) On any subdomain of D which excludes a neighborhood of z = 0
u(x, a, A) converges to 4 In(1/|z|) as A — 0.

Proof. The proof is in two parts. In Part I we construct an approxi-
mate solution which behaves in the correct asymptotic manner as A — 0.
In Part IT we use a modified Newton iteration procedure on the ap-
proximate solution to obtain a sequence converging to the exact solution.

Step 1. Construction of the approximate solution.
We start with a well-known result of Liouville that a function @#(w)
defined by

(4.5) Ae® = 8|F’(w)|2/(1 + lF(w)|2)2
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where F(w) is a complex analytic function with at most simple zeros and
poles is a solution to Ait + Ae® = 0. It is clear that F(w) can have at most
simple zeros. That F(w) can have at most simple poles follows from the
identity [V (w)|/(1 + |¥(w)|?) =| F(w)|/(1 + | F(w)|*) where ¥(w) =
1/F(w). Therefore, if w = f(z) and if we set u(x) = @t o f(z) where z =
Xy + ixy, X = (X, X,), w = y; +iy,,y = ();, y,) then we have

-2 2 2y2
(4.6) Ae ™) = 8|f'(2)[1F(2)" /(1 +|F(2)])
is a solution to Au + A|f(z)|%* =0 on D, where F(z) is an analytic
function on D with at most simple zeros and poles. We rewrite (4.6) in the
form
(47) e = (\/8) I (2)|(1 +IE(2)]')/IF(2)] [Weston].
A nice reduction due to Moseley is the following [12, p. 937]. We set
(4.8) 1/F(z) = () [ [ (1) /0%(1)] de

where v(z) is an analytic function to be chosen so that the right hand side
is single valued, Equation (4.7) now becomes

= (1)
——dt
dﬂfv%)
Next we write v(z, A) =z/G(z,\) where G(z,A) =1+ AG,(z) +
.-+ + N'G,(z). The functions G,(z) are to be complex analytic on D. We
obtain

2

(4.9) e /? = |u(z)|2 + %

2 2
pourn _ e+ /B)N2f [G2(e, M) S (1) /1] |
> .

1G(z, M)
We intend to choose G(z, ) to be analytic in D and continuous on D.
Furthermore since f(z) = f(z, a) in an old analytic function of z satisfy-
ing the conditions (4.3), it is necessary that G,(0, A) = 0 if the integrated
term is to be single valued. This will be the case if G(z, A) is even in z. We
shall require
(4.11) (a) G(-z,A)=G(z,N)

b) G(z,N) = G(3, A).
If G(z, \) does satisfy these conditions then u(x) will be a function on D
satisfying the symmetry condition
(4.12) () u(-z,A\)=u(z,N)
(b) u(z,A)=u(z,N).

(4.10)
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The function u (x, A) = u(x, ) satisfying (4.10) is an exact solution to
the exponential D.E. Au + A|f'(z)|%¢* = 0. We now search for an
approximate solution to Au + A|f’(z)|*(e* — e™*) = 0 by setting

(4.13) u(x,\) =u,(x,\)+ H(x,\) (Moseley)

where u,(x, A) is of the form (4.10) and H(x, A) = AH,(x) + NH,(x) +
-+ + N'H,(x). In order to obtain a sufficiently accurate starting solution
we shall need to find an approximate solution of order 3.

Note. This disagrees with Moseley [12] where an approximate starting
solution of order 2 is deemed sufficient. However, there seems to be a
miscalculation at one point causing the discrepancy. Order at least 3
seems necessary. As we shall see the method breaks down for order
greater than 3, so our situation is fortuitous.

We establish the following.

LEMMA 4.1. There exist functions G,(z) i = 1,2,3 which are complex
analytic on D, continuous on D and which are symmetric (i.e. satisfy (4.11)).
There exist real-valued functions H(z) € C*(D) N C%(D) satisfying the
symmetry conditions (4.12), so that the following are true. If we set G(z, A)
=1+ AG(2) + N2G,(z) + N’G,(z) and H(z,\) = NH(z) + N’ H,(z) +
NH,(z) and define
(4.14) ug(z,\) =u,(z,\) + H(z,\)
where u (z, N) is given by (4.10), then u,(z, \) will satisfy the conditions

L uy(z,\) € CX(D)N C°%(D) and is symmetric satisfying (4.12).
IL |ug(z, A)| € O0(A*) on |z] =1 as A = 0 (i.e. there exists M with
lug(z, N)| < MA* for|z| = 1and 0 < X < N).

II1. If we set K(u) to be the integral operator (4.4) then |ju, — K(u,)||
€ O(NIn(1/X)) where ||v|| = sup|v(z)|for z € D.

IV. As A = 0 the function e *'*N/2 = |z|? uniformly on D (hence
uy(z, ) = 41In(1/|z|) uniformly on subregions of D which exclude a neigh-
borhood of z = 0.)

The bounds in 11 and 111 will depend continuously on a.

Proof of Lemma. We need six equations in order to determine G,(z)
and H (z). Following the procedure of Weston [18] and Moseley we write

) 2
zfzit,:\z)f—(t)dt and K=|G(2’7\)|2

so that e “/2 = (|z|*> + (A/8)N) /K. Now set
(415) E(z,A) = [Au+ Af(2)[(e* — e K2[12]" + (A/8)N ]

N =
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A direct calculation gives us
E(z,A) = (AE)K*(|z" +(A/8)N )’

R KA — 1) =(I2 + (A/B)N) o).
Our first requirement is to choose G(z, A) and H(z, A) in (4.16) so that
0XE(z,\)/ON< =0 for A\=0, z€ D, and k =1,2,3. This gives us
E(z,\) € O(MA?*) for each z € D. Our second requirement is that |u(z, A)|

€ O(A*) on |z| = 1. The calculations are tedious but feasible. We sketch
the work here.

AH = AAH, + ¥AH, + N°AH,

(4.16)

K=16I"=1+A(G, + G) +¥[(6, + &) +16,[]
+N[(G; + G;) + GG, + G\G,| + -
K?=1+A[2(G, + G| +oN + ---
where 0 = 2(G, + G,) + 2|G,|* +(G, + G,)°
K*=1+\[4(G, +G,)] +X[20 + 4(G, + G,)7| + -~
e —1=\H, + N[H, +(H2/2)]
+N[H, + HH, +(H}/6)] + ---
e =1-AH, + N[-H, +(H2/2)]
+N[-H, + H H, —(H}/6)] + ---
(@17) [ —————Gz(”:‘z)f'(’) d

= [ [1+2)6,+ ¥(26,+ 61) + --- | =7

= [P"iz) +c0] +7\[f—1§—z—l +cl} +A2[£2—£2 + cz] + -

where

P) = 1O +zf i@t—;ﬂ%

P(z) = -¥,(0)f(0) + z fz ¥, (1) /(1) -z‘l',(O)f’(O) p

0 t
where ¥,(z) = 2G,(2), ¥,(2) = 2G,(z) + G}(2), etc.
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The functions P,(z) will be single-valued if ¥/(0) = 0 which will be
the case if G;/(0) = 0. We may set the constants ¢, = 0, to obtain

z 241 2
(4.18) (a) N = zf %}t)dt =P + A(P,P, + P,P))
+N[(PyP, + PyP,) +|P]* + -

(b) [I21* + (A /8)N]?
=lzl* + (I 1R /4) A

+[(|Z!2(P01_°1 + ﬁopl)/4) +(;p0|4 /64)] N

We substitute these expansions into (4.16), compute the coefficients of A,
A%, A% in the expression for E(z, A), and set them equal to zero.

We also want |u(z, A)] € O(X*) for |z| = 1. This is equivalent to
e “/2=¢H/2 on |z =1 to order 3. But e */? =[|z]> + (\/8)N]/K
where K = |G|? by (4.10). We obtain the condition

(4.19) G = e[|z +(A/8) N |

to order 3 on |z| = 1. We now have a total of six conditions. They are

(4200 (1) AH, —|f(2))zl'=0 onD
(1) G, + G, =|P’/8 — H/2 onlz| =1
(@) AH, + | Hy/el + 202G, + G,) — |2|R[ /4
+l'5,]} =0 onD
(IV) (G, + G,) +|Gy|" = (PP, + B,P,)/8 —|Py| H,/16
—H,/2+ H}/8 onlzl =1
(V) |2 (AH,) +(202(G, + G)) +1e 1P| /4)(AH)

+[1z'e +(118(6, + G)) 2)
+12 (PP, + ByPy) /4 + [P /64| (AH,)
+ |f’(z)]2[4H1(G1 +G,) + H,+ H/2|
~1f(2)[(J)=0 onD
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where

0=12(G,+ G,) +2|G,]" +(G, + G,)* and
6/ . — — 4, 4 6 2
J =|Z' (POPI + POP1)/2 + 3|Z| |P0’ /32 _|Z| H1|P0| /2
—|2[*H, + |2 'H2 /2

(VI) (G, + G;) +(G,G, + G,G,)
= (PyP, + P,P,)/8 +|P,|"/8 — H,(P,P, + P,P,) /16
+(1P)*/8)[ —H,/2 + H/8]
~|H,y2 — HH,/4 + H} /48] on|z| = 1.
To find sufficiently smooth solution of this set of equations we shall

use the following “well-known” theorems both of which may be found in
Courant-Hilbert, Vol. II [2].

PrivALOV’S THEOREM [2, p. 401]. Let F(z) = U(z) + iV(z) be an
analytic function on the unit disk. Suppose that U(z) is continuous on D and
that on 0D, U(z) is a Lipschitz (Holder) continuous function with exponent
p, 0 <p<1. (ie. U(z)€ Lip(p,dD). There exists a constant M with
{U(zy) — U(z,)| < M|zy — z,|* for z,, z, € 0D). Then F(z) itself is
Lipschitz (Holder) continuous on D with exponent . (i.e. F(z) € Lip(u, D)).

Let @ C R? be a bounded domain with piecewise smooth boundary T
(K2 is a rectangle). Let 0 < p < 1 and m > 0 an integer be given. C_’f*”(&l)
in the Banach space of real-valued functions u(x) € C™(2) N C°(Q) with
norm ||&f,,,,, = |l&ll,, + H,[D™u] where
it = LUB.[[u(p)| + d,|D'u(p)| + -+ + dyiD"u(p)]

with the L.U.B. over all p € € and over all partial derivatives of the
indicated order, d = distance ( p, 082), and

|D"u(p) — D"u(q)|
P-4l

H,[D"u] = LUB.dJ}"-

overallp,qg € Qandd, , = min(d,, d,).

SCHAUDER’S THEOREM [2, p. 339]. Let f € C*(Q). There is a unique
solution u(x) € C***(Q) to the system Au = fand u = 0 on 3Q.
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We solve the equations (4.20) I-VI in succession to obtain functions
G,(z), H(z),i=1,2,3, so that the following are also true.

(4.21) (a) H,(z)and G,(z) are “symmetric”. Thatis G,(z)
satisfies condition (4.11) and H (z) satisfies
(4.12).

(b) G,(z) is analytic on D and G,(z) is continuous
on D with G,(z) € Lip(1/2, D)

(c) H/(z)=A4,[f(z,a)] +p,(z)wherep,(z)isa
harmonic polynomial and
A,(w) € 22 [Q(a)] € C*(2(a)) N CO(2(a))
with 4,(w) = 0 on 0Q(«a). Here f(z, @) is the
Schwartz-Christoffel map of D onto Q(«).

(d) H(z)e O(|z|8‘2') around z = 0.

Start with (4.20-1). Transform the D.E. for H,(z) to the domain Q(«)
to obtain the D. E. A4,(w) = |g(w)|* = ¥,(w). Since g(w) (the inverse of
the Schwartz-Christoffel map w = f(z)) is analytic in a neighborhood of
Wa), we have ¥ (w) € CHQ(a)) for any p, 0 < p < 1. Thus there is a
unique solution A,(w) € C***(Q(a)) to the system AA(w)= ¥ (w),
A0 = 0. Since ¥(w) satisfies the symmetry conditions, A(w) does also.
Now A,[ f(z)] is a solution to the D.E. (4.20-I) and the right-bound side of
this D. E., is of order O(|z|)* around z = 0. Therefore, there is a harmonic
polynomial p,(z) of degree 5 such that H,(z) = A4,[f(2)] + pi(z) is a
solution (4.20-1) and H,(z) € O(|z|®) around z = 0 (see [12, p. 945] for
proof of existence of p(z)).

(4.20-1). Since f(z) € Lip(1/2, D) it follows that P,(z) (see (4.17))
€ Lip(1/2, D) as well. Therefore the right-side of (4.20-1I) is of class
Lip(1/2,9D). We may now apply Privalov’s Theorem to claim the ex-
istence of an analytic function G,(z) satisfying (4.20-II) with G,(z) €
Lip(1/2, D). Furthermore, since the conditions on |z| = 1 are symmetric,
the arbitrary additive constant may to chosen so that G(z) is symmetric.
In particular, G{(0) = 0.

(4.20-11I). We have a P.D.E. for H,(z) where H\(z) is a solution to
(4.20-I) and G,(z) solves (4.20-II). We proceed as in Case I. Transform
the D. E. to the domain {(a) to obtain an equation AA4,(w) = ¥,(w)
where ¥, is the non-homogeneous part of the equation composed with
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z = g(w) and the f'(z) term drops out. Since H,(z) € O(]z|®) around
z =0 we see that ¥,(w) <€ O(Jw|*) around w = 0. Furthermore, an
inspection of each term in the expansion for ¥,(w) reveals that ¥,(w) €
CV(Q(a)) c¢ C%Q(a)). Therefore, by the Schauder Theorem, there ex-
ists a solution of AA4,(w)= ¥,(w) on Q(a), 4, =0 on 0Q(a) where
Ay (w) € C?*V2(Q(a)). Also A,(w) will satisfy the desired symmetry
conditions.

As in Case I, we have A4,[f(z)] is a solution to (4.20-III) of class
C?(D) N C°(D) vanishing on 3D, where the right side of the D.E. is of
order O(|z|?) around z = 0. Thus there is a harmonic polynomial p,(z) of
degree 3 such that H,(z) = 4,[f(z)] + p,(z) is a solution to (4.20-III),
H,(z) € O(]z|*) around z = 0, and H,(z) satisfies the symmetry condi-
tions.

(4.20-1V). On |z|{ = 1, H,; and H, are smooth functions while Py(z),
P(z), G,(z) are in Lip(1/2, D). We may apply Privalov’s Theorem to
obtain a function G,(z) € Lip(1/2, D) which is complex analytic in D
satisfying (4.20-1V), which satisfies the symmetry conditions (4.11), and
also G5(0) = 0.

(4.20-V). We proceed as in cases I and IIl. In the domain £(a) we
obtain a D.E. of the form AA,(w) = ¥,(w). We claim that ¥;(w) €
CVX(Q()), is symmetric in 2(a) with ¥,(w) € O(|w|®) around w = 0.
An inspection of the (many) individual terms comprising ¥;(w) reveals
that this is the case. In particular note that H,(z) € O(|z|*), AH,(z) €
O(|z]*), H,(z2) € 0(jz|*), Hy(z) € O(|z|®) so that when we divide by the
coefficient |z|* of A H,(z) we find that ¥,(w) € O(1) near w = 0. We also
find that ¥y(w) € C'?(Q(a)) and is symmetric. Let A (w) be the solu-
tion to AAd;(w)= ¥,(w) with 4;(w)=0 on 992(a) where A4;(w) €
C2H1/2(Q). Now set H,(z) = A5[f(2)] + ps(z) where p,(z) is a harmonic
polynomial of degree 1 chosen so that H,y(z) € O(|z|?) around z = 0. As
in previous cases we find that Hy(z) € C*(Q) N C °(2) is a symmetric
solution to (4.20-V) with smooth boundary values.

(4.20-VI). We have G,(z), G,(z) € Lip(1/2, D) from which it follows
that P(z), i =1,2,3, are in Lip(1/2, D) while H,(z) i=1,2,3, are
smooth functions on |z| = 1. We can find a complex analytic function
G4(z) satisfying (4.20-VI) where G;(z) is symmetric and in class
Lip(1/2, D).

We have constructed functions G(z, A), H(z, A) and hence using
(4.10) and (4.14) an approximate solution u,(z, A) = u (z, A) + H(z, A).
Because of the continuous dependence of the conformal map w = f(z, «)
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on «a it follows that this approximate solution depends continuously on a.
To complete the proof of Lemma 4.1 it is necessary to verify condition III.

Going back to (4.15)—(4.16) we see that E(z, ) = |f'(2)|%(z, N)
where e(z, A\) is a continuous function on D X [0, A] for some A > 0.
Substitute this equation into (4.15) to obtain

Buy + Nf(2) (e% = ) = m(z, NI () /(e + (A /8)N)
where m(z, A) = e(z, \)/K? = e(z, A\)/|G|* is a bounded function on D,
and m(z, A) € O(A*) by our construction of G(z, A) and H(z, A). Let
v(z) =v(z, A\) = K[u(z, \)] where K(u) is the integral operator (4.4) so
that

o(zo) = [ k(z, z) M) (e = e ax.

Then Av + A|f/(z)|*(e* — e ) =0 on D and v = 0 on 9D. Therefore
A(uy — v) = m(z, M| f(2)|*/[|z]* + (A /8)N]* with |u, — v] < MA* on
oD, and |m(z, A)| < MA*on D. Therefore

Aol (2
(4.22) |uy — K(uy)|| < MA* + sup f MNf(2)] k(z, z,) dx.

2=070 12" + (A/8)N ]
We must find a bound on the integral. Our procedure follows that of
Weston and Moseley. The only added difficulty in the singularity of f'(z)
on the boundary of D. The correct bound for |ju, — K(u,)|| and for (4.22)
as asserted in Lemma 4.1 will be shown in the following lemma. Besides
this bound, two other asymptotic bounds are needed to successfully apply
the modified Newton method.

LEMMA 4.2. Let uy(z, \) be the approximate solution constructed in
Lemma 4.1. Let K(u) be the integral operator (4.4) so that

Ko (m)(xo) = A [ ke, o)L/ (2)] (et + ) h(x) dx

where K(u) is considered as an operator on C°(D). The following estimates
are true.

(423)  (a) [lug— K(uy)] € O(NIn(1/)))
(b) |k, | € o(in(1/1))

H (1-K.) || € 0(1/\) asA — 0.

Proof. The determination of these estimates were carried out origi-
nally by Weston [18] for the e case and extended by Moseley [12, 13] for
the more general differential equation. For us, the added difficulty is in



220 HENRY C. WENTE

the singularity of f’(z) on 0D, which as we shall see is a removable
problem. Moreover, the symmetry of the conformal map f(z) makes some
of the technical estimates a bit easier. For completeness, we shall sketch
the derivation of the estimates here. For some details one should refer to
the paper of Weston [18]. The bounds (a) and (b) are straightforward
while (c) is tricky.

We first obtain an asymptotic expression in A for the kernel A| f'(z)|e 0
valid in a neighborhood of z = 0 in D. Now f(z) = z + a;z° + a5z’ +
- around z = 0. A straightforward calculation gives

2
(4.24) If'(z)]" =1 + pricos28 + r*m,(z)

where p = f ”(0) = 6a,, z = re’ and m,(z) is a function bounded in any
disk D, = {z||z| < a} where a < 1. As noted in (4.3) | p| < 2 when f(z) is
the Schwartz-Christoffel map. From (4.10) and (4.14) and Step 1, we have

(425) e =emet = [|6]'/(|2" +(A/8)N)]e" onD.

Now take the expansion for N as defined by (4.18), make use of the
expansions

P> = 1 — pr2cos26 + rim,(z)
PP, + PyP, = 4G(0) + O(|z]") = 4s + r’m;(2)

where m,(z), m,(z) are bounded functions on D. For convenience we set
A/8 = p, and find

(4.26) [|z|2 +(}\/8)N] =rl4+uN=(r’+p)(1-T)
T ppricos26  32p’s N prim,(z) . 8u’r’ms(z)
r’+pu rr+p rr+p rr+ o
A ANEND)
rt+ w

where T'(z, p) is bounded for z € D. We note in particular that T(z, A) €
O(A\) on D.

In similar fashion we have |G|* = 1 + 2A(G, + G,) + O(A*) on D so
that |G|* =1 + 4sA + Arimy(z, \) + N?mg(z, \) where m,, ms are
bounded functions forz € Dand 0 < A < A.

e"=1+(AH, + NH, + NH,) + -+ =1+ Arm, + Nm,
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where m, m, are bounded functions on D X [0, A]. Putting these esti-
mates together we find

(4.27) p(z,A) = N|f(z) e = Alf(z)[ eme”

2
N ——1—_2 1+ pricos26 + 4As + gﬂiz‘__cgigﬂ
(r+n) re+pu
2
_ 624Ms £ R(z)
re+pu

where R(z, A) may be written in the form
(4.276)  R(z,X) =r*n(z, X)) + ArPn,(z, ) + Nn,y(z, X).

Here n,(z, A) are continuous functions which are uniformly bounded on
any disk D, where a < 1 and 0 < A < A (some positive A). The only factor
preventing a uniform bound on D, is the | f'(z)|* term.

If we remove the |f'(z)|? term from (4.27) then the following estimate
holds on D. In particular we write

1 _ 1
(|z|2+uN)2 (r2+p)

and since 7 € O(A) on D we have (3 — 2T) /(1 — T)? is bounded on D
for small A. We thus find

T2(3 - 27)

1427+ -
1-71)

2upricos28 _ 64p°s

2

1+ 4As +
ro+p r2+u

(4.28) Ae* =

+ R(z,\
r?+ u ( )]
with R(z, A) of the form (4.27b) except that the estimate is valid on the
full disk D.

We now show

)

We make our estimate by splitting the integral over two regions of
integration, D, = disk of radius @ <1 center z = 0, and D] = D, — D,.
Denote the integral over D, by 4, and the integral over D] by B, so that
I = A + Bwhere I = I(z,) is the integral (4.29).

>

Nf/(2)f
(4.29) sup | k(z,z,) 5 ~dx € Olln
zoeD‘[D ('Zl +(>\/8)N) ( (

W<—/ (2, 20)I'( nw—*/ K wy) dw
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by a change of variables where f(z) = w is the conformal map of D onto
Q(a), and k(w, w,) is Green’s function for the Laplace operator with 0
boundary data on Q(«). Therefore |[B] < AM(a)/a* € O(M), and M(a) is
a constant depending continuously on a. We estimate | 4|.

, 2
|4] =f k(z, zq) 2}\|f(2)| S dx
D, (IzI” +(A/8)N)
A A
< cha k(z, zo)mdx < ch k(z, zo)mdx

where we have used the fact that | f’(z)| is bounded on D,, and from (4.26)
we see |z]2 + (A/8)N > (r* + p)/2 since T € O(A) on D. Now we make
use of the following.

Special Calculation. Let py(z) = 8u/(r* + p)* For any triple of
non-negative integers [, j, k] let C[i, j, k] be defined by
. pr’
(4300 Cli, j k] = sup [ k(z, z0)po(z) —F—ax
zeD D (rz + I-L)
where k(z, z,) is Green’s function for the Laplacian with zero boundary
data on D. We have the following estimates
C|[0,0,0] € o(In(1/A)) €[0,0,1] € O(A*In(1/A))
c[0,1,0] € O(N?In(1/A)) C[0,1,1] € O(A"?In(1/)))
C[0,2,0] € 0(AIn(1/7)) C[0,0,2] € O(X%In(1/7)).
C[0,2,1] € o(In(1 /7))
Proof. This notation is due to Moseley [13], who had a similar list
except k(z, z,) was replaced by the singular part of k(z, z,) = In(|z — z,)).

The proof of these estimates is most easily obtained by solving the P.D.E.
associated with the integral operator.

Av + p()(z)[,l;"rf'/(r2 + ,u)k] =0 onD

v =0 on dD. The solution is radially symmetric and the corresponding
O.D.E. can be solved explicitly. O

We now see that |4] € O(In(1/A)) and from this the bound (4.29)
follows.
Now return to the bound (4.22) for |ju, — K(u,)|l. Using (4.29) and
substituting into (4.22) we find
luo — K(uo)|| < MA* + O(NIn(1/))) € O(XIn(1/))).
This proves estimate (4.23-a) and completes the proof of Lemma 4.1.
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We now verify estimate (4.23-b). We write K, (h) = Ky, (h) +
K; ,(h) as a sum where K|, (h) has the e* term in the integrand and
K; . (h) contains the e™* term. We estimate || K; , || first. Clearly

(4.31) ”Kz"uo < sup }\f k(Z’Zo)lf’(z)|2e"”°(2)dx-
zoeD *D

But
Il +(A/8)N
4
|G|

since |G| is bounded away from 0 for small A. Therefore

< sup AC [ k(z, 2)If"(2)|" dx € O(A).
z0€D D

e =g e H = [ e"e0(1) onD

’
”szuo

To estimate || K] , || we note that

4
et = |G| €H< Cc

(1z2F +/BN) (12 +(A/8)N)

and

’
||K1’“0

< sup )\f k(z,zo)lf’(z)lze""(z)dx.
z,eD *D

Substitute the estimate for e*“ into the integral and use the estimate (4.29).
We find | K|, || € O(In(1/A)). Therefore || K || € O(In(1/A)) and (4.23b)
follows.

We must now show ||(/ — K, )7'|| € O(1/A) as A — 0. We follow the
method first used by Weston [18] and subsequently by Moseley [12].
Decompose the operator K, as follows. Write

(432)  K.(h)=Ko(h)+ L(h) where
Ko(h) = fD k(z, ZO)pO(Z)h(Z) dx

po(r) =A/(r2+ )’ = 8u/(r* + )", A=8p.

so that K, incorporates the “singular” part of the kernel of K (as A — 0)
and is an operator whose properties can be directly calculated.

Consider the eigenvalue problem K,(¢p) = Ag. This is equivalent to
the differential equation

(4.33) Ap +(1/A)py(x)p =0 onD
=0 onodD.
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Since py(z) = py(r) has radial symmetry, the eigenfunctions may be
obtained by the method of separations of variables ¢(r, ) = ¥(r)e'™?,
giving us the O.D.E. for ¥(r) as

(4.34) (rv,),/r+ [po(r)/A - mz/rz]‘lf(r) =0
with ¥(0) bounded, ¥(1) = 0.

Now make the change of variables £ = (u — r?)/(p + r?) and (4.34)
becomes

(4.35) [(1 - )], +[20 - m>/(1 - ¢2)]¥ =0

where 6 = 1/A and the boundary conditions are ¥(1) bounded, ¥(§,) =
0, §, = (p — 1/(p + 1). The solutions to (4.35) which are bounded at
¢ = 1 are the Legendre functions and associated Legendre functions (see
Lebedev [11], for example). We have

m=0, VY,(¢&) =P(&) where2o=vr(r+1)

14

m=1, ¥,(§&) = PN¢).
The values of » and hence A are determined by the boundary condition
Y[(p — /(g + 1] = 0.

These calculations are essentially carried out by Weston [18] although
his boundary conditions differ slightly. One uses an asymptotic estimate
for P"(§) valid near £ = -1 (as p — 0) [18, page 1050]. One obtains the
following asymptotic estimates for the largest eigenvalues with corre-
sponding eigenfunctions.

(4.36)
k| Ag=2/r (v + 1) Vi Y (§) | ou(r,0)
1| 2In(l/p) [In(1/p)] ! P,(§) | ¥y(r)
2 1-—-3p 1+2p Pyll(é) ¥, (r)e”
3 1 -3 1+ 2u P (&) | ¥y(r)e
41 1-30n(l/wI" (14 (/]| P& | Fu(r)

The remaining eigenvalues are less than (1/3) as A - 0 and so remain
bounded away from one for small A. The eigenfunctions are orthogonal
with respect to the weight function p,(z) on the unit disk. We may also
normalize them so that

(4.37) (@, @)p = /D 9,(x)F,(x)py(x) dx =8,
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Now let P be the projection operator
4

(4.38) P(h)= L A (g, h)g,
j=2

so that we may write from (4.32)
(4.39) K;0=P+(K0-—P)+LEP+N+L.

N is a symmetric operator on L?( D) whose eigenvalues are bounded away
from 1. It is compact as an operator either on the space L2(D) or C°(D).
It follows from the Hilbert-Schmidt theory that (I — N)~! exists as a
bounded operator on C°(D) for small A and its norm is uniformly
bounded (i.e. (I — N)7!|| € O(1)) (see [18, p. 1045] and [5, Chap. 12]).
Now write

(4.40) (1-k,)(v) =w.

We need to show ||v|| < ¢(A)]|w]| where |c(A)]| € O(1/)N). Making use of
the decomposition (4.38) and the fact that (I — N) is invertible, one may
rewrite (4.39) after a “few” manipulations in the form

(441) ov=U-M)"U-NY'"Ph+(I-M)Y'(I-N)'w

where M = (I — N)~'L. However No, = (K, — P)@, = 0 so that (4.41)
reduces to

(4.42) v=(I—-M)"Po+(I—-M)'(I—-N)w.

Take the inner product (with weight function p, over D) of both sides of

(14:):52]) with @,, set ¢; = A (v - ¢,) and one obtains the linear system [18, p.

4
(4.43) Yac;+w=0 i=2734,
j=2

a;=((I-M)"g-), —8,/A,

w=(I-M)(I-N)"'w-9,),.

It is sufficient to show that |c;| < r(A)||w|| where #(A) € O(1/)A). To do
this we need to estimate the size of the elements of the matrix (a,;). In the
course of doing this we will also see that the operator L (see 4.32) satisfies
IL|| € O(AIn(1/A)) which will show that (I — M)™' where M =
(I — N)'L, is a uniformly bounded operator on C°(D). We recall
(4.31) (4.32) and write K, = K, + L and also write (/ — M)™' =1 +
M + M?(I — M)! giving us

(444) a,;=(1-A")8, +(Ly, - 9), +(M*(I-M) g ¢,

Po
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where we have made use of the observation

(M‘Pj . (Pi) = ((I - N)_IL‘PJ‘ : q‘)i) = (L(Pj : ‘Pi)-
Formula (4.36) for the asymptotic eigenvalues of the operator K|,
gives
(4.45) (1- A-l) = 3p+o(p)=(1-A3)

(1 =A%) = F (/W] + o([In(1/p)] ™).
We now estimate the expression (Lg; - ¢;). We write L = (K|, — K,) +
K;, and consider the operator Kj, first. The kernel for K;, is
k(x, xo)[A|f'(2)]% “]. Making use of the formulae (4.25-27) we find

Nf/(2) e = A(r? + u)'m(z,\)
where m(z, A) is a continuous bounded function on any subdisk D, < D
where a < 1, while A|f(z)|%¢ ™ = X|f'(z)|*n(z, A) on D where n(z, A) is
uniformly bounded on D for A small.
We compute (K, , (9;) - ¢,),, by reversing the order of integration in
the iterated integral and noting that ¢, is an eigenfunction for the operator
K,. We find

’ — , 2 —
(K u(9) - 9,),, = A,-[fD A(r?+ 1)’me,@, dx + fDa Mf(z) e, dx |.

Following Weston [18], we estimate the first integral by making the
change of variable ¢ = (p — r?)/(p + r?) used in (4.35). The eigenfunc-
tions @, (i = 2,3, 4) have asymptotic expressions

@,(r,0) = cP)(§)e” = ®(£)e”
@3(r,0) = cP(£)e™ = B(£)e’
@y(r, 0) = c'P, (§) = ¥(£).

Since » — 1 as A — 0 we may approximate the normalized eigenfunctions
by

®(¢) =13/m)"2(1 - £2)'2, W(¢) = ct.

Fori = 2,3 we have

[D A(r? + p)’m(z, Nl ldx < M(a) fo A2+ p) (e (r) ar

a

<AM(a (1-¢)—E—a
()/ (1+£) )(1+$)2§

< .M(a)x‘fg (1 + ¢)7dt < M(a) N2
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where we have set (r2 + p) = pu[2/(1 + &)}, rdr =[p/(1 + £)?]d¢ and
§, = (p— 1)/(p + 1). Here M(a) is a constant depending only on a.
Also

/ P nlpgldx <A[ ()] Max

< )\Mf dw = e(a)\ where limite(a) = 0.
2, (a) a—1

We have shown
(Kiu(®) @), < M@V +e(a), i, je(2,3).
Similar calculations give

(K32 0),| < M(a)N/2 + e(a)\

I(KZ,,uO(Pél ) (P4)pol < MA.
It was shown earlier that || K, , || € O(A). Thus
M(a)N | M(a)N/?
3/2 l A(‘(SI/(a))‘
M(a)N2 ] M(a)\

Next we examine the operator K|, — K, = L,. We use the representa-
tion (4.27) for the kernel of K/, .

(4.47) Af(2) e = [N(r2+0)]0+ 0+ R), m=mn, +n,,

(446) (Kzl,uo(p/ ’ (p’)Po -

2upricos2d 14 2pu
r*+ I r+ i

n, = pricos20 + pricos28

64u° 2 -
z‘us=32)usr2 £
ro+u re+u

R(z,A\)=r*n(z,\) + A\r*ny(z, N) + Nns(z, \)

n, = 4As —

where the 7,(z, A) are bounded on any D,, a < 1. On D, we have the
estimate

2 2
Alf(2) e < AM|f(z)] .
We estimate (L9, - @,), by splitting the integration over the regions

D, and D]. As before the integration over D, gives terms of order (a)A
where ¢(a) — 0 as a — 1. For the other terms

fD PoMP, P, dx = fD P, @, dx + e(a)X = (m@, - 9,), + e(a)X.
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Now a straightforward calculation shows that (1,9, - ¢;), = 0 except for
the following.

(MmP2 - 93) 0, = (MmPs - 92) o, = [Br1/2] + 0(p).

(n,9, - q)3)p09 (1,95 - (Pz)po’ (0,94 - (pk)po € O(N).
The terms (Rg; - ¢;), used in calculating (L,p; - ¢,), give contributions
of order O(N’In(1/M\)) if 2 <i, j<3, ON?) if i=2,3,j=4 or
i=4,j=230(\)ifi = j= 4 The remaining part of the operator K/,
cancels with the operator K, and contributes terms of order ¢(a)A to the
expressions (L@, - ¢,),, .

Finally we must show that || K, — K|l € O(AIn(1/A)) which in
turn will imply that ||L,|| and hence ||L|| € O(AIn(1/A)). Using (4.47) we
find that ||K{ , — K| is bounded by

sup [ k(z, z0)po(2)Inl + [RI] dx + [ k(z, z0)[Mf e = po] ax.
zo€D YD, D,
With the aid of the “special calculation” above it is easily checked that the
upper bound on the first integral is O[A In(1 /A\)] while the second term is
O(A).

Therefore ||L|| € O[AIn(1/)A)] and since M = (1 — N)"!L we have
||IM]|| € O[AIn(1/A)] as well. Now the eigenfunctions ¢, = 1,2,3,4 are
uniformly bounded in A as A — 0. Thus

l(Mz(I - M)—l(pj . (pi)po} < NI (1/A)(1 - 1) ,.
But(1-1), =167/(1 + p) € 0(1) as A — 0 and so
(M2(1 = M), - <pj)p0 € o[ NI*(1/))].
Collecting the various terms that occur in (4.44) we find

(4.48) ay = -3u+o(p)+e(a)p

ay = -3p+o(p) +e(a)p

ay =ayn = (3pp)/2 + o(p) + e(a)p

= ay = O(N?) + e(a)p

g = —3[In(1/w)]" + o[In'(1/p)] + e(a)p.

Now p = f ”/(0) satisfies | p| < 2 and remains bounded away from +2 for
rectangles () as long as a remains bounded away from 0 or /2. For
each of the terms in (4.48) we have limit &(a) — 0 as @ — 1. It follows
that the matrix (a,;) is dominated by its leading terms and upon solving
(4.43) we find that |c,| < r(A)||w|| where #(A) € O(1/A). From our earlier
discussion we may conclude that ||(/ — K ;O)‘IH € O(1/\). The proof of
Lemma 4.2 is complete.
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The necessary estimates have been made and we are now ready to
apply the modified Newton iteration on the operator K(u). We set

(4.49) S(u)=u~(I-K.) (u~ K(u))

-1
=(1-K.,) (K(u) - K, (w))
and will make use of the following result to be found in Vainberg [16, p.
260].

CONVERGENCE THEOREM. Let X be a Banach space and let S(x) be a
C'-function from an open ball B(x,, R) = {x|||x — xo|| < R} into X.
Suppose that there is a differentiable real-valued function @(t) defined on the
interval [0, t’) where t’ < R satisfying

(@) IS(xo) — x,ll < @(0)

®) IS < @'(2) < ifllx — xofl < 1.

Suppose further that the equation @(t) =t has a root in [0, t'). If {x,} is
the sequence with x,., = S(x,), then x, —> x* where S(x*)= x* and
[lx* — x4|| < t* where t* is the smallest root of p(t) = tin [0, t'].

Suppose that we also have @(t') < t'. If @(t) = t has a unique solution
t* in [0, t'], then the solution x* is unique in B(x,, t’) = Q, and successive
approximations starting from any x{, € Q, will converge to x*.

We continue with the proof of Theorem 4.1. From (4.49) we have
S’ (u)(h) = (I - K, ) (K, — K, )(h). We compute
Ki(h) = K.(h) = [K{ (k) = K{ ()] +[K3.(h) = K3, (h)]

=K/

1,uq

[(e*~* = D)A] + K3, [(e7“7* = 1)].
Therefore, we find
sl <|(7 - x2) |l J(e= 1)

if |lu — uol| < t. But from Lemma 4.2, we know that |[(/ — K, )7'|| €
O(1/\) and ||K/, | 11K || € Olln(1/A)]. Therefore

IS:]l < [@/A)In(1/M)](e" = 1) =T -(e = 1) = ¢/(1)

when ||u — uy|| < ¢, where ¢ is some constant and I" = c[(1/A) In(1/A)].
We now have

+||K;

2,uy

o(t) =¢(0) +T(e' =1 —1).
The equation ¢(¢) =t will have exactly one root ¢ if 1+ @(0) =
1+ I')InfQ + T)/T] where ¢’ = Inf[1 + I')/T]. If 1 + ¢(0) <
1+ I')In[(1 + I')/T], ¢(0) > 0, then the equation ¢(¢) = ¢ will have
exactly one root ¢* in the interval [0, 7'].
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We now estimate ||S(u,) — uyl.
-1
S(ug) —ug= *(I - Kz:o) (4 — K(uo))-

From the results of Lemma 4.2 we find

18 (1) — uoll < B(1/M)[NIn(1/A)] = 6X%In(1/A) = ¢(0) > 0.
It is easy to check that ¢(0)/[(1 + I')In[(1 + T')/T'] — 1] has a limit of 0
as A — 0. Therefore the convergence theorem applies for A suitably small,
(A < A say). Therefore, for 0 < A < A there is a unique solution u* to
S(u*) = u* in B(u,, t’) so that
lu* — ug| <’ =mWm[Q1+T)/T]=1/T =cA/In(1/A) >0 asA'> 0.
This shows in particular that u*(x,A) also converges uniformly to
41n(1/|z]) on any subset of D which omits a neighborhood of the origin.

Finally, we note that our construction of the approximate solution
uy(x, a, \) depends continuously on A, a. Each step in our construction
of uy(x, a, A) is an explicit recipe each of which depends continuously on
A and a. Finally, the Newton iteration formula (4.49) is an operator
depending continuously on « and A. It follows that the mapping (a, A) -
u*(x, a, \) € C°(D) is also continuous. Theorem 4.1 is proven.

We have constructed our desired family of solutions to the system
(3, 3), (4,4) by mapping the rectangular domains {(«) onto the unit disk
and doing the analysis there. We now wish to consider the smooth
dependence of these solutions on the parameters A and «. This is most
easily done by mapping a typical rectangular domain which we may
choose to be of the form [0,1] X [0,V/h] =, onto the unit square
@, =[0,1] X [0,1] by a simple stretching and studying the transformed
family on this fixed domain.

If u, +u,+ A/ Vb)f(u) =0 on Q, with zero boundary values,
then the transformed function will satisfy the P.D. E.

(4.50) e+ b7'u,, +(A/Vb)f(u) =0 onQ,.

This function will satisfy the corresponding integral equation
(451) () ulxe)= [ k(oo BYAS[u(0)]) dx

(B)  k(x,%, ) = ~(4m) " In[(x = x0)* + b(y = )]
+h(x,xq, b).
Here once again we are labeling a typical point in £, by x = (x, y). The
function A(x,Xx,, b) is “b-harmonic” on @, satisfying the P.D.E. A+
b“lhyy = 0 on §, and is chosen so that k(x, X, b) vanishes for x € 3%;.

IR
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LeMMA 4.3. Consider the operator

(4.52)  wv(x,,b) = fﬂ k(x,%q, b)u(x) dx = T[b, u](x,)
The following are true.

(a) The mapping T:(0, 0) X C(Q,) = C(Q,), which is linear in the
second variable, is a continuously differentiable map such that the image
function vanishes on the boundary.

(b) The map (b, u(x)) = D,v(x, b) where D,v is a partial derivative
with respect to one of the X-coordinates, is a continuous map into the space
C(Q') where Q' is any domain with @' C Q,. The mapping (b, u(x)) - D,v,
is also a continuous map into C().

Proof. We split the operator T'[b, u] by setting
v(x, b) = T[b, u](x) = w(x, b) + x(x, b)

w(x,, b) = —j;z (477)_11n[(x —x,) + b(y — yO)Z]u(x) dx

x(xo,b)=fQ h(x,x,, b)u(x) dx.

Using standard methods from potential theory (e.g. Gilbarg and
Trudinger [7, p. 53]) it is seen that w(x, b), w,(x, b), Dw(x, b), Dw,(X, b)
are all continuous on £, and are calculated by differentiating under the
integral sign. (The kernels for w, w, are homogeneous of degree 0 while the
remaining kernels are of degree —1). Furthermore the mappings (b, u(x))
— (w, w,, Dw, Dw,) are all continuous from (0, c0) X C(£,) > C(2,).

Now x(x, b) € C(2,) N C®(,) is a b-harmonic function on Q, with
X = —w on 0%,. It follows that the mappings (b, u(x)) — [x(x, b), x,(x, v)]
are continuous maps from (0, o0) X C(Q,) —» C(&,) while the derivative
maps D,x(x, b), D;x,(x, b) are continuous maps into the space C({’)
where @' C Q,.

It follows from our discussion that the map T: (0, c0) X C(£,) —
C(8,) is continuous. Since 7 is linear in « we have for the derivative of T

DT|[b, u](Ab, h) = v,(x, b)Ab + T[b, h]

for Ab € R and h(x) € C(L,). From this we see that DT is also continu-
ous and so T is of class C*. O

_LEMMA 44. Let (o, N) = u*(X, &, ) be the continuous mapping into
C(D) constructed in Theorem 4.1 where u* — K(u*) = 0, and K(u) is the
integral operator (4.4). The derivative map (I — K,.): C(D)— C(D)
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is invertible for each u*(x,a, N\) with A\ > 0 and satisfies the bound
(I — K)~'l € 0Q/N)

Proof. By Lemma 4.2 we have |[(I — K, )~'|| € O(1/A) where u, was
the initial approximate solution. Now

(I—KQ=(I—K%”I—U—K%Y%K}—KQ]

=(1-k,)(1-5))

u

where S(u) is the operator (4.49) used in the modified Newton proce-
dure. It was shown that ||S)| < I'(e’ — 1) if |lu — uy|| <t where
I' = ¢[(1/A) In(1 /A)] for some constant c. However, ||u* — u,|| < ¢* where
t* € [0, ¢']is the smallest positiveroot of t = @(¢) = ¢(0) + I'(e* = 1 — 1)
where @(0) < bA?In(1/X) as A — 0. It is easy to check that ¢(0)/t* — 1
as A — 0, hence *(A) € O[A’In(1/)A)]. From this we obtain ||S)|| €
O[A1n?(1/))). Therefore ||S.«|| = 0 as A — 0 and from the identity above
we conclude that (I — K/.) is invertible and |( — K/.) 7Y € O(1/\). O

Now take the functions u*(x, a, A) constructed in Theorem 4.1 on the
disk domain and transform them to our new standard domain {,, the unit
square. For convenience we replace the shape factor a by the parameter b.
The transformed function u(x, b, A), x € Ql, is then a continuous map-
ping (b, A) = u(x, b, \) € C(Q,) which vanishes on the boundary and is
a solution to the operator equation

(4.53) u — 2AT[b,sinhu] =0
where T(b, u) is the integral operator defined in (4.51), (4.52).

THEOREM 4.2. The continuous family (b, \) = u(x, b, \) is a C*-map-
ping from the admissible set 0 C R* — C(,). The following are also true.

(a) u(x, b, \) € CYQ) forany Q' C Q,.

(b) u(x, b, \) € C®(Q)) N C°Q,) for each (b, \) and is a solution
to (4.50).

(c) The mappings (b, \) = [u(x, b, N), u,(x, b, X), u\(x, b, A)] are
continuous into C(Q,) while the maps (b, \) —
[D;u(x, b, N), D;u,(x, b, \)] are continuous into C(') where
QcQ,.

Proof. From Theorem 4.1 we have that u(x, b, A) depends continu-
ously on (b, A), and by the discussion above is a solution to the operator
equation (4.53) for A > 0, F(u, b, \) = u — 2AT[b,sinh u] = 0. From
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Lemma 4.3 it follows that F(u, b,A) is a C'-function from R? X C(Q,)
— C(£,). Furthermore, the derivative

F,(u,b,A)(h) =1(h) —2AT[b,(coshu)](h)

is invertible for small positive A by Lemma 4.4. Therefore by the Implicit
Function Theorem u(x, b, A) depends differentiably on (b, A) as a map-
ping (b, \) € 0 c R? - C(Q,).

Now since u = 2AT[b, sinh u] and since sinh u is continuous on ﬁl, it
follows from Lemma 4.3 that u € CY(Q') for @’ C ,. But then it follows
that u € C*({’) and is a solution to the D.E. (4.50) on ,. The remaining
smoothness properties also follow from Lemma 4.3. O

LEMMA 4.5. Let u(x, y) € C%Q) N CXQ) be a solution to the D.E.
Au + F(u) = 0 on Q where Q is a rectangular domain (0, A) X (0, B) and
F(u) is an odd (F(-u) = —F(u)) continuously differentiable function with
F(u) positive for positive u, and let u =0 on Q. Let @(x, y) be the
extension of u(x, y) to all of R? obtained by odd reflection of u(x, y) across
the rectangular grid determined by Q. Then u(x, y) € C*(R?) and is a
solution to Au + F(u) = 0 on R?.

Proof. This result must be well known. The fact that reflection across
a line is smooth is proven in the same manner as the case of harmonic
functions [2, p. 272]. The resulting extension is then continuous on all of
R? and is a smooth solution to the D.E. except possibly at the vertices.
From this it follows easily that the extension is in fact smooth across the
vertices as well. O

One may conclude that the family u(x, b, A) satisfying (4.53) on Q,
and discussed in Theorem 4.2 has an odd C* (analytic, in fact) extension
to all of R?, being a solution to the D. E. (4.50) and vanishing on the grid
lines x = k, y =1 (k, ! integers). We now show that these extensions
depend continuously and differentiably on (b, A).

THEOREM 4.3. Let u(x, b, A) be the odd smooth extension of the family
u(x, b, A) described in Theorem 4.2 The following are true. On any compact
domain Q C R? the following functions are continuous maps from the
parameter set (b, \) € O C R?> - C(Q) where X is positive.

(@) (b, A) = u(x, b, A)

(b) (b, A\) = D,a(x, b, A)

(©) (b, A) = @1,(x, b, ), i1,(x, b, \)

(d) (b, ) = D1, (x, b, ).
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Proof. Let 2, = [-1,1] X [-1,1] be the square of edge 2. On Q,, the
map (b, \) = @(x, b, \) € C(R,) is continuous (for A > 0) and is a
solution to the integral equation (4.53) where now the kernel function
k(x,x,, b) for the operator T is relative to £, rather than ,. The
conclusions of Theorem 4.2 can now be applied to this enlarged domain.
So for any subdomain Q' C €, the functions listed above are continuous
mappings into C(&’). Since the functions are periodic, the result follows. O

We now shall discuss the behavior of the family of functions u(x, b, A)
described in Theorems 4.1-4.3 as the parameter A — 0. We suppose that
the functions have been extended as described in Lemma 4.5 so that the
domain includes all x € R% From Theorem 4.1 we know that if @ C R?is
any domain whose closure avoids the center of any square in the grid
determined by £, and if the shape parameter b remains inside some
compact subinterval of (0,0c0) then as A — 0 the function u(x, b, A)
converges uniformly to the function uy(x, b) where for x € Q,

(4.54) uy(x, b) = 41n(1/|g(x, b)]).

Here g(x, b) is the nonconformal map of 2, onto the unit disk D obtained
by first squashing @, onto the rectangle @, = [0,1] X [0,Vh] and then
conformally mapping 2, onto D. u,(x, b) is then extended oddly to all
X € R? as described in Lemma 4.5. This limit function uy(x, b) is “b-
harmonic” [satisfies u,, + b™'u,, = 0].

THEOREM 4.4. Let Q@ C R? be any domain whose closure excludes the
centers of any square in the grid formed by $),, and suppose b is constrained
to remain in some compact subinterval of (0,00). Then as A — 0,
D*u(x, b, \) > D*uy(x, b, \) where D*u is any partial derivative of
u(x, b, X\) with respect to the x-coordinates.

Proof. We may suppose that € is a disk domain whose closure does
not contain the center of any square. On ! we have

ug +bu, +(A/Vb)(e*—e*)=0 on
u(x, b, \) =¥(x,b,\) onaQ.

As an integral equation we may write

(4.55) u(x,, b, \) fﬂk(x,xo,b)[)\(e”— e )] dx + h(xy, b, A)

v(xg, b, A) + h(x,, b, N).
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Here k(x,x, b) is the Green’s kernel (4.51) adjusted to the disk Q and
h(x, b, ) is a b-harmonic function with # = ¥ on 9%2. Since u(x, b, A) —
uy(x, b) uniformly on & as A — 0 it is clear that (4.55) remains valid down
to the limit, A = 0. But now using the arguments in the proofs of Lemma
4.3 and Theorem 3.2 we can conclude that on any subdomain &' C Q the
functions u, u,, u, converge to u,, (u,), and (u,), as A — 0. This process
can be iterated and we can conclude that D*u(x, b, \) = D*u(x, b) as
A—>Oandx € Q. O

The following lemma concerns the symmetry properties of the solu-
tions u(x, b, A).

LEMMA 4.6. Let Q be the rectangle [-a, a] X [-b, b] C R* centered
about the origin. Let F(u) be an odd function of class C* which is positive for
positive u, and suppose u(x, y) € C*(Q) is a solution to u__ + u,, + F(u)
= 0 which is positive inside 2 and equals zero on the boundary. The
following are true:

(a) u(x, y) = u(-x, y) = u(x,-y) so that u(x, y) is an even function
of (x, y). Hence u, (x, y) is odd in x, even in y (e.t.c.).

(b) For a fixedy, 0 <y < b, u(x, y) is a strictly decreasing function of
x for 0 < x < a. Similarly for a fixed x, 0 < x < a u(x, y) is strictly
decreasing iny, 0 <y < b.

(¢) u,(x, b) is strictly increasing for 0 < x < a from u (0, b) <0 10
u,(a,b)=0.

Proof. We first observe that by the E. Hopf boundary point principle,
along the edges of {2 the outward normal derivative du/dv < 0, and by the
boundary point principle at a corner due to J. Serrin [14], u,, does not
vanish at any corner. These observations allow us to apply the passing
planes technique initially due to A. D. Alexandrov and extended in the
paper of Gidas-Ni-Nirenberg [6], (see also [17]).

We reflect u(x, y) about lines parallel to the coordinate axes and
apply the Hopf touching principle or the Hopf boundary point touching
principle (see [17] for details). The conclusions are

(a) u(x, y) is an even function in x and y.

(b) u(x, y) for a fixed y, -b <y < b, strictly increases from 0 =
u(-a, y) to a maximum at u(0, y) and then strictly decreases back to

= u(a, y). A similar result holds in the y-direction.

(¢) u,(x, b) strictly increases on [0, 4] from u,(0, b) < 0 to u (a, b)
= 0. A similar result holds for u (a, y),0 <y < b. O
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The symmetry properties of u(x, b, A) as described in Lemma 4.6
actually follow from our method of construction. We observe that the
functions u(x, b, A) constructed in Theorem 4.1 are not guaranteed to be
positive on the interior of the domain. However, we have the following
result.

LEMMA 4.7. The functions u(x, b, \) described in Theorem 4.2-4.3 are
positive on §2;.

Proof. Suppose u(x, b, A) is defined for (b, \) € 0 C R*> where 0 is a
connected set. If we can show that u(x, b, A) is positive on £, for one
(b, M) € 0, then u(x, b, \) will be positive on 2, for all (b, A) € 0. This is
a direct consequence of the E. Hopf boundary point principle and Serrin’s
boundary point principle at a corner, discussed in the proof of the
previous lemma.

By Theorem 4.3 we have u(x, b, \) = uy(x, b) uniformly on any
subdomain £’ of €, which does not contain the center of &, as A — 0.
Here uy(x, b) is given by (4.54). Therefore, if £, is any subdomain of 2,
with @, C Q,, then fixing b = b, there exists A > 0 so that for 0 <A < A
we have u(x, b, \) > ¢ > 0 for x € Q.

Now let p be a boundary point of £, which is not a corner. In a
neighborhood of p, the inward normal du,/9» is positive. But du/d» =
du,/dv uniformly on this neighborhood by Theorem 4.4. It follows that
for A sufficiently small u(x, b, A) will be positive for x € U, N Q, where
U, is a neighborhood of p.

Finally consider a corner. Here we have (u,),, # 0 and the same will
be true for u , for A sufficiently small, b = b, and x in some neighborhogd
of the corner. It now follows that there is a A so that, for 0 < A <A,
u(x, b, ) will be positive for x € U N ©, where U is some neighborhood
of the corner. But , is compact and the Lemma follows.

V. Conclusion with pictures. Let Q = (0, A) X (0, B) be a rectan-
gle chosen so that the smallest eigenvalue of the system Av + yv = 0 on
Q, v|dQ = 0is y, = 1. In particular we have y, = 1 = 7%[1/4% + 1/B?]
and so we see that both A and B are greater than #. If one solves the
P.D.E.

(5.1) AW + 2AsinhWcoshW =0 onQ, W=0 ondQ

or equivalently setting 2 = X the system (3.3) AZ + 2Asinh 2 = 0, then
by shrinking the domain we have a function w(u, v) defined on V2A Q =
Q(A) and satisfying

(3.5) Aw + sinhwcoshw =0 onQ(A), «w=0 ondQ(A).
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From here we follow the procedure of §§II and III to construct an
immersed surface x(u, v, A) with fundamental domain €(A). In our
pictures we shall choose H = 1/2.

As 2A - vy, =1 (i.e. A > 1/2) the functions W(u, v, A) = 0 uni-
formly. There is a bifurcation from the trivial solution W = 0 to (5.1)
when A = 1/2. The discussion of §IV established a one-parameter family
W(u, v, \) depending smoothly on A near A =0 (A > 0) such that
W(u, v, \) converges to Wy(u, v) = 2In(1/|g(w, 2)|) where g(w, &) is the
inverse of the Schwartz-Christoffel mapping from the unit disk to the
rectangle .

The following statements concerning solutions to the system (5.1) are
worth bearing in mind.

LEMMA 5.1. Let W be any positive solution to the system (5.1). It follows
that 0 < 2\ < vy, where v, is the smallest eigenvalue to the Laplace equation
with zero boundary data.

Proof. Essentially well known. Follows from the fact that sinh W > W
for W positive.

LEMMA 5.2. For every A, 0 < 2\ < vy, there exists a positive solution to
(5.1).

Proof. Not to be given here. Uses so-called mountain pass lemma.

If one imagines the solution curve [W(u, v, A), A] in the “(W, A)-
plane”, then one is tempted to believe that the curve bifurcating from
A = 1/2 connects smoothly to the large family near A = 0. This has not
yet been established. The following conjecture is especially tempting.

Conjecture. Let W(u, v, \;) and W(u, v, A,) be two positive solutions
to (5.1) where  is a rectangular domain. If A; < A, then W(u, v, A}) >
W(u, v, \,) for each point (u, v) € Q.

Remark. In the case of a disk domain this conjecture is true.

Now suppose we have our positive solution w(u, v) to (3.5) defined
on £(A) and then extended as a solution to all of R? from which we
construct our surface x(u, v, A) with mean curvature H = 1/2. As 2\ — 1
we know that w — 0. In this limit case x(u, v, A) (with A =1/2) is a
representation of a pure cylinder whose cross-section is a circle of radius
one. We shall sketch the image of the rectangle indicated as [1-6] in the
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illustrations. So if the fundamental rectangle is 2(A) = (0, 4) X (0, B)
where 4 = Y2\ 4,, B = V2X B, then we sketch the image of the rectangu-
lar region whose vertices are (A4/2,0), (A4/2, B/2), (34/2,0),
(34/2, B/2). The rest of the immersion can then be obtained by a
rotation of 180° of the pictured region about the normal line through the
image of (2) = x(A4,0) and then subsequent reflections.

We have sketched four figures starting with A = 1/2 (the cylinder)
and then surfaces corresponding to decreasing values of A until the planes
IT, and II, become identical so that the immersed surface closes up in one
direction at least. The following observations are useful to keep in mind as
A — 0. We let 27(A) denote a rectangular domain where w(u, v) is
positive (e.g. 27(A) = Q(A)). In this domain the principle curvatures k;,
k, are both positive, hence the Gauss curvature K is positive and the
surface x(27) is convex. 27(A) is any congruent rectangle where w(u, v) is
negative. In this case k; <0 and k, > 0 so that Gauss curvature is
negative.

THEOREM 5.1. As A — 0 the following are true.
(a) The area of the image of the Gauss map

= f K dA approaches 4.
x(2¥(N))

(b) The area of the image surface, X[ *(\)] approaches 4m(2)* = 16.
(¢) The area of the image surface, X[2 ()] approaches zero.

Proof. The proofs of the assertions are similar and direct. For (a) we
have

/]

X

KdA = f f sinh w cosh w du dv
[e*(M)] *(\)

f f sinh W cosh W(2\) du dv

= -f AW du dv
Q+
114 A
__LQ+ ﬁds_)_/;;gy _f)_;—ds
_ dIn(1/r) ds— 4
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A similar calculation for (b) gives for the area of the image x[Q*(A)] the
formula

Area = 2>\[ fg e~ dudy — 2/ fg AS du dv.

As A approaches 0 the first term in easily seen to approach zero and the
whole expression converges to 167. The proof of (c) is even more direct. O

Our calculations suggest that the surface x(£2(A)) converges towards
a sphere of radius 2. The surface x(27(A)) has negative Gauss curvature
(and small area) and serves to connect the sphere-like pieces together.

Finally we note that as A — 0 the fundamental rectangle () shrinks
to a point. If H = 1/2, then along the line v = 0 we have w(u,0) = 0 and
E = x,|*> = 1. This shows that x(u,0) is parameterized by arc length.
Thus the curve x(u,0), 0 < u < A(A) = \/EZTAO has length y2X 4, which
shrinks to zero. Similar remarks apply to the image of any of the grid lines
u = mA, v = nB along which v = 0.

F1GURE 1: The Schwartz-Christoffel Map (3.2)

v w-plane y z~plane

) (A(a) ,B(a)) N

w=f(z,a)

io

—> u 7 X
-ia
—zmg el 7 e
ia
-e

FIGURE 2. The Fundamental Domain Q(a, A) = V2 ()

v
N (A(o),B(a))

2
s

Q)

AN (V2XA(a) ,V23B(a))

7 w'=0(w)=w/V2)

2
2 a, ) Q({)

1. AY + Al f(z,a)|(e¥ —e¥)=0o0n D, ¥|dD =0
limit ¥(z, a, A\) = 4In(1/|z)) asA — 0
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AS + A(e® — e %)= AZ + 2Asinh = = 0 on Q(a)

x(u, v, a, A) is solution to (2.19) with fundamental domain

Q(a, A) while y(u/, v/, a,A) =[x ®}(u', v, a, \)]/ V2N is a
solution to (3.7) with fundamental domain Q(«).

FIGURE 3: Graph of y(u, -B(«a), a, A).

z= g(w,q)

240
2.
where 2 = Vog
3. AW + 2Asinh Wcosh W = 0 where 2W = =
4. Ao + sinho = 0 on 2(a, A\) whereo = 2 ®
5. Aw + sinhwcoshw = 0 where 2w = ¢
6.
N (A(a) ,B(a))
2 -
] 7
Q(a)

i) y(u + 44(a), v, a, A)

= y(u, v, a, A) + 45(a, A)e
i) y(u, v, a, ) = yy(u, v)
as A approaches 0.

iii) When A equals 0

then ¢ equals 26.

N

A)

—] e — e ————

y(0,-B(a),a,A)

FIGURE 4: Graphs of C, = y,(u, —-B(a))

4
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S(a*,0)=0!
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FIGURE 5: Suggestive Illustrations.

 The Fundamental Domain Q(a, A) = V2A Q( ).
+ ’ + - T -

IR WY LB ¥ S
+ i1 + 2 —_ :3 -

Case 1: (W = 0, A = 1/2) The pure cylinder

3

1 X 2
u T o>m/2
xv(l; ( (
4 5 6 _ _ _ __ =1

Case 2: (W positive but not too large, A less than 1/2)
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Case 3: (W larger, but the planes II,, II, still separated)

Final Note: If one reflects the sketched figure about the plane of the
paper II,, then a surface in the shape of a “clam shell” is obtained. Now
rotate this figure about a vertical line through c¢,. The completed figure
resembles a clam with the shells opened up a bit.
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