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PROOF OF EXTENSIONS OF TWO CONJECTURES
ON STRUCTURAL DAMPING FOR ELASTIC SYSTEMS

SHUPING CHEN AND ROBERTO TRIGGIANI

Let A (the elastic operator) be a positive, self-adjoint operator
with domain D(A) in the Hilbert space X, and let B (the dissipa-
tion operator) be another positive, self-adjoint operator satisfying:
p1A® < B < prA* for some constants 0 < p; < p» < oo and
0 < a < 1. Consider the operator

g =

0 I
BN
(corresponding to the elastic model X + Bx + Ax = O written as a
first order system), which (once closed) is plainly the generator of
a strongly continuous semigroup of contractions on the space £ =
D(A'?) x X. We prove that if 1/2 < o < 1, then such semigroup is
also analytic (holomorphic) on a triangular sector of C containing the
positive real axis. This established a fortiori two conjectures of Goong
Chen and David L. Russell on structural damping for elastic systems,
which referred to the case @ = 1/2. Actually, in the special case
a = 1/2 we prove a result stronger than the two conjectures, which
yields analyticity of the semigroup over an explicitly identified range
of spaces which includes E. This latter result was already proved in
our previous effort on this problem. Here we provide a technically
different and simplified proof of it. We also provide two conceptually
and technically different proofs of our main result for 1/2 < oo < 1.
Finally, we show that for 0 < a < 1/2 the semigroup is not analytic.

1. Introduction, preliminaries, statement of main results.

1.1. Introduction. In a recent paper [C-R.1] Goong Chen and
David L. Russell propose a class of mathematical models “exhibit-
ing the empirically observed damping rates in elastic systems.” As
they show by analyzing the models proposed, the crucial mathematical
feature which they seek in order to justify their claim is the property
that such models generate strongly continuous, analytic (holomorphic)
semigroups. While we refer to [C-R.1] for a discussion of elastic sys-
tems and their damping rates as analyzed in past engineering liter-
ature, we restrict our interest here to some mathematical questions
which are raised in the paper. More specifically, in [C-R.1] Goong
Chen and David L. Russell pose two conjectures which—if proven
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correct—would cover precisely the cases that they would like to in-
clude in their proposed model for elastic systems. These two conjec-
tures state, qualitatively, that the sought after analyticity property of
the underlying dynamics (semigroup) holds true in the case where the
dissipation operator is ‘comparable’ with the %th-power of the elastic
operator.

In the present paper we study the problem of analyticity of the un-
derlying dynamics (semigroup) raised in [C-R.1], as extended however
to the general case where the dissipation operator is ‘comparable’ with
the ath-power of the elastic operator over the entire range 0 < a < 1 of
the parameter . We prove (Theorem 1.1) that the desired analyticity
of the underlying semigroup is indeed attained in the range % <a<l
of the parameter, thereby establishing a fortiori the conjectures of
[C-R.1] which refer to the case a = % Indeed, in this special case
a= %, we prove a stronger result than the two conjectures (Theorem
1.2), which states that analyticity of the underlying semigroup is in fact
obtained over an explicitly identified range of spaces which include the
space of interest (the space FE in (1.2) below). To complete the anal-
ysis, we also prove (§2) that analyticity fails in the range 0 < a < %
of the parameter, in line with the well-known case a = 0, where the
semigroup is in fact a group (and therefore cannot be analytic in an
infinite dimensional space).

As in [C-R.1], it is assumed throughout that:

(H.1): A (the elastic operator) is a self-adjoint operator on a Hilbert
space X, strictly positive, with dense domain D(A4) and compact re-
solvent R(A, A), the case of interest in physical applications (one may
readily reduce the case of 4 being only non-negative to the case of 4
being strictly positive [C-R.1, p. 434]).

(H.2): B (the dissipation operator) is, for the time being, a positive,
self-adjoint operator on X likewise with dense domain D(B) in X.

Generalizing the mathematical model proposed in [C-R.1] to de-
scribe elastic systems, we shall consider in this paper the abstract
equation

(1.1) X+Bx+Ax=0 onX

or equivalently,

(1.2) g; [i] =/ [ﬂ on the space E = D(4'/?) x X
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0 I
(1.3) ﬁgz[_A _B],
with domain D(2/) containing D(A) x D(B)
where the inner product on E is defined by
X
(14) <[ l}’[le = (A"2x, A"y x + (X2, y2)x
X2 V2 E

and where the operator B is assumed to satisfy the following additional
hypothesis

(H.3): There is a constant 0 < o < 1, and there are two constants
0 < p; < p2 < oo such that

(1.5a) p1A* < B < prA%;
i.e. explicitly
(1.5b) p1(A4%x, x)x < (Bx,Xx)x < p2(A°x, X)x,

x € D(BY?) = D(4%/?).
Assumption (H.3) is the precise version of our qualitative statement
above that B is ‘comparable’ with 4A“ and is a natural extension of
the case a = % proposed in [C-R.1]. Thus, the prototype model is the

choice B =2pA*, 0 < p < 00, 0 < a < 1; i.e. for future reference, the
equation

(1.6) X+2pA°x+Ax =0 on X, 0<p<oo; O0<a<l;

or equivalently,

(1.7) % [i} = Yo [;C] on the space E = D(A4'?) x 4,
0 I

(18\ %0=M3=2pA“ = [—A __2pAa] ,

(1.9) D(a) = D(A) x [D(4'/?) N D(4%)]

(1.10) - {D(A)xD<A‘/2), O<a<i,

D(A) x D(A%), %gag 1.

1.2. Preliminaries. We shall collect here some results, to be in-
voked in subsequent sections, which are either well known or readily
verifiable.

(1) In the dissipation-free case B = 0, the operator

iy =] % o] D) =Dy x DL
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is skew-adjoint on E: o = —s* and thus it generates a strongly
continuous unitary group exp(24t) on E (conservative elastic system).

(i1) In the damped case, the operator 23 given by (1.3) is densely
defined on E and dissipative here; hence .« is closeable on E, see [P.1,
p. 16], [F1, p. 122] and we shall use the same symbol 2 to denote its
closure.

(iii) Since B is positive on X, then (i) implies that 2/ is dissipative
on E and the Lumer-Phillips theorem then shows that & generates a
strongly continuous semigroup of contractions on E.

(iv) The resolvent operator R(A, %) = (Al —%,,)~" of the operator
&) 1n (1.8) is given by

I-Vv; (A4
pa ( ) Vp—al(l)
(1.12) R(A, Stpe) = A ,
—AV (A AV ()
(1.13) Voa(A) = A2 +22pA° + A

at least for Re A > 0. We note that 4 and V,,(4) commute, a property
which will be freely used below. Similarly, the resolvent R(A, %3) =
(AI — /)~ ! of the operator ./ in (1.3) (and section 1.2(ii)) is
I-v;'a
’—‘i ?) V')
(1.14) R(A, o) = ,
-v;tn4a  avgla)
(1.15) Va(A) = A2I + AB + A = V,o(2) + A(B — 2pA°),
I-vzl(a)4
A

at least for Re4A > 0. We also observe for future use the elementary
property that the adjoint [V5 ' ()]* of V;'(4) is

(1.17) V' =vz' ).

REMARK 1.1. Let § > 0. The space D(A#) and its dual [D(47)]
with respect to the X-topology will always be considered as endowed
with the following norms

(1.18) 1%l paey = 1147 x| x, x € D(4%),
(1.19) IXllipasy =147 x|lx,  x €[D(4P)Y
consistently with (1.4).

(1.16) = V; Y (A)AI + B),
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REMARK 1.2. With reference to (1.18), we note that the operator
Spq 18 not dissipative on the space D(A4%) x X, which may be suggested
by &pox = [x2, —Ax| — 2pA°*x;] for [x, x;] € D(A) x D(A%), unless
a= % Similarly, the statement 1.2(iii) on the generation by %3 holds
on the fixed space E in (1.2), regardless of the value of 0 < a < 1.

The following elementary observation will be invoked in §4.

LEMMA 1.1. For0< p<oo; 0 < a<1;and A as in (H.1), we have
for all x € X and all A with Re > 0:

(1.20) Re(AA°V,;.! (A)x, x)x > 0. O

Proof. Immediate from (1.13) after introducing the new variable
¢(A) = V. (A)x so that

Re(A4°V 5 ()x, x) = Re(AAE(A), (A2T + A2pA° + A)E(A)). O

In closing, we note that assumption (1.5) is equivalent to the fol-
lowing version

(1.21) 0< p1(3,¥)x < (A72BA 2y, y)x < p2(3. ¥)x, VEX

which suggests the introduction of the operator

(1.22) S, =A"2BA™/?

self-adjoint, bounded, and boundedly invertible on X. It is in this
form (1.21) that assumption (H.3) will be used below in §§4, 6.

1.3. Statement of main results. In [C-R.1] G. Chen and D. L. Russell

formulated the following two conjectures which refer to the case a = 3.

Assume that the operators 4 and B satisfy the standing hypotheses
(H.1) and (H.2) of §1.1. Then, the strongly continuous semigroup gen-
erated by the operator ./ in (1.3) [see §§1.2(ii)—(ii1)] is also analytic
on E = D(A'/?) x X, provided that, in addition:

Conjecture #1. p24 < B> < p34, 0 < p; < p3 < o0, i.e., explicitly

(1.23)  p¥(Ax,x) < (B%x,x) < p3(Ax,x), x € D(B)=D(A"?);
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or else, provided that, in addition

Conjecture #2. p;AY/? < B < p,AY2, 0 < p; < py < o0; ie.,
explicitly

(1.24) p1(A4'%x, x) < (Bx,x) < p(A'%x, x),
x € D(B'?) = D(4'%).

An affirmative answer to these two conjectures would imply, in addi-
tion to the feature of consistent modelling [C-R.1], also the desirable
stability property that all solutions of (1.1), or (1.2), would then de-
cay to zero exponentially as ¢ — +oo in the uniform norm L(E) of
E. Stated in the language of control theory, this means that the free
dynamics (1.1) with B = 0, which generates a strongly continuous uni-
tary group on E (§(1.2)(i)), is then ‘stabilized’ in the uniform norm
of E by the feedback action Bx, a most desirable conclusion.

Only partial results in the direction of these conjectures are offered
in [C-R.1]. These are:

Corollary 3.2 in [C-R.1]—a local result which states that for each
p > 0 there exists ¢(p) > O such that if p; = p—é&(p) and p, = p+e(p)
in (1.24), then conjecture #2 holds true; and Theorem 4.1 in [C-R.1]
regarding conjecture #1, which requires however several additional
technical assumptions which appear to be difficult to verify.

We note that assumptions (1.23) and (1.24) are not equivalent (un-
less 4 and B commute) as mentioned in [C-R.1]; however, it is known
that (1.23) implies (1.24), see [K.2, Corollary 7.1 p. 146] and [X.1,
p. 5] (Lowner’s Theorem). Thus, to give an affirmative response to
both conjectures raised in [C-R.1] in the case a = %, it suffices to
study conjecture #2, the more general of the two.

Indeed, a full description of the problem is provided by the follow-
ing results.

THEOREM 1.1. Assume the standing hypotheses (H.1)-(H.2). As-
sume, in addition, hypothesis (H.3) with § < a < 1 in (1.5).

(a) Then, the strongly continuous semigroup exp(gt) of contractions
generated by the operator /g in (1.3) [§1.2(ii)-(iii)] is also analytic
(holomorphic) on E = D(A'/?) x X.

(b) As a result of part (a), the spectrum determined growth assump-
tion [T.1] is satisfied for «/g, and there is a constant § = — sup Re (/)
> 0, a(«/g) being the spectrum of /g, such that

(1.25) lle%! ||y < e,  t>0. O
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A negative result on the analyticity of exp(#¢) on E when 0 < a <
% is presented in §2. Spectral properties are given in Appendix A.

For o = § we have a stronger result.

THEOREM 1.2. Assume the standing hypotheses (H.1)-(H.2) and, in
addition, hypothesis (H.3) for a = § (i.e. (1.24)).

(a) Then the operator /g in (1.3) generates a strongly continuous,
analytic semigroup of contractions on each space

(1.26) Eg=D(AY492) x D(4Y/4-9/%), 0<60<1,

topologized as in Remark 1.1, which reduces to the space E in (1.2) for
= §. In (1.26) we have used the conventional notation that for B > 0
the space D(A~#) means [D(A#)] as in Remark 1.1.
(b) Moreover, with J the same constant as in (1.25), we have

(1.27) lle“s!|| L,y < e, t>0. O

Actually, Theorem 1.2 was already established in our first effort on
this problem [C-T.1] which referred entirely to the case a = % In
fact, in this reference we have already provided two different proofs
of Theorem 1.2, as well as a precise spectral decomposition of the
operator %, for a = % and 0 < p < 1 as a direct (non-orthogonal)

sum of two normal operators on E ([C-T.1, Lemma 2.1]).

REMARK 1.3. It appears that the ideas presented in this paper are
susceptible of far reaching generalizations, not fully explored yet. For
instance, the arguments of §5 below (modulo minor variations) permit
us to extend the statement of Theorem 1.1 to the following situation:
the elastic operator 4 and the dissipation operator B satisfy hypotheses
(H.1)-(H.2) as before, while now B [instead of obeying (1.5)] has
domain @ (4A*) C Z(B) C Z(A*), and satisfies the conditions

(1.28) pi(A%x,x) < (Bx,x), x€(B),

(1.29) (Bx,x) < pa(A®2x, x), X € D(A™)

for constants % <a; <ap <1,and 0 < py, p; < co. In fact, B may
be relaxed to being essentially self-adjoint provided B* (which is then
self-adjoint) satisfies the counterpart of (1.28), (1.29). We intend to
present this and related results in a subsequent article. o
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REMARK 1.4. Of course, once .z is an analytic generator, the stan-
dard perturbation theory as in [F.1], [P.1], [K.1], [K.2], etc. applies.
Thus, the 4 and B of the present paper may be viewed as principal
parts of the actual elastic and dissipation operators. m}

In the present paper, we shall provide (in §6) a third proof of The-
orem 1.2 (the direct proof announced in [C-T.1], below (5.16)). See
also Remark 6.1 below. Moreover, we shall provide (in §§4 and 5
respectively) two different proofs of Theorem 1.1. It should be noted
that our present proofs of Theorem 1.1 in the case % <a<1 are not
mere cosmetic variations of our proofs in [C-T.1] of Theorem 1.2 for

= % (and in fact, the full strength of Theorem 1.2 is not true for
% < a < 1, as for this range of « analyticity attains only on the space
Egy_1/ as specified in Theorem 1.1, not on the entire range of spaces
Ey, 0 < 6 <1). We have found that the general case % < a <1 offers
new genuine difficulties over the case a = % In recent times, the issue
of obtaining “structural damping” for the dynamics (1.1) has caught
the interest of several authors, e.g. [B.1], [D-P.1], generally in connec-
tion with the stabilization of large flexible structures. For instance in
reference [B.1, end of §4] A. V. Balakrishnan, apparently unaware of
[C-R.1], states: “It would be of interest to develop sufficient conditions
on B to assure analyticity,” without however advancing any conjecture
as [C-R.1] does. Other recent references of interest are [R.2], [R.3].

2. The case: k;4%* < B? < kA%, 0 < ky < ky, with o < 1. The
strongly continuous semigroup generated by .z is not analytic. In this
section we shall see that the choice of the power “4!/2” as a term of
comparison for B is not accidental, in the sense that if the self-adjoint
operator B satisfies instead

(2.1) ky|l4%x|| < [|Bx|| < ko||4%x]|, 0 < ki <k,
x€D(A4*)=D(B) fora<}i

in place of (1.23)—which then implies (1.5) for a < § by Lowner’s
theorem—then the operator 2 in (1.3) [closed as in §1.2(ii)] is the
generator of a strongly continuous semi-group on E, [see §1.2(iii)]
which however is not analytic in general. Indeed, even more informa-
tion of negative character is contained in the following construction.

ProrosITION 2.1. For the positive self-adjoint operator A as in as-
sumption (H.1), denote by {un},, un > 0, its eigenvalues and by
{en}s2, its corresponding eigenvectors forming an orthonormal basis in
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X. Define the operator B: D(B) — X by
(2.2) Be, = b,e,, b,>0
so that B is positive self-adjoint and commutes with A. If
(2.3) Un/b? — 00 asn 1 oo

then the corresponding operator /g defined by (1.3) (and §1.2(ii)) gen-
erates a strongly continuous semigroup on E which, however, is not
analytic here.

Proof. Generation by ./ of a strongly continuous semigroup on E
was already asserted in §1.2(iii). The eigenvalue-vector problem for
g is

(2.4)

Yo _ ¥ oL _ 2
qlz —lllyzl, l.e.( A)\PI—AB\Pl'F}» ‘Pl

whose solution is given precisely by the eigenvectors {e,} of A4:
(2.5) (—A)en = (Aby + A%)en = —pinen.

Then, the corresponding eigenvalues A}~ of /3 are the solutions of
the quadratic equation

(2.6) A4+ byd+un=0
and are given by

— — A2
(2.7) g = by VA by

2 2
Thus, if (2.3) holds, then 4y, — b? > 0 for all n sufficiently large and

ImAt— 4u
2.8 n_l= "n_1-
(2.8) ‘Rel;f"l \ 52 o0

so that the eigenvalues {A;"~} of ./ fail to be contained in a triangular
sector of the type

(2.9) {A: |arg(A —a)| > n/2+ 6}

for some real number a and some n/2 > 6 > 0. Thus, as is well
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known [F.1], [P.1], analyticity of the semigroup generated by ./ is
out of question. O

The case of interest is recaptured as a corollary.

COROLLARY 2.2. Let A be as in Proposition 2.1 and let B be defined
by (2.2), where now
(2.10) by ~p3, a<i asn—oo
(meaning: cuy < b, < Cuy, 0<c<C).
Then, B satisfies (2.1):
(2.11) c?|l4%x|® < ||Bx||> < C?||4°%x]|%,
a< %, x€D(4*) = D(B)

and /g generates a strongly continuous semigroup on E, which however
is not analytic here. O

3. Case a > % The operator /), is the generator of a strongly
continuous, analytic semigroup on E. Related properties.

3.1. Statements. By §2, the strongly continuous semigroup of con-
tractions generated by the operator .%,, on E is not analytic here for
0<ax %, as its (point) spectrum is not contained in a triangular
sector of the type (2.9). See also Appendix A, in particular Eqgs (A.3),
(A.4), for the explicit computation of the eigenvalues of .«/,,. Instead,
if a > %, the following positive result holds true.

PROPOSITION 3.1. Let p >0 and o > % be given.
(i) The strongly continuous semigroup of contractions generated by
o on E (see §1.2(iii)) is analytic here.
(i1) With reference to the operator function Vp‘a1 (A) defined in (1.13),
the following uniform bounds hold true for all 2 with Re A > 0:

(3.1) 122V WDl
1 if2p%uie"! > 1,
< Cpaﬂl =

[4p2u* (1= p2pu* 72 if2p7u ! < 1,

(3.2) A4V o (Mlxy < 1/2p,
(3.3) 1AV 5! (W|Lx) < Cpap,  (same as in (3.1))

where (Ax, x) > u (X, x), iy > 0 being the smallest eigenvalue of A.
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(iii) By interpolation between (3.2) and (3.3), and between (3.1) and
(3.2) respectively, we obtain: for any 0 < 6 < 1, the following uniform
bounds hold true for all 2 with Re A > 0:

(3.4) 1410 A0~ 42V L Dl xy < Cpass

(3:5) 270 4%V DllLex) < Cpas- O

ReEMARK 3.1. For future easy reference, we single out the explicit
versions of (3.4) and (3.5) for 6 = % These will be the only cases
which will be invoked in our subsequent analysis in §§4 and 6: for all
A with ReA >0

(3.6) A2 402y 2L )L xy < Cpas

(3.7) 123242V (D) < Cpa- O
3.2. Proof of Proposition 3.1.

Parts (1) and (ii). The following two different proofs may be given
for parts (i) and (ii).

The most straightforward strategy consists in first establishing part
(i1) by proving directly the uniform bounds (3.1), (3.2), (3.3). Once
this is done, by referring back to the explicit expression (1.12) for
the resolvent R(4,.%7,,), one plainly sees that (3.1), (3.2), and (3.3)
collectively state that for all A with ReA > 0 and for all x € X such
resolvent satisfies

£Jﬂllxll);, Reli>0

||

for some positive constant C,,. By the sufficiency part of Hille’s char-
acterization [F.1, pp. 179-186], [P.1], inequality (3.8) implies that the
strongly continuous semigroup of contraction exp(%)q?) (see §1.2(iii))
is also analytic on E, thus proving part (i).

A second proof, less direct but also much more informative, in-
verts the order of the arguments. Here, one first shows part (i) that
the semigroup exp(%/),t) is analytic on E, as a consequence of some
interesting spectral properties possessed by the operator ./, plus the
location of its spectrum for o > % (These properties, among other
things, yield an explicit spectral expansion for exp(¥),t).) Then, by
the necessary part of Hille’s characterization, it then follows that the

(3.8) [|R(A, #pa)x|lE <
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uniform bound (3.8) for the resolvent holds true. Finally, specializing
(3.8) with x = [x;,0] and x = [0, x;] both in E and using the explicit
expression (1.12) for R(4, %,,), one obtains the uniform bounds (3.1),
(3.2), (3.3) (without, however, the explicit expression for the constants
involved), thus proving part (ii).

The second approach is presented in Appendix A. Here we shall
follow the first approach. To establish parts (i) and (ii), it remains to
prove (3.1), (3.2), (3.3). Below we shall give a coordinate-free proof
of (3.1), (3.2), (3.3), while in Appendix B we give a proof which uses
the orthonormal basis of eigenvectors of A.

Proof of (3.2). From (1.13)

Va - l-a
VpaW)A™* =2pl +247* + 4

(3.9) : -

so that for x € D(A!~®)

2 2

(3.10) l K@i’g—“‘ﬁ = I12px| + “M-ax + Al;ax
+2pRe (AA""x + Al;ax , x)
= 4p?|x|2 + HAA""x + Al;x 2
+ 2p(ReA)||4="x|? + 2p BEH (41-ax x)

1412
> 4p?||x||> for all A with ReA > 0.

Moreover, the range of V),(4)A~*/4 is all of X for ReA > 0 because
of (3.10) and since the null space of the adjoint (V),(4)4A™%/A)* =
Vya(A)A™%/2 (see (1.17)) is plainly the trivial subspace for Red > 0.
Thus, this latter property and (3.10) together imply (3.2) as desired.
(Note that the present proof does not use o > %.)

Proof of (3.1). From (1.13) with a > }

2
Vpa(A) A* A aetj2 (A2 41/2
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so that for x € D(A4) we compute

2
1/2 172\ 2
g x+2pA"“/2Alx+(Al ) X
412\ ? 2
Jesy

172\ 2
+2Re ((AT) x,x) +®,

2

Vpa(A)x

(3.12) I

+ 4p? (|4~

3.13) ®=4p (Re%) (l

AO*/ZxN2 + HA(““)/ZxHZ) >0

for Red > 0.

(a) We first let 2p? ,uf"“l > 1. It suffices to work only with two terms
on the right of (3.12)
172\ 2
(3.14) 2Re((AT) x,x) + 4p?

Aa—l/ZAl/zx ?

1 4p2ﬂ2a—l
> 2 (Re ) I4V2x|P + b4
Rel)? — (ImA)?  4p2ui*!
] (2( e g 1
T

e 10+ 2)(Red)?

+2(2p%u3 !~ 1)(ImA)%]1 > 0
so that in this case (3.12)-(3.14) yield

Voa(A)X

2
g > ||x||* for ReA >0

(3.15) |

and (3.1) is proved in case (a). (The range of V,,(4)/42 is all of X for
Re A > 0 because of (3.15) and since the null space of (V,q(4)/A2)* =
Vpa()/42 is plainly the trivial subspace for Re 4 > 0.)
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(b) We now let 2p?u?*~! < 1. We now work with the first four
terms on the right of (3.12), which we re-write as follows

Voa(A)x ||
,{2
412\* A1/2\?
2 ((TAT) ) Haru ((W) )
412\ 2
+(x,x)—2(<W) x,x)
[/ 4172\2 ]
G17) =( () -
T a2 3
(3.18) =( <A|T|> iy x,x)
[ [ (472N -
+ap2i2 ‘([(W) —IJ )+4p2 2a-1 |2
2
(3.19) = ({[(‘%2) —IJ +2p%pde~ ‘1} x,x)

+ 4021 Ix|? — 2p2ui ") x| ?

(3.16)

(dropping the first (positive) term)
(3.20) > 4prpte=(1 - p*ufet)||x|?

uniformly in A for ReA > 0. Thus (3.20) proves inequality (3.1), as
desired, also in case (b).

Proof of (3.3). From (3.13) with a > 4
(3.21)  Vyu(A)A™' =T +42pAA> ! + 3247
=1 +42pA°" 1244712 4 (A471/2)2,
The proof now proceeds as for (3.1) from (3.11) through (3.20), with

the expression (4!/2/|A]) in that proof replaced by (14~!/2) now. We
only sketch it. Let x € X. Then

(3.22)  ||Vpa(A)A x| = [|(A47Y2)2x|12 + 4p?|| 42712 (247 /2) x| )2
+[1x|]> + 2Re((247 %) 2x, x) +®
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counterpart of (3.12), where now

(3.23) @ =4p(Rel) (”A<a-1>/2x“2 + “/1A<a-2>/2x“2> >0
for Red > 0.

(a) We first let 2p2ufa“l > 1. Here, again, we work with only two
terms

(3.24)  2Re((A47V2)2x, x) + 4p?|| 4>~ V(247 1/2)x||?
> 2(Re 22)(|A7"2x|2 + 4p?ui* A1 47 2|2
= [(4p?u3*"! + 2)(Red)?
+2(2p%uf*™" = )(Am A4~ 2x])* > 0

counterpart of (3.14).
(b) We now let 2p?u?*~! < 1 and work with the first four terms on
the right of (3.22). We re-write them as follows

(3.25) ||Vpa(A)A™ x|
> (A7) %, x) + 4p2 31 (11471 )2x, x)
+(x,x) —2((JA|47"?)2x,x)  (counterpart of (3.16))

(3.26)
= ([(1Al47"/%)? = IPx, x)
+ 4p2u T (M A2 = 11, x) + 4pud" x| 2
(counterpart of (3.17))
= {[(AA47)2 =1+ 2p 3 1Y x, x)
+4pP e |x| 1P — (29711 1x]1?
(counterpart of (3.19))
(3.27)
> 4p?u* ™ (1= PP h)llx|?
uniformly in A with Re A > 0 and the proof is complete. o

Part (iii). This follows by standard interpolation argument, using
the moment inequality, e.g. [K.2]. Details are omitted. a

4. Case % < a < 1. A first proof of Theorem 1.1. Our goal is to
show that there exists a positive constant K such that the following
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uniform bound holds true for all A with Rei > 0:
(4.1) ||AR(A, B)|L(E)

o [ [ r s

L(W)
<K

W = X x X, see (1.18). Once (4.1) is established, standard semi-group
theory [F.1] [P.1] guarantees that, as desired, the strongly continuous
semigroup of contractions generated by 2 on E (see (1.2(iii)) is,
in fact, analytic here. Inequality (4.1) is in turn equivalent to the
following set of three inequalities: there exists a positive constant
M such that the following uniform bounds hold true for all A with
Rel > 0:

(4.2) 14 2V (W) A P Lx) < M,
(4.3) 1242V WllLx) < M,
(4.4) 122V 5 Wl < M.

In fact, let a;j, i, j = 1,2, denote the entries of the matrix AR(4, ).
Then, (4.2), (4.3), and (4.4) refer directly to a,;, a;3, and aj,, while
ay; yields AV !(A)4'/2 whose uniform bound in L(X) for Rei > 0
is equivalent to that of the adjoint operator (AV;'(1)4!/2)* =
242V ;1 (2), see (1.17), for ReA = Red > 0, in turn equivalent to
(4.3).
4.1. Proof of (4.2). A Fundamental Lemma. Since

(4.5) Vo (A) = V' (2) = V2 (A(VB() = ViAW)V (A)
we compute
(4.6) A2V AV - APV E(2) 412

= A2V N (A)(B - 2pA) V5 (A) A

— A1/2+a/2Vp—al (A)(A"a/zBA“’ﬁ _ 2pI),1Aa/2VB‘1().)A1/2
If we set, as in (1.22),
(4.7) S, = A™*?BA~/? € L(X),

then S, is a bounded self-adjoint operator on X, boundedly invertible
here, by assumption (1.5). Distributing 4 across in (4.6), we re-write
(4.6) as

(4.8) A2V 1()A2 - A2Vgl(2) A2
— 11/2A1/2+a/2V&11(i)(Sa _ 2pI),1‘/2A"/2V1;1(A)A‘/2.
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But, by (3.3) and (3.6), the two terms A2V !(A)4'/? and
A241/2+e/2y J1(7) are uniformly bounded in L(X) for all A with
Re A > 0. Thus, identity (4.8) reveals that the desired uniform bound
(4.2) for A2V ;1(2)4'/? holds true as soon as we establish that
A2 422y 21(2) A1/ is uniformly bounded in L(X) for all A with Re A >
0. This is then the special case f§ = 1 of the following Proposition,
which we state in greater generality at no extra effort.

PROPOSITION 4.1. With % <a<1given leta < f < 1. Then, there
exists a positive constant k,g such that the following uniform bound
holds true for all 2 with Re A > 0:

(4.9) ||AlHa=By21=0) go/2y =1 (1) 4B12|| < Ky p. O

Proof of Proposition 4.1. By (4.5) and (4.7)
(4.10) Al+(@=p)/2(1-a) ga/2 Vl;ll (1) AP/
_ Al+(a——ﬂ)/2(l—a)Aa/2VB—l(A)AB/Z
— 11+(a—ﬂ)/2(1—a)Aa/2(B _ sza)'{VEI(A)Aﬁ/Z
= AA°V ;.1 (A)(Sa — 2pI)AIH@P)/21=a) gol2y 21 (1) 4512
from which
(4.11) Al+(@=B)/2(1-a) ga/2 Vp—al (1) AP/
= [I +A4°V ;. () (Sa — 2pD) A e PI2(1=0) go2y 21 (3) 4P12,

The following Lemma is fundamental.

LEMMA 4.2. Let 0 < 2p < py, see (1.5). Then the operator
(4.12) Zpa(A) =1+ AA4°V .} (3)(Sa — 2pI)

is bounded and boundedly invertible on L(X) (isomorphism), uniformly
in Re A > 0; in particular, there is a positive constant c,, such that for
all A with ReA > 0 we have

(4.13) 150! WDlleen = I + 24V ;. (A)(Sa = 2201 ML)
< Cpa- a

Assuming for the time being the validity of (4.13), we then obtain
from

(4.14) Alte=P)/21=0) gaf2y =1 (3) 4512
— gp—;l (A)/{l+(a~ﬂ)/2(l’a)Aa/2 Vp_al (’I)AB/Z
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and we need to show that the left hand side of (4.14) is uniformly
bounded in L(X) for ReA > 0. To establish this, since (a + 8)/2 > a
under the present assumption, we appeal to the uniform bound (3.4)
with 6 identified by (1 — a)0 + a = (a + 8)/2. Thus

_a-p _ a-pB

and our claim follows. Then (3.4) and (4.13) applied to (4.14) prove
(4.9) as desired.

Proof of Lemma 4.2. Let 0 < 2p < p,. From assumption (1.5), we
see that the operator S, in (4.7) satisfies

(4.16) 0<(p1—2p) <So—2pI <(p2—2p)I

and hence also

(4.17) p i 2pI <(So-2pD)7' < o izpl

since S, — 2pI € L(X) is self-adjoint. Then, if we rewrite (4.12) as
(4.18) Zpa(A) = ((Sa = 2p1)7" + 24°V ;.1 (1)) (Sa — 2p1)

we see by (4.17) that if we can show the uniform bound

(4.19) 1((Sa = 201)™" + 24°V 5 ()l gxy < P2~ 20

for all 4 with ReA > 0, then (4.13) is established as desired. To this
end we compute for x € X

1((Sa — 2pI) ™" + 24°V .1 () x| ||x]]
> |((Sa = 2p1) 7' x, x) + (A4°V /(W) x, x)|
= {[((Sa — 2pI)"'x, X) + Re(AA°V .} (A)x, x)]?
+ [Im(A4°V, . (A)x, x) P}/
(using (1.20) of Lemma 1.1 and (4.17))

(4.20) > ((Sa=2p1)7"x,x) 2 [lx112.

p2—2p
On the other hand, it can be readily checked that the range of the
operator ((S, — 2pI)~! + A4V, 1(4)) is all of X, by (4.20) and since
the null space of its adjoint (S, — 2pI)~' + 24V ,;!(2) is the trivial
space. This together with (4.20) yields (4.19), hence (4.13). Finally, a
uniform bound on £,,(4) in L(X) for Re4 > 0 follows from (3.2) of
Proposition 3.2. Lemma 4.2 is proved. o
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The proof of Proposition 4.1 is complete. o

4.2. Proof of (4.3). We similarly compute by (4.5) and (4.7)

(4.21) 242V, 1) — A4 PV (A)

=42V, N (A)(B - 2pA*)AV ;' (2)

— 11/2A1/2+a/2Vp—al(l)(Sa _ 2,01)/13/214(!/21/571(/1).
But 14'2V;1(2) and A1/241/2+2/2y "1(}) are uniformly bounded in
L(X) for all A with ReA > 0, by (3.2) and (3.6) respectively. Thus,
identity (4.21) shows that the desired bound (4.2) for 242V ;'(2)
holds true as soon as we prove that 2%24°/2V;'() is uniformly
bounded in L(X) for all 4 with ReA > 0. This is then the special

case B = 0 of the following more general result (which we shall use
also in §5 below with a = 1, B = —a).

PROPOSITION 4.3. With 1 < a < 1 given, let —a < B < . Then,
there exists a positive constant k,z such that the following uniform
bound holds true for all A with ReA > 0:

(4.22) ||43/2=P122 422V 21 (2) APP | x) < Keap.

Proof of Proposition 4.3. By (4.5) and (4.7)
(4.23) A3/2—ﬂ/2aAa/2V/;;l(l)AB/2 ~l3/2"ﬂ/2aAa/2VETl(l)Aﬂ/2
= 132 B2 go 2y L (2) (B — 2pA*)AV 5 () AP
= AA°V ;.1 (A)(Sa — 2pI)A32=F122 4212y 1 (3) AP
from which
(4.24) 233 B2 gol2y 1 (2) P12
= [I + 4%V ;) (A)(Sa — 2p)1A3/2~ B2 422y 21 () P12

counterpart of (4.11). By Lemma 4.2, the desired uniform bound
(4.22) is achieved if and only if the left hand side of (4.24) is uniformly
bounded in L(X) for ReA > 0. To establish this, since (a + f)/2 < a
under the present assumption, we now invoke the uniform bound (3.5)
with 0 identified by af = (a + £)/2 so that

_1_ B _39_ B
(4.25) 6=5+3- 2-0=3/2-

and our claim is proved. Thus, from (4.24) and (4.12)
13/2—ﬁ/2aVB—l(l)Aﬂ/2 — gp—&l (1)13/2—ﬂ/2aAa/2Vl;11 (A)Aﬂ/z
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and the uniform bounds (4.13) of Lemma 4.2 and (3.5) applied to
(4.26) prove (4.22) as desired. 0

4.3. Proof of (4.4). Again by (4.5) and (4.7)
(4.26) A2V,.'(A) = 22V (A) = A2V, .1 (A)(B — 2pA*)AVE 1 ()
= 232412V LAY (Sa — 2p1)AY2 42V E 1 (2),
The desired conclusion (4.4).follows now from (4.26) by virtue of
the uniform bounds (3.1) for A2V ,1(4), (3.7) for 4%/24°/2V ;! (4) and
(4.22) for 2324212V 51 (A). O

5. Case § < & < 1. A second proof of Theorem 1.1. We recall that
our goal is to establish the uniform inequalities (4.2), (4.3), and (4.4)
in order to attain the uniform bound (4.1). Our second proof will be
based on the following factorization of the function V4 (4) in (1.13),
which we shall consider only for o = §. Let 0 < 6 < m/2 be fixed and
select p to be p = cos @, so that 0 < p < 1. We factor the function
Vpa(4) for a = % into two commuting factors as follows
(5.1) AT+ 22pAY? + A = (he™ "0 + AV?)(Ae™® + A1/?)

where here and thereafte; we drop the identity operator I in connec-
tion with the scalars e, By virtue of (5.1), we then re-write the
functtion V(4) in (1.15) more conveniently as follows

(5.2) Vg(A)=A*I+AB+ A
= (AT + A2pA'?2 + A) + A(B — 2pA'/?)
= (Ae™0 4+ A12)(2e® + A'/%) + A(B — 2pA'/?)
= (e + 4172)
X [I + (e + A1) "1 (B — 2pA' %) (e + 41/%)71)
x (Ae'? + A'/?).
Thus, setting for notational convenience
(5.3) U4, 0) = (A= + AY2)=Y (B —2pA'/?)(2e™ + A'/?)~!
we obtain from (5.2)-(5.3)
(5.4)  V5'() =A™ + AY)"N I + AU (A, 0))7 (Ae™0 + 41/2)~1,
[Setting T'(4, 0) = A/2(Ae'® + 41/2)~1 then U(A, @) may be viewed as
an extension of the operator
(e~ + 42" (2e~® + 4'2)T*(2,0)(A72BA™' 2 =2pA~ )T (2, 6)
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which is well defined as a bounded operator on all of X.] Hence the
functions in (4.2), (4.3), (4.4) are re-written now more conveniently
as follows (using an obvious commutativity at the right of (5.5)):

(5.5) AV2vgl(a)A'?
=A’/z(,leie+A'/Z)‘l(l+AU(A,0))‘1A1/2(Ae‘i‘9+A‘/2)‘1,

(5.6) A4'2vz1(2)
= A'2(%e' + AV VI + AU(A, 8)) "' A(he™ 0 + A1/2)~L,

(5.7) Avz ')
=A(Ae 0 + AV2) YT + AU(A, 0)) " 'A(Ae™0 + 41/%)71,
respectively. Thus, in view of (5.5)-(5.7), in order to prove the uni-

form bounds (4.2)-(4.4), it remains to prove the following Proposi-
tion.

PROPOSITION 5.1. With 1 < a < 1 and p, > 0 the constants in
assumption (H.3) = (1.5), select 0 < 6 < n/2 such that with p = cos 6
we have

(5.8) 2p)|A=@ V2| L) < py.
Then, the following uniform bounds hold true for all 2 with Re A > 0:

(5.9) 14(Ae* + A4'2) 7| L x) < crg,

(5.10) |42 (2e%0 + A1) Y| L ox) < 20,

(5.11) (I + AU, )~ lLex) < €30,

where the positive constants ¢, Co9 and c3y depend on 0, but not on
A. ]

Proof of Proposition 5.1. Proof of (5.9)-(5.10). The negative self-
adjoint operator —4!/2 (with spectrum on the negative real axis) is the
generator of a strongly continuous, analytic (self-adjoint) semigroup
on X. Thus, its resolvent R(u, —A'/2) = (uI + AY/?)~! satisfies the
standard Hille’s uniform bound

const
(5.12) IR(u, =4I (x) < 2

lul
and hence also (since A'/2R(u, —A'2) =1 — uR(u,—A?))

(5.13) |[A'2R(u, —A"?)||L(x) < consty,  pEZ,

ﬂ€E¢
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where ¢ is a fixed but arbitrary angle n/2 < ¢ < m, and
(5.14) Iy ={A€C: |argd| < ¢}.

Then, as A runs over the open right hand side Re A > 0 of the complex
plane, we see that u = le*? ¢ 2y, with ¢ = /2 + 60 + & < =, for
0 < 6 < m/2, in which case (5.12)—(5.13) prove (5.9)-(5.10). (One can
also prove (5.9)-(5.10) by using the orthonormal basis of eigenvectors
of Aon X.)

Proof of (5.11). First of all, since (U(4, §))* = U(4, 6), we see from
(I +2U, 0))~"1| = |I[(I + AU, 0))"'T*| = |I( + AU (4, 6)) ||

that it suffices to prove (5.11) for ReA > 0 and Im4 > 0. We shall
accomplish this in several steps.

Step 1. We begin by noticing that for all A with ReA > 0, the
following uniform lower and upper bounds hold true:
(5.15) 0 < cy<||(Ze + 4/2)(1e” + A1) 7! x) < Co

for two positive constants ¢y < Cy < oo depending on 6 but inde-
pendent of 4. (We shall actually use only the upper bound in (5.15)).
Indeed, from the first resolvent equation [K.1, p. 173]

(5.16) (2" + 427 — (2" + 41/2)7!
= R(Ae®®, —A4'2) — R(Ae'®, —4'/?)
=e%(1 - A)R(Je®®, —A/?)R(Ae?, —A'/?)
we obtain after applying (le’® + 4/2) to (5.16)
(5.17) (Ae'® + 4'72)(2e® + AY/2)"! = T — 2ie*(ImA)R(1e'0, —4'/?)
and the uniform upper bound in (5.15) follows from (5.17) via (5.12)

with u = Ae'? as before. (To show the uniform lower bound in (5.15),
we work with the inverse

(5.18) [(Ze™ + 4'72)(ae" + A4'2) 717! = (2% + 4'2)(Ae™ + 4'/?)

and then apply the preceding analysis to show that the right hand side
of (5.18) is uniformly bounded above for ReA > 0 in L(X).) Thus
(5.15) is fully proved. A proof of (5.15) by eigenvector expansion may
also be given.

Step 2. Define
(5.19) Qo = A™?BA™2 —2p4~"1/2) e L(X)
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so that, by assumptions (H.3)=(1.5) and (5.8) we have that Q,, is
a strictly positive self-adjoint, bounded operator on X; in fact for
[lx]] = 1t

(5.20) (Qpax, x) 2 py = 2p(A~" 12 x, x)
> py = 2p||A™C@71) > py > 0

i.e. Qpa > pol for some constant py > 0 since sup(4~(*"1/Ix, x) =
||4~(@=1/2)]|, where the sup of the self-adjoint bounded operator
A~(@~1/2) is taken over all x with ||x|| = 1.

Step 3. Using the upper bound in inequality (5.15) and the defini-
tion (5.3) for U(4, 8) we compute for x € X

(5.21)  Coll( + AU(A, 0))x|] ||x]|

> ||(I +AU(4, 0)x]| ||(Ae® + 4'72)(Ae™ + A'/%)~ x|

> (I + AU, 0))x, (€' + AV?)(Ae'® + 41/2)71x)]

= |([I + A(Ae™ 0 + 4Y/2) "1 (B — 2pA'/?)(ae® + A% x,

(Ze™ + A12)(1e" + A2 1x)|.

Thus, we simplify (5.21) by writing
(5.22) Coll(I +AU(4, 0)x|| [|x]| = |J1(4, 0, x) + J2(4, 6, x)|
where we have set for x € X
(5.23) Ji(4,8,x) = (x, (e’ + 41/ (1e'® + 41/ 1x),

(5.24) J1(4,6,x)
= (A(B — 2pA %) (e + A2 x, (Ae'® + 41/2)"1x).
That J, is well-defined on X follows as in (5.28), (5.29) below.
Step 4. The following properties of J;(4, , x) are needed below

(5.25) ReJi(4,0,x) >0 for Red>|Im4,
(5.26) (ImA)(Im J;(4,6,x)) >0 for Rei > 0.

In fact, setting {(4) = (Ae’?+4'/2)~1x and hence x = (le??+41/2){(4),
we obtain from (5.23) after moving (le’® + A!/?) to the left side of
the inner product

(5.27) Ji(A,0,x) = (A0 + A1) (Ae™ + A/?)L(A), C(A))
= (A2 +22pAY2 + A)¢(4),L(A)  (by (5.1))
= [(Re4)? — (ImA)*J||S(A)I?
+2p(ReA)|| A4 (A)|12 + 1|42 L)1
+ 2i(Im ) p|| A4 (A)|1* + (Re A)|IC (A1
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from which (5.25)-(5.26) follow at once. (One may show (5.25)-
(5.26) also by the explicit eigenvector expansion expression of J;.)

Step 5. Using (5.19), we re-write J,(4, 8, x) in (5.24) as
(5.28) J2(4,0,x) = A(Qpay. ¥) = (ReA)(Qpay, ¥) + i(IMA)(Qpay, ¥)
where we have set for x € X
(5.29) y(4,0,x) =y = A*(1e'? + A1)~ x.

Hence, from (5.20), (5.26) (or (5.27)) and (5.28) we obtain for
Reld > 0:

(5.30) (ImJ;)ImJ,;) >0
where we have suppressed the arguments 4, 6, x.
Step 6. We compute by (5.30) and (5.28):
(5.31) |J; +J2]* = (ReJ; + Re J5)? + (ImJ; + Im J,)?
= |J1> + |J2]* + 2(Re J})(Re J,) + 2(Im J; ) (Im J,)
> |1+ |2]* + 2(ReJ))(ReJo)  (by (5.30)).
Then (5.31) leads to the following two cases
(5.32) I711? +1212(Qpay, ¥)* for ReA > |Im4],

|J1 +J212 2> 1
(53 (1=l + (2= 3 ) Am2P(Qpa, )

for 0 < Rei < |[Im 4|
for any % < ¢ < 1. Indeed, to obtain (5.32) from (5.31) we just recall
(5.25), while to obtain (5.33) from (5.31) we use
1
2(ReJ|)(ReA)(Qpay, ¥) = —&(ReJ)? - E(Rei)z(Qpay, )%,

1A)? - %(Rei)z = (1 - %) (ReA)? + (ImA)?

> <1 - é) (ImA)? + (Im 4)?
since (1-1/¢) < 0and |[ImA| > Red > 0. We note that 0 < (2—1/¢) <
1 so that (5.32) and (5.33) can be combined into
(5.34) |J1+ T2 > (1—g)lJ1? + (2 - 1/e)(ImA)*(Qpay, ¥),
for ReA >0
for any preassigned < & < 1.
Step 7. The following Lemma is then crucial.
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LEMMA 5.2. There exists a suitable constant 3 < & < 1 (con-
structively found in the proof below) such that for all x € X and all
0< 0 < n/2 we have
(5.35) |J1(4,0,x) + J2(A, 8, x)|?

> (1-e)1*+ (2 - 1/&1)(AmA)*(Qpay, ¥), ReA >0
> (1 —¢&)||x||* for ReA>0and Imi>0.

The proof of Lemma 5.2 will be given in Step 9 below.

Step 8. Assuming for the moment Lemma 5.2 and recalling (5.22)
we obtain that: for all x € X and all 4 with ReA > 0 and Im 4 > O the
following uniform bound holds true:

_a\1)2
(536) I+ AUG O] el 2 S el

Thus, from (5.36), in order to conclude with the uniform bound (5.11)
for ReA > 0 and Im A > 0 as desired, we need to check that the range
of (I + AU(4,0)) is all of X (for ReA > 0, in fact). This, in turn, is
seen by (5.36) and by verifying that the null space of its adjoint (see

(5.3))
(5.37) (I1+AU(4,0))"
=1+1(Je™" + 4'12)"1(B — 2pA'/?)(2e" + 4'/%)7!
is the trivial subspace. Indeed, let (I + AU(4, 8))*x = 0 for a fixed A
with Re 4 > 0 and thus, from (5.37), let

(5.38) A(Ae™0 + AV~ Y(B —2pA %) (Je®® + A/?)1x = —x

with x € X. We shall show that x = 0. In fact, we first multiply (5.38)
by the uniformly bounded operator

(Ae~i0 4+ 41/2)=1(Fe=10 4 41/2)
(see (5.15)) and we next take the inner product with x. We obtain
(5.39) A((B —2pA'?)(Ae® + A'%)71x, (Ae™ + 4'/%)71x)

= —(x, (Ae® + A2 (Ae® + A% 1x) = —J1 (4, 6, x)
where in the last step we have recalled (5.23). Taking the imaginary

part of identity (5.39) and multiplying it by (ImA) yields (since the
inner product on the left of (5.39) is real):

(5.40) (Im2)2((B — 2pA'/2)(Ae® + A112)~1x, (3™ + A1/%) 1 x)
= —(Im2)(Im J,(1, 6, x)).
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But the left hand side of (5.40) is non-negative, while the right hand
side of (5.40) is nonpositive by (5.26). Hence, each side of (5.40) is
equal to zero. For Im A # 0, we then plainly obtain (1e'f + 41/2)~1x =
0 and hence x = 0. For ImA = 0, we take instead the real part in
(5.39) and use now (5.25). By a similar argument, we again obtain
x = 0, as desired. Thus (5.11) holds true for ReA > 0 and Im4 > 0.
But the observation at the beginning of the proof of (5.11) shows that
this is enough to extend the validity of (5.11) to all of A with Red > 0.
It remains to prove Lemma 5.2.

Step 9. Proof of Lemma 5.2. We must show (5.35).
(i) To this end, we recall the definition (5.23) of J; and identity
(5.17) to obtain
(5.41) J1(4,0,x) = ||x])* + 2i(Im A)e "% (x, R(1e'?, —A4'/?)x)
= {||x|> - 2(Im A) Im[e~" (x, R(1e"?, —4'/?)x]}
+ i2(ImA) Re[e 9 (x, R(1e'?, —41/?)x].
Thus (5.41) implies
(5.42) |J1(4, 0, %)) = ||x||* + 4dm 1)%|e " (x, R(Ae™0, —4'/?)x)|?
— 4||x||*(Im A) Im[e ™" (x, R(Ae™, —4'/?)x]

where using the orthonormal basis {e,} of eigenvectors of 4 with
eigenvalues {u,}, 0 < u; < pp < ---, we have

—7 P = 1
(543) € %(x, R, ~4")x) = e (X’Z W(x, en>en)
|(x en)| /1+u‘ Ze“’e

Taking the imaginary part of (5.43) and inserting it into (5.42), we
finally obtain
(5.44)  |J1(A,0,%)* = ||x||* + 4(Iml)2|e”i6(x,R(lei0 —A'%)x)|?

25in 6
+ 4]|x||*(Im ) }: |/1+u‘/2e"012|( x, en)[?

2 2 |(x, en)[?
— 4f|x|[*ImA)* Tt e
n

We note that (ImA)sin 8 > 0 under our present assumptions.
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(11) Recalling the positivity property (5.20) for Q,, and the defini-
tion (5.29) of y, we obtain with py > 0:

(5.45)  (Qpay. ¥) 2 pollyll* = ,00||14"/2('1€”"9 +4'2)7 x| ?

pOZ Me,g l/zlzl(x en)l

2
pOZ |/1+u1/2e zg|2|(x:en)| .

(iii) Plainly, it suffices to prove (5.35) for x € X with ||x|| =
Thus, combining (5.44) with (5.45) we finally obtain taking 1 <& < 1
and x € X with ||x|| = 1:

(5.46) (1 —e)1|* + (2 - 1/e)(AmA)*(Qpay. ¥)
> (1—¢)+4(1 —e)(ImA)?|e™(x, R(1e'?, —4'/?)x)|?

. 1/2)(x, e,)|2
+4(1—8)(Im,1)s1n02]—}{‘—"+—/1(1—/2e+2lﬁ
n

Srna(®)|(x, €n)]?
+(Im4) Z A+ ul/2e-10)2

where

(5.47) fra() = (2= 1/e)pops —4(1 —¢),  3<e<lL
Our task is now to show that we can select % < &1 < 1 such that
(5.48) Jna(€1) >0 forall n

after which, dropping non-negative terms in (5.46) we get for Re41 > 0
and ImA > 0:

(5.49) (1-e)l1(4,6,x)1* + (2~ 1/e))(ImA)*(Qpay, ¥) 2 1 —&; > 0

with x € X, ||x|| = 1, and Lemma 5.2 is proved.
But (5.48) can be easily checked since with the eigenvalues {u,},
0 < up, ordered in increasing fashion, we have

fra(€) 2 fiale) = 2~ 1/e)pous —4(1—¢), }<e<l

while fi,(e) is strictly increasing and fi,(e = 1) = pou$ > 0. Indeed,
we see directly that to get fi,(¢) > 0 we can take any ¢ satisfying

1>e>

—(pops —2) + V(pokf) +4
4 2
and (5.48) follows. O
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6. Case a = 5. Proof of Theorem 1.2. The idea of the proof is
based on the following three-step procedure ([L-T.1]). We show that
the operator %/ generates a strongly continuous analytic semigroup of
contractions (i) first on the larger space Z = D(A4'/4) x [D(A4'/4)] with
norm (1.18)-(1.19), then on the smaller space Y = D(43/4) x D(A'/4)
with norm (1.18). We finally interpolate. More precisely, we apply
the interpolation theorem [L-M.1, Theorem 5.1, p. 27] to, say, Hille’s
characterizations in Z and Y of R(4,%). We thus obtain that for all
A in the complement X, of a suitable triangular sector

X ={A:]argld| > 6y, /2 < Oy < 27},

the operator R(4, %/3) is a continuous operator from the interpolation
space

(6.1) [Y,Z]y = [D(A3/4) X D(Al/4)’D(A1/4) X [D(A1/4)]']9
= D(A3/470/2) x D(4'/4-6/2)

into itself and satisfies here Hille’s characterization

(62) IRG. )l 2 < S A€

where in (6.1) we have used the conventional notation that D(A4~#) for

B > 0 means [D(A#)], the dual space with respect to the X-topology.
Plainly, the strongly continuous semigroup of contractions gener-

ated by & on E (see (1.2(iii))) extends, respectively restricts, to Z,

respectively Y, with these same properties. The issue of analyticity is

dealt with in the next two subsections.

6.1. /g generates an analytic semigroup on Z = D(AY/*)x[D(A'/*)].
We shall establish that there exists a positive constant C such that for
all 2 with Re > 0 the following uniform bound holds

(6.3) [||[AR(A, #B)|lL(z)

_lir4avs o I-vy'wa vyt 1144 o
Lo Al cavytwa 2vyial L oo a4l

| <C
L(W)

W = Xx X, see (1.18)-(1.19); equivalently, that there exists a positive
constant M such that for all A with Re A > 0 we have:

(6.4) 144V 5 W) A | px) < M,

(6.5) 1244V 1 DA | < M,

(6.6) 12247 4V () A4 | L) < M.
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The proof of inequalities (6.4)—(6.6) can be accomplished by using the
same techniques that were employed in §4 in the proof of inequalities
(4.2)-(4.4). In fact, the task now is easier than in §4, in that we shall
have no need now of the interpolating inequalities (3.4) and (3.5) (in
the special case 0 = % of (3.6)-(3.7)) used in §4, only of the original
inequalities (3.1)-(3.3) (we recall that (3.1)-(3.3) collectively state the
basic inequality (3.1) for R(4, %.)). Throughout this section, we drop
the subscript o = 5 and write V!, S, etc., instead of V,.!(4), (1.13),
S,, (4.7), etc. Moreover, the two step procedure of §4 will reduce now
to just invoking the fundamental Lemma 4.2.

To prove (6.4), (6.5), (6.6) we first establish the following identities,
respectively

(6.7) AV H(A)AY

=[I +24'2V;1(2)(S - 2pD)1A 4V () 434,
(6.8) A4y 1(2)A'A

=[I +24'2V;1(3)(S = 2pD)]AAA Y (2) A4,
(6.9) A*A~'4y l(A)AMA

=247V S YA AYAT + (S = 2p1)2A PV ()]
Then, application of Lemma 4.2 with a = % to (6.7)-(6.9) together
with properties (3.1)—(3.3) yields (6.4)-(6.6), respectively. Identities
(6.8)-(6.9) are proved as in §4 by use of (4.5) and (4.7) with a = J;
instead, for inequality (6.9) we use V, ! — V! =V (Vg - V)V, L.

6.2. 2/ generates an analytic semigroup on Y = D(A43/%) x D(A'/4).
Here we shall establish that there exists a positive constant C such
that for all 4 with Re4 > 0 the following uniform bound holds true

(6.10) [|AR(A, %B)|IL(v)

_I4¥ o I-v;' A gl 1[4-¥% o
"II[ 0 A3/4][—AVB"(A)A AZVB-I(,UH 0 A—'/“]

<
L(w)

W = X x X, see (1.18); equivalently, that there exists a positive con-
stant M such that for all A with Re A > 0 we have

(6.11) 434V (A4 L x) < M,
(6.12) 1244V (A | yxy < M,
(6.13) 1244V () A 4| ) < M,

(6.14) 2 A4V ()AL < M.
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But we now note that inequalities (6.11), (6.13) and (6.14) are equiv-
alent to the already established inequalities (6.4), (6.5), (6.6), respec-
tively, simply by taking the adjoint and using [V YO = Vg L), see
(1.17), and Re A = Re A. To establish (6.12) we proceed as in §4. First,
by (4.5) and (4.7) we obtain

(6.15) APV IR ATVE =3 Y g () A
= 2434V (A)(B - 2pA M)AV ()4
= AV, Y (A)(S - 2pD)A2 44V (A) A4,

Applying now the uniform bounds (3.2) with a = %, (3.3) and (4.22)
of Proposition 4.3 with a = § = — 8 we obtain (6.12) from (6.15). O

REMARK 6.1. In [C-T.1] we have provided an alternative proof
which shows that <z generates a strongly continuous analytic semi-
group on the smaller space Y, as desired, simply as a consequence
that .z generates a strongly continuous analytic semigroup on the
larger space Z. This proof is based on the equivalence between the
two norms (see (1.18) for Y):

(6.16) IYllps) = 1l¥8Y]lz and

1/2
Wity = {1144y 115 + 144yl 1% |

for y = (y1,y2) € D(%) which, as a linear space, coincide with Y
(recall that the point 4 = 0 is in the resolvent set of .2). This equiv-
alence is in turn established by using the properties that MB%‘I and
%MB"I are both in L(Z), where & = ¥, (see (1.11)). Thus, in
this proof, no use is made of the interpolating inequalities (3.4)-(3.5)
unlike the proof given above which uses Proposition 4.3, hence (3.5).
We refer to [C-T.1] for further details. The interpolating technique of
the present section permits us to give a very short proof of the local re-
sult in [C-R.1, Corollary 3.2] by applying standard perturbation theory
onY. o

Appendix A: The case B = 2pA°®. Spectral properties of the op-
erator %/, 0 < a. For % < o, &), generates a strongly continuous,
analytic semigroup of contractions on E = D(A4'/2) x X. The present
appendix extends to the range % < a the treatment of [C-T.1, §2],
which (prompted by results in [T.2], [L-T.1, Application 4.4] in the
case a = 0 of viscous damping B = 2pI) referred only to the case

= % It is throughout assumed that 0 < p < oo unless otherwise
noted.
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For the operator 4 subject to assumption (H.1), let {u,}%,, 0 <
Uy < o < ---, be its eigenvalues and let {e,}° , be the corresponding
eigenvectors subject to the normalization condition (A.6) below

(A.l) Aen = ﬂnen.

For simplicity of exposition, we assume that the u,’s are all simple.
The following spectral properties of the operator %, in (1.8) show, in
particular, that %/, has a special structure. In the general case where
p* # ul=2 for all n (in particular for a = §, p # 1), %, is the direct
(non-orthogonal) sum of two (explicitly identified) normal operators
on E. In the special case where a # 1 and p? = u}72* for a (unique)
value n = n*, then &), has a third direct sum component, which
possesses a Jordan cell structure on the two dimensional generalized
eigenspace of %), corresponding to n = n*. Finally, in the case o = %,
p = 1, &), is the infinite sum of Jordan cell operators of the type
described, for all values of #n. But in the range % < «a the eigenvalues

Ay~ of &, are contained in a triangular sector
X={A:|argd|>7m/2+ 6y, 0< Oy < m/2}

since | Im 4;~|/| Re A"~ | < const. Hence, the above spectral properties
imply that, in this case % < a, the strongly continuous semigroup
of contractions of exp(#).t) generated by %, on E (§1.2(iii)) is, in
addition, analytic (holomorphic) here. Moreover, exp(%.t) admits
explicit spectral expansions on E. This way one shows, a fortiori, part
(1) of Proposition 3.1. This then implies the uniform Hille’s bound
(3.8) for the resolvent R(A,%),) and hence (via (1.2)) the uniform
bounds (3.1), (3.2), (3.3) of part (ii) (except for the explicit constants
involved).

LEMMA A.1 (spectral properties of %.). Let 0 < o and 0 < p < o
be given.

(I)(a) The eigenvalues {4};"~}°, of the operator s, in (1.8), which
for o < 1 has compact resolvent on E = D(A'/?) x X, are the solutions

of
(A.2) A2+ 2pUSh+ 1ty =0

(so that A} + A, = =2pul; AtA,; = u,) and are given by

(A.3) A= (—p +1/p2 - u}:za) e
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[in particular, for o = % and 0 < p < 1, the case used in [C-T.1]

e = —pti\/1-p2, nm/2<¥<n]

< Const, if and only if % <a.

l+ - — ﬂl/Z iz‘P

Moreover
Imi}~
Reit~

For a > % ora = % and p > 1, then, A}~ are all negative for n
sufficiently large and A;; | —oo monotonically; for 1 <a <1, ora=1
and p > 1, then A} | —oo monotonically; for « = 1, then A} 1 —1p
monotonically; finally for o > 1, then 2} 1 0 monotonically. Thus the
spectrum o (),) of &), is only point spectrum for a < 1 but contains
the point A = —3p for « = 1, or the point A = 0 for a > 1, in its
continuous spectrum. Thus ,, has compact resolvent for o < 1, but
not for a > 1.

(I)(b) The corresponding normalized eigenvectors {®5; =}, on E
are

(A.4)

+_ | en |. _

(A.5) cb,,_[lm], o =k, [z en]
in which case

e = 2 2 _ 2 Mn AP
(A6) Dy lle=1e (un+14P)lenll> =1, ky= uTM‘I_Z
where
A7) (Hat TP =20, i PP <y
(A.8) | un+ AT =3 (2/)2 F2p\/p? - u}f“) ,

if p* > uy

(II) The eigenvectors possess the following properties.
(i)

(A.9) {D}}2, is an orthonormal family of eigenvectors on E,

(A.10)  {D,}32, is an orthonormal family of eigenvectors on E,
(i1)
0, n#m,

(A11)  (PF,. @7)E = § knlun + 440 lenlly n=m; A7 # 4,
1, n=m, A =4;.
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(iii) (Completeness of eigenvectors of %, on E). Let p* # ul=2* for
all n so that A} # A;, for all n. Then
(A.12) span{®; "}, = E.

(iv) (Completeness of generalized eigenvectors of ), on E) (a) First,
let o # § and assume that p satisfies

(A.13) p =
for a positive integer n = n* (therefore unique), so that
(A.14) A=A = —pul..
Define the vector ¥,. by
(A.15) v, = [ef,).]
so that
(A.16) Ly ¥y = ALY + ey (Ao — AR D)PY,. =0

and V,,. is a generalized eigenvector of %y, corresponding to the double
eigenvalue A;..
Then

(A.17) span{®;~, ¥}, = E.

(b) Next, let o = 1 and p = 1 so that A} = A; = —pl/? for all n.
Define the vector ¥;; as in (A.15) for all n so that now (A.16) holds for
all n. Then

(A.18) span{®; , ¥, }>, =E
where we note that
_ 0, n#m,
+ —
(A'lg) (q)M’an)E'— {AIHen”g\’#O’ n=nm.

w20 {\uriipe; )

n=1
is an orthonormal family of generalized eigenvectors on E.

(v) a) If p? # ul=2e for all n (so that 2} # A; for all n), set
(A.21) E* =span{®;};2;; E~ =span{®P, };;.
Then, in this case
(A22) E=E*®E~; E*NE ={0)
(direct, non-orthogonal sum).
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(b) If a # 3 and (A.13) holds, set
(A.23) E;. =35pan{®; }32 ) ysn-;
E,. =3pan{®; };2, ,zn-; En- =span{®;., ¥, }.
Then, in this case
(A24) E=ELO®E, ®E,;
EfLNE,;. =ELNE, =E,.NE, ={0}
(direct, non-orthogonal sum).

(c)Ifa=3and p=1, set E* as in (A.21) and
(A.25) Ey =span{¥; };2 .
Then, in this case

(A26) E=E*®Ey; E*NEg={0}
(direct, non-orthogonal sum).

(iv) From (A.9), (A.10), (A.20) it follows that [S.1, p. 250]: the
operator ), restricted over E*, or E~, is a normal operator (however,
H)po 15 not normal on E for 0 < p; however, &, is a spectral operator
in the sense of [D.1], [D-S.1]). The restriction 5,, of %po over E~
has compact resolvent. The restriction s/}, of %, over E* has compact
resolvent for a < 1, but not for « > 1. For a: = 1, the operator ()" +
2p 1 is both normal and compact.

Proof. Direct verification of the above statements is left to the
reader. O

The above Lemma A.1 then provides spectral expansions for x € E;
for &,x with x € D(%),); for exp(¥).t)x; for R(4,)q)x; etc. In
particular, as remarked above Lemma A.1, the expansion of the semi-
group exp(%/),t)x in the range % < a (where (A.4) holds and the eigen-
values A}'~ are in the triangular sector X defined above Lemma A.1)
permits one to read off that exp(«),t) is analytic on E on a suitable
sector containing the positive real axis. For the sake of brevity, we
confine ourselves here to carry out our further analysis only in the case
(v)(a) where p? # ul=2= for all n (i.e. A} # A, for all n) where there
is no Jordan component of %/, and leave the exceptional cases (v)(b)
and (v)(c) to the reader for the standard modifications which are re-
quired to handle the Jordan components of .%/,,. For the purposes of
§§3, 4, 5, 6, restriction to the case (v)(a) with p? # ul=2e for all # is
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fully sufficient, since in the proofs of §§4—-6, we only need analyticity
of exp(/at) for < a < 1 and for just one value of 0 < p sufficiently
small.

LEMMA A.2. Let 0<a <1 and 0 < p < oo be given satisfying
(A.27) p*# ul=2 forall n, sothat A} # A, foralln

and case (v)(a) in Lemma A.1 above applies. As a consequence, for
every x € E, we have

I

(A.28) x=xt+x", xt€E*, x €E,
(A.29) xT =) (xt Dy xT =) (x7, D) D,
n=1 n=1

Let now <y, denote the adjoint operator of s, in E:

D
(%paX, Y)E = (X, 3, Y)g, X €D(%ha), v €D(sy). Then
(a):

(A.30) oy, = [O -1

A —-2pA“
D(%4pe) = D () = D(A4) x D(A4%)
[so that s/, is normal if and only if p = 0, the undamped case].

. * * O Aa
> 'Mpa‘%a_%a‘%pazélp Altae o |’

(b): The eigenvalues of </, are given by Ay~ with corresponding
(normalized) eigenvectors

em em
(A.31) | ke
—Ahem —Am€m

(c): If we set

—Am)?. w2
A.32 vt = Hm — m)” (Am covy = e
(A-32) " I T P

so that in the case o = %, 0 < p < 1 of [C-T.1] we have

v _Fm=Am. - _oF _Am A
v =

%, 0 mTUm T Tor
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then the following non-normalized eigenvectors of oy,
1| ém 1| ém
(A.33) o, =—| , O =—| __
m | —Amem Um —Amém
corresponding to the eigenvalues
i, and I,‘;

respectively, form a bi-orthogonal system with respect to the eigenvectors
{®;; "} of Yo, corresponding to its eigenvalues Ay~

(A.34) (@, D) g = (D5, @7 ) = Kroneker dyn,
(A.35) (@, ®})E = (@, ®7) =0, Vn,m

(d): Taking the E-inner product of x given by (A.29) with ®,;"~ and
using properties (A.34)-(A.35) we obtain

(A.36) (X, @5 )= (x". P)E; (X, P )E = (X7, D)

whereby the expansion (A.29) for x € E becomes

(A.37) x =Y (X, @ )P + > _(x, PyF)ED;,
n=1

n=1

more convenient than (A.28)-(A.29).
Proof. Direct verification is left to the reader. O

From the space decomposition (A.22) and expansion (A.37) we ob-
tain, in particular, an explicit representation for .%/,, and the corre-
sponding strongly continuous semigroup exp(%,,f). The latter shows,
by inspection, that exp(#)q?) is, in fact, analytic on E in a suitable
triangular sector around the positive real axis R*.

THEOREM A.3. Let % < aand 0 < p < 0o be given satisfying as-
sumption (A.27) of Lemma A.2. Then
(i) The operator %, in (1.8) is the direct sum of two normal opera-
tors o, and s/, defined as restrictions of %y, on E*, and, respectively,
on E-, see Lemma A.1(vi). (A fortiori, &y, is similar to a normal
operator on E, by virtue of Wermer theorem [D-S.1, III p. 1947]. Ex-
plicit construction of the corresponding similarity transformation can
be obtained along the lines of the construction given in [T.2], [L-T.1,
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Application 4.4] with the identity operator I in these references replaced
now by A%).
(i1) The expansion for o, is given by (see A.37):

(A38)  pax =Y AE(x, 57)EDy + D Ay (X, B} )£ Dy,
n=1 n=1

X € D(H)q).

(iii) 27,, generates a strongly continuous semigroup exp(%,,t) on E
given explicitly by

(A.39) exp(Hpat)x = Z exp(4} 1) (x, ©;7 ) gD

n=1

[eo]
+ > exp(A; 1)(x, D) P,

n=1

which is analytic for t > 0 or, more generally, on X, = {A: |argl| <
0o}, where 0y is defined above Lemma A.1. Moreover, as observed in
§1.2(ii1), exp(H)at) is contraction on E. O

REMARK A.l. Even in the case a = %, the results of the present
Appendix strengthen and refine those in [C-R.1], by providing more
precise information about the spectral structure of .%,,. In particular,
in the case a = % and 0 < p < 1 [C-R.1] asserts only that %, is
similar to a normal operator, while Theorem A.3 above specifies that,
in fact, %), is the direct sum of two normal operators, a plainly more
precise conclusion. As a consequence, the eigenvectors of ./, are
only asserted in [C-R.1] to form a Riesz basis, in the case o = 3
and 0 < p < 1, a plainly weaker conclusion than the precise spectral

description and decompositions of Lemma A.1-A.2. O

REMARK A.2. Expansions (A.38) and (A.39) show directly that for
O<ax< % the semigroup exp(%).t) is differentiable on E for ¢ > 0;
Hpa €XP(H)t) 1s well defined on all of E. a

Appendix B: Direct proof of inequalities (3.1) and (3.3) via eigenvec-
tor expansion. By using the orthonormal basis of eigenvectors of 4 on
X with corresponding eigenvectors {4,}5°,, 0 < u; < pup < ---, we
easily see that the uniform bounds (3.1) and (3.3) are a consequence
of the following Lemma (after replacing x in the Lemma with u,).
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LEMMA B.1. Let p > 0 and a > % be given. Let u be a positive
number satisfying u > u, > 0. Let B denote either O or else 1. Then
the following uniform bound holds true for all A with Re 4 > 0:

A2 4 2pau0 + u)

(Bl) ‘ Az(l_ﬂ)ﬂﬂ ‘ _>_ Cpalll

{ 1 if2p2ui* ! > 1,
4pPuie= (1= pPu*™!) if2pm < 1.

Proof. We set
(B.2) A = ye'®, so that for ReA > 0 we have y > 0 Ioo< z
Vi ’ 2 2

We then compute

2
(B.3) A2+ 2pAp% +
' P20=P) 1
2(28-1) 2
- *_ at1/2 , VE
= ‘ #2pue 4
. . 2
= p2@B=1)|y(cos @ + isin ) + 2pu®~1/% + cosf —isinf y'zsme

2

= p2(28-1) ‘ Ky + %) cosf + 2pﬂa—1/2] +1i [(y - %) sin@}

_ 1) _
_ 208-0) [<y_;) pycyE

+ 4puc=1/2 (y + %) cos 0 + 4 cos? 0}

1 2
SyZ(Zﬂ—l) [(7‘;) +4p2 20— IJ

=G = D2 + 471y

(dropping positive terms)

(a) Consider first the case where 2p? #2a-1 > 1. We then write
(B.4) (PP = 1>+ 4p%ui "y =y 12020700 - 1P + 1294+ 1
so that for § = 1 we obtain

(B.5) PHEU[(2 = 1)2 +4p2pe 1y > 9+ 12> 1
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uniformly in y, while for f = 0 we obtain

4
(B.6)  yV[(2 — 1)+ aptudely > Lo ; Loy ;lz >1

uniformly in y. Then (B.3), (B.5) for # =1 and (B.3), (B.6) for § =0
prove Lemma B.1, as desired, at least in case (a).
(b) Let now 2p uz"‘ ! < 1. By completing the square we write

(B.7) (y*—-1)? +4pzﬂ2a_1?2
= (= 1)2+4p2uP (2 - 1) + 4pPui!
= [ = 1)+ 2p°ui* 7' P + 4p2uie (1 - p2uie )
so that for f = 1 dropping the square term we obtain
(B.8) y*A=D[(y2 - 1)2 + 4p2u?*"1p2] > 4p2p3 (1 - p2u2 1) > 0

uniformly in p. Then (B.3), (B.8) prove Lemma B.1, as desired, for
B =1 in the present case (b). Let now # = 0. Then, similarly,

(B.9) y*/V[(y* - )2+4p2ufa" 7]

=1+y1 2(2p2 2o-1 _ 1)

— [y (2p2 20—1 1) +1_(2p2 2a~—1 _1)2

(2p2 2a—1 1)2 (2 2p2 2a—1)2p2 2a—1
_4p2 Za—l(l pZ'u%a— )>0

uniformly in y. Then (B.3), (B.9) show Lemma B.1 also for # =0 in
the present case (b). The proof of Lemma B.1 is complete. O

Note added in proof (August 1988) by R. T. The following paper has
just appeared: On the mathematical model for linear elastic systems
with analytic damping by F. Huang, SIAM J. Control & Optimization,
vol. 26, No. 3, May 1988. This paper likewise studies the problem of
analytic generation of (1.1) when “B is related in various ways to A%,
% < a < 1.” This paper refers also to Huang’s prior work in two papers
in Acta Mathem. Sci. (apparently, in Chinese) appeared in 1985 and
1986, which refer to the case a = % These papers are not available as
yet to the present authors. While Huang’s work presents some overlap
of results particularly with our prior paper [C-T.1] in the case a = 7, it
does not contain however a result of the strength of our main Theorem
1.1, let alone in the form presented in our Remark 1.3, for % <a<l.
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Our Theorem 1.1 is of global character (the constants 0 < p;, p, < 00
are arbitrary), while Theorem 4.1 in Huang’s paper is still of local
character. In particular, Huang’s Corollary 4.3 is contained in our
Theorem 1.1.
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