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ON A CONSTRAINED VARIATIONAL PROBLEM
AND THE SPACES OF HORIZONTAL PATHS

ZHONG GE

In this paper we study geometry associated to an isoholonomy vari-
ational problem on a fat bundle. We prove that the energy function
satisfies the Palais-Smale condition on the space of horizontal paths.
We blow up the singularity of the horizontal loop space. Then we
study the closed geodesics. We relate the number of connected com-
ponents of the space of loops with trivial holonomy to the topology of
the fat bundle.

1. Introduction. In this paper we will study geometry associated to
the following constrained variational problem:

Problem 1. Consider a principal G-bundle (G compact) over a
compact Riemannian manifold M

nF—-M

with a given connection form @ on F . Fixing two points Xy, x; € F,
consider the space of H!-horizontal paths from x; to x;, denoted
by QF(xgp, x;). Then the problem is to find a horizontal path y, €
QF (xg, x1) such that

E() = in  E(y),
(v0) yen%rj,x,) (7)

where E(y) = fol lm«y(2)||? dt. Recall that a path y in F is horizontal
if
(1.1) w(y) =0.

The most important case in application (cf. [18]) is when the two

end points lie on the same fiber, and the problem reduces to the fol-
lowing form:

Problem 2. Let QM (xy, Hy) be the space of H!-loops on M
based at xp € M with holonomy Hj, then the problem is to find a
loop yp such that

E(y) = yem’%‘x‘:, H0>E ),

where E(y) = [ lI7]2dz.
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Define a metric on F by

— : 1/2
d(x,y)= yeg;l(g’y)(E(y)) ,

which is called the Carnot-Carathéodory metric on F (see the dis-
cussion in Gromov [10], Koranyi [15]). This metric has appeared in
various contexts: the collapse of Riemannian metrics (cf. [10], [15],
[17], [18], [19]), the growth of volumes in Riemannian manifold (cf.
[19]), pseudo-hermitian structure on strongly pseudo-convex CR man-
ifold (cf. [15], [24]), Vakanomic mechanics (cf. [1]), control theory (cf.
[6]), microbiology and quantum physics (cf. [18]). This metric is also
the underlying geometry of hypoelliptic operators (cf. [4], [22]).

We will study this problem from the point of view of sub-Riemann-
ian geometry. It is well known that the path space plays a very impor-
tant role in Riemannian geometry (cf. [10], [14]), and in the case of
sub-Riemannian geometry, we expect that the horizontal path space
will play a similar role.

In this paper we study the simplest case: F is a fat bundle in the
sense of Weinstein, so that the Carnot-Carathéodory metric is strongly
bracket generating (cf. Strichartz [20]). In this case QF(x, y) is
smooth if x # y, and QF(x, x) has a singularity at the constant
loop. One of our main results is the resolution of this singularity and
its application to the study of closed geodesics.

We first develop some analytical tools. In the second section we
study the holonomy map and show that the energy function E on
QM (xy, Hy) satisfies the P-S condition. In particular, we show that
geodesics are smooth, which is a special case of regularity results for
geodesics by Bar, Hamenstadt, Taylor, see [11], [22], [29] for details.
In their treatment they only require that the horizontal bundle sat-
isfies Hormander’s condition. In particular, their work implies the
equivalence of the Lagrangian approach by Carathéodory, Hermann
(cf. [13]) et al. and the Hamiltonian approach by Rayner [28] et al.

In the third section we define the concept of conjugate points and
compute the Morse index of the energy E on QF(xg, x;) at a geode-
sic in terms of conjugate points as in Riemannian geometry. This
amounts to the study of a 2nd-order differential-integral operator (the
Jacobi field) subject to a constraint on the line. Although our result
takes the same form as the Morse index theorem, its proof is more
complicated than that of the Riemannian case. Then we show that
there are arbitrary nearby conjugate points, thus sharpen a result of
Rayner [28] and Strichartz [20].
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In the fourth section we study the horizontal loop space, both free
and based. We describe a blowing up of the singularity and show that
there is a canonical correspondence between the blow-up and certain
two-step nilpotent Lie algebras. For the free horizontal loop space, we
show that there is a nature smooth S! action on its blow-up.

In the fifth section we apply the results obtained in §4 to the closed
geodesics problem. Since the horizontal loop space is singular at the
constant loops, we will consider either the punctured horizontal loop
space, or the blow-up of the horizontal loop space. In particular, we
show that the number of connected components on the based hori-
zontal loop space is that of the based loop space on F. This some-
how generalizes a result of Smale [27]. Further results concerning the
topology of horizontal loop space will appear elsewhere.

In the appendix we derive the Jacobi field for the variational prob-
lem on M . However, we have not been able to define the curvature
(cf. Strichartz [20] for a discussion).

We wish to thank Richard Montgomery and Alan Weinstein, to
whom much of this paper owes its existence (in particular, Mont-
gomery carefully read the manuscript and pointed out a number of
mistakes) and Jerry Marsden, Albert Sheu for their help. Also we
hope to thank the referee for suggesting improvement in the organi-
zation and English of this paper.

2. Horizontal paths spaces.

2.1. Spaces of horizontal paths and Hérmander’s condition. Let
H be the horizontal subbundle in 7F . A classical result of Chow
says that if the connection satisfies Hormander’s condition and F is
connected, then for every x;, x, € F, there is a horizontal H! path
connecting them (cf. [6], [20]).

The following result is due to Weinstein [26]. For the sake of com-
pleteness we include the proof.

ProrosITION 2.1. If F is connected and the connection satisfies
Hormander’s condition, then the spaces QF (x,, Xx3), consisting of hor-
izontal H' paths from x; to x,, are all homotopic to each other.

Proof. We will only prove that QF(xp, xo) is homotopic to
QF(xg, x;). Take a horizontal path y, starting at x, and ending
at x;. Define a map A4: QF(xp, X9) — QF(xg, X1) by

Y — Yo7,
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and a map B:QF(xy, x1) — QF(x9, Xg) by

Y=,
where ypy denotes the path
y(2t), 0<t<1/2;
Yo7 (2) ={ ) /
Yo(2t - 1), 1/2<t<1

and y~1(¢) denotes the path
y (e =y(1-1).

Now AB:QF (xq, x1) — QF (xq, X1), ¥ = %75 ' is homotopic to

the identity. In fact, let y. be the paths
ve(t) = yo(e(1 = 1));
then the map L,
Y= YeVe ¥

is the identity map when ¢ =0, and L; = AB. Similarly BA is also
homotopic to the identity map.

2.2. Linear O.D.E.’s on Lie Groups. In this subsection we will study
linear O.D.E.’s on a Lie group, which will be used in the study of the
holonomy map.

Consider a (time-dependent) linear O.D.E. on Lie group G,

(2.1) G(t) = TLy(1)B(1)

where B is a g-valued function. If B is continuous with respect to
t, then the solution ¢(¢) can be written as (cf. [8])

(2.2) q(t) = lim exp(tB(t)/N) - -exp(tB(ty)/N)

where 0=ty <t; <---<ty=t. If B(t) is not continuous but only
integrable, then (2.2) is no longer valid. Nevertheless, (2.2) is valid
in the approximate sense, as we will see below. First we specify the
space of B.

DEeFINITION 2.1. L([0, T1], g) is the space of time-dependent vec-
tor fields B(¢) such that

T
IBI| = /0 1B()] dt < oo.

We smooth the non-smooth B(#) in the usual way. Take a smooth
cutoff function p(t) which vanishes outside —1 < ¢ < 1, and has total
integral 1 in [—1, 1]. We define

B =n [ Z B(s)p((t - 5)/h) ds.
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ProPOSITION 2.2. Let g,(t) be the solution of the time-dependent
OD.E.on G

(2-3) q'h(t) = (th(t))*Bh(t)'
Then as h — 0, q,(t) converges to q(t), the solution to
(2.4) g = (Lg)+B(2).

Proof. Let the Lie algebra g be a subalgebra in the Lie algebra of
k x k matrices gl(k) for suitable k; then (2.4) ((2.3) respectively)
can be extended to be a O.D.E. on matrices,

A(t) = A()B(t) (Ax(t) = A,(t)By(2) respectively).

The solution can be written as

A(t)=l+z/'”/ B(t))---B(t)dty ---dty Jk!.
k=1 Ot <<t <t

It is easy to prove that

/ / (B(tr) - B(t) — By(ty) -~ By(te)) dity -~ diti
OStlS'«'StkSt

t k-1 t
<k ([ason+isond) - [iBw0-solr,
so the proposition follows.
2.3. The holonomy map. We will study the holonomy map which
assigns a loop to its holonomy
H:QM(xy) —» G

where QM (xp) is the space of H!-loops on M based at x,. We
first prove a bound on the holonomy of a loop in terms of its length
(“isoperimetric inequality”). Let D(q;, ;) denote the distance func-
tion of the bi-invariant metric || | on G, and || || the Kaluza-Klein
metric on F (cf. [18]).

PROPOSITION 2.3. Let y be a loop on M. Then
(2.5) D(H(y), e) < ||| length(y)

where

xeF yeT.F ||Y|lF
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Proof. Take local coordinates (x, g) on F. Then w can be written
as

w(x, q) = wo(q) + 7' () A(x(2))q(t)x(2).
We may confine ourself to the case where y lies wholly in a single
chart U, on M (for which we have of course 7=}(U,) = G x U,).
Suppose that the loop is ¢ — x(¢) and the horizontal path is given by
t— (x(t), q(¢)). Let B(t) = x*(t)Au(x(t)); then g(f) is the solution
of the O.D.E.
4 — (Lp(r))«q = 0.

As is shown in §2.2, we may only work with smooth B(¢). By the
triangle inequality and the bi-invariance of the metric D, we see that

D(gs(t), €) = lim D(exp(tB(to)/N) - exp(tB(t)/N), )
N N
< Jim 3 D(exp(tB(t)/N), €) = lim 3 L |tBI/N

i=1
t
< /0 1B(2)] dt.
So
t t
D(g5(1), €) < /0 IB(0)]|dt < /0 |51 A(x (D)) de

t
< il [ el ar
where
4]l = max(l4(x(@)ll/llx]) < lleo]l-
Now we prove the continuity of the holonomy map under some

extra assumption on the energy function E.

PROPOSITION 2.4. Suppose that M — Rk is an isometrical em-
bedding. If y, € QM(xq) is a sequence on which E is bounded,
E(yn) < My < o, and

tim [0 = 501+ (1) = 220D de =0,

then
Tim H(ys) = H().
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Proof. Suppose the horizontal path covering y; (y, respectively)
is (x1(2), g, (2)) ((x2(?), gs,(t)) respectively. We need only to prove
that

t
(2.6) D(aa, (1), a8,0) < M [ 1B1(1) - Ba(o)] di

where B;(f) = x/'(1)A(x(1)), i=1, 2.
W.o.l.g. we need only to prove (2.6) for smooth B;, B;.

D(gz,(t), 45,(1)) = lim D(exp(Bi(t1)/N)---exp(tBi(tn)/N),
exp(¢By(t1)/N) - - - exp(tBy(tn)/N))

N
< Jim > D(exp(tBy(t1)/N)---exp(tBi(t;-1)/N) exp(¢By(t;)/N)
i=1

- -exp(tBy(t1)/N), exp(tBy()/N)
...exp(tBy(t;)/N) exp(¢tBy(tis1)/N)
---exp(tBy(tn)/N))

N
= J\IIEEOZD(eXD(tBI(ti)/N)’ exp(tB;(t;)/N))
i=1
N
< C}\I,I_Igo; l£B1(;) — tBy(2:)||/N

t
<M / IB1() - By(1)] dt.
0
So
t
D(as, (1) aa,(0) < M [ 1B1(1) = Ba(o)] di
<m(] 16— s 4G )l e+ [ I (AGn)) — 4G at)
t
<M (max 4Gl [ 151 =l di
t
+ max ()] [ I -2 drmaxmaxnxi(t)u) .
0 i
Since E(y) < My < oo, max ||x(¢)| is universally bounded. Hence

Dlan, (), as,0) < M [ 1 (0) = 2201l + 0 (0) = x2(D)]) .



68 ZHONG GE

In order to obtain the derivative of the holonomy map, we have to
study the derivative of the solution to the following O.D.E.

4(1) = q(1)B(¢)

with respect to B. Here g and b are k x k matrices. We denote its
solution by gp(;).

PROPOSITION 2.5.

@.7) dsisn() - a5 [ ' 48(s)3B()5(s) dsas(t) = oI5 BY).

Proof. As is shown in §2.2, we need only to prove (2.7) for smooth
B(t). Now
5135(0) - () - [ aa()6B(5)a5" ()dsan(t)
= lim (exp(¢B + 9 B)(to)/N) -+ - (exp((B + B)(tn)/N)
—exp(tB(tp)/N) - - -exp(tB(tn)/N))

B /ot 45(s)5B(s)q5 ' (s) dsgn(?)

N
= lim gexp(t(B + 0B)(t0)/N)

-+ exp(¢(B + dB)(ti-1)/N)
-{exp(¢(B + 6 B)(t;)/N) — exp(tB(t;)/N)(1 + (d B(t;)/N))}
-+ -exp(tB(ti+1)/N)- - -exp(tB(tn)/N).
Now we estimate
exp(¢(B(t;) +0B(t;))/N) — exp(¢(B(¢t;)/N)(I + (9 B(t;)t/N)))
= exp(tB(t;)/N)a(ad(¢B(2;)/N))(¢B(t;)/N) + o(t|0B(¢;)|/N)
= exp(tB(t;)/N)a(ad(tB(t;)/N)(tdB(t;)/N)) + o(¢|(6 B(¢:)|/N))
where a(f) = 1 4 (x/2) + (x%/3!) +--- = (exp(x) — 1) /x.
So

t
dp+s8(t) — a5 (1) - /0 a5(5)3B(s)a5(s) dsqs(t) = o(|5B]).

COROLLARY 2.1. Themap H:QM(xy) — G is C! and its derivative
has the form

dH(7,)/de]s=0 = — f U.Fo(7, 69)Us dTH(y)
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where U, denotes the operation of parallel translation along y to the
fiber over y(t), F, is the curvature of w. Here we loosely use the
notation AdyF (7, 6y) = UF(p, 67)U™L, 8y = 0y,/0¢€|e—0 .

Proof. We work in local coordinates. Suppose y is given by ¢ —
x(t) and the horizontal path covering y is given by ¢ — (x(¢), q(¢)).
Then ¢(t) is the solution of

4(t) = q(1)B(1);
here B(t) = x(t)A(x(¢)). So
OB(t) = (X +dx)(1)A(x(t) + dx(1)) — x(£)A(x(2))
= (X + 0%)(£)(A(x(2)) + Ax(x(2))0x(t) + 0(|d x])) — X(£) A(x(1))
= X(1)Ax(x(2))0x(t) + X () A(x(2)) + 0(|0x|? + [0x[?).
Use Proposition 2.5,

/ " 4(5)5B(s)q~"(5) ds

= [ 2(5)5)Ax($0)05(6) + 3261 Ax(5)
+0(|0x3| + |0x2))g " (s) ds
= [0 4:(x()6x(5)a769)
+a(5)85(5)A(x ()™ (5)} ds + o(6x]]?)
= [{a5(0) 43063551070

— 4(8)X(s)A(x(s))ox(s5)A(x(s))q(s)

~ q()0x(s)Ax(x(5))X(5)g ™ (5)

+q(5)0x(s)A(x(5)X(s)A(x(5))g ™" (5)} ds
+q(0)dx()A(x(1))g ™' (2) + o(ll6x]1?)

= [ a©)Fulx(s), ox(s)a™(5)ds
+q(1)0x()A(x(2))g~ () + o(||6x]1%).
Now dx(0) = dx(1) = 0; hence the corollary follows.

REMARK. Since we have used the left-handed fiber bundle, the
above formula is different from that of Montgomery [18].

Now we recall the definition of fat bundles (cf. Weinstein [25]): we
say a bundle F — M with connection w is fat if for every a € g*,
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a # 0, and horizontal tangent vector x € T F, x # 0, there is a
y € T, F , such that
(as Fw(x’ y)) 7é O
where F,, is the curvature of w.
This definition is equivalent to that (cf. [4]): the set

O={(x,p)eT"F,(p, H =0}

forms a symplectic submanifold in 7*F , where H is the horizontal
subbundle of TF.

See Bergery [3] for a classification of homogeneous fat bundles with
reductive structure group.

COROLLARY 2.2. If the fiber bundle is fat (so that the horizontal
bundle is strongly bracket generating), then the space of loops hav-
ing the same holonomy Hy # e, QM (xq, Hy), is a smooth Hilbert-
submanifold of QM (xy). Also, if Hy = e, then QM(xy,e) is a
smooth submanifold except at the constant loop.

Proof. If the bundle is fat, then the map H:QM(xy) — g is sub-
mersive except at the constant loop, so the corollary follows.

2.3. Existence and regularity. In this subsection we will prove the
existence of minimizers and smoothness of extremals.

PROPOSITION 2.6. If QM (xy, Hy) is not empty, then the minimiz-
ing elements of the energy functional E in QM (xy, Hy) exist. If the
fiber function is fat, then the extremals (including the minimizing ele-
ments) are smooth.

Proof. Let y, be a minimizing sequence,
lim E(yn) = inf E(y).

By the weak compactness of the unit ball in a Hilbert space, there is
a y9 € QM(xp) and a subsequence of {y,} (which we still denote by
{7n}) such that

lim maxd(7u(), 70(1)) =0,

lim E(72) 2 E(2),

where d is the Carnot-Carathéodory metric on F, see the introduc-
tion. We only need to prove that H(yy) = Hy. Without loss of
generality we work in local coordinates. Let y, be ¢ — (xx(t), gn()),
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y be t — (xo(t), go(t)) ; there is a subsequence (which we still denote
by y,) such that

/ n(0) = SO + [0n(6) = Xo () df = O a5 1 — oo

By Proposition 2.4, ¢(¢) = lim,—,« g,(¢). Hence H(yg) = Hy. So yg
is a minimizing element.

For the proof of regularity, we just remark that it is a standard result
in O.D.E. (cf. [14]).

2.4. The Palais-Smale Condition. Let E; denote the restriction of
E to QM (xy, Hp), and {( , ))o the metric on QM (xy, Hy) induced
from the metric (( , )) of QM(xp). using the metric (( , ))o on
QM (xo, Hy) we define the corresponding vector field grad Ey. To
establish Palais-Smale condition we must show that whenever {y,} is
a sequence on which E is bounded and for which ||grad(ep)y, [lo — O
when n — oo, {y,} has a convergent subsequence. In this subsection
we always assume that Hy # e.

We will also use another topology on QAM(xp): the dy-topology
on QM (xp) is defined by the metric

p(r1, 72) = thI%D(yl(t), 72(1))

where D is the distance on M .
Let us first examine what the above assumption on y, implies.

ProrosITION 2.7. Let {y,} C QM(xy) be a sequence in QM (xy)
on which E is bounded. Then {y,} has a subsequence converging in
doo to a continuous path y on M.

For a proof see [14].

The following three propositions will reduce the condition
llgrad Eo(7x)l| — O to ||grad E(yx) + (a, grad H(y,))|| — O for some
a € g* (a refined method of Lagrangian multipliers).

ProPOSITION 2.8. If {y,} is a sequence for which
llerad Eo(7)lo = 0 asn — oo,
then there exist a, € g* such that

|lgrad E(yn) + (grad H(y»), an)|| = 0 as n — co.
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Proof. Let X, be the space of H'-vector fields X along y such
that
(dH(y), X) =0.

Then we have
(2.8) lim (dE(), X) =0,
for X €X, , | X[ < 1. Let P,:T,QM(xo) — X, be the orthogonal
projection; then from (2.8) we have
lim (B, dE(72), X) = lim (dE(7,), P, X) =0

for | X|| < 1. But P dE(y) =dE(y)—(ay, dH(y)) for some a, € g*,
so the proposition is proved.

PROPOSITION 2.9. Suppose that F — M is a fat bundle. If {y} is
a sequence for which ||grad E(y,)|lo — 0 as n — oo, then {y,} has
a subsequence (which we still denote by {y,}) and some a € g* such
that

lgrad E(y») + (grad H(yn), a)|| = 0 as n — oo.

Proof. Let {a,} be as in Proposition 2.8. We first want to prove
that {a,} is a bounded set in g*. Assuming the contrary: a, — o,
as n — oo, then

l(grad E(yx)/l|axl)) + (grad H(yx), (an/l|@al))|| 0 asn — oo.
Note that since M is compact, ||grad E(y)| is bounded by E(y),
lgrad E(y)|| < ME(y),
from which we have
l(grad H(yx), an/llanll)]| = 0 as n — oc.

Now by Proposition 2.7 we can assume that a,/||a,|| — a # 0, and
that y, — 7, as n — oo, in the dy-topology, to obtain

(grad H(y), a) =0,

which is in contradiction with the assumption that the bundle is fat.
So {a,} is bounded. W.l.o.g. we assume that a, — a, as n — oo.
Then from |grad H(y)|| < ME(y) we get

llgrad E(yn) + (grad H(yn), an) — (grad E(yn) + (grad Hy(yn), a))||
= ||(grad H(yn), an —a)|| = 0 as n — oo.

So the proof is completed.
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By a nature chart around y € QM (xp) we understand a chart de-
fined as follows

exp,: T,QM (xp) — QM (xg)

is given by
exp, (X)(¢) = exp,(X(2))

for all X € T,QM(xp) and for all ¢ € R. Here exp;: T, M —
M is the Riemannian exponential map. exp, is a diffcomorphism
of a neighborhood around the zero-section 0 in 7,Q2M(x;) onto a
neighborhood around y € QM (xy), i.e. it is a chart on QM (x).

THEOREM 2.1. If F — M is a fat bundle and Hy # e, then the
energy E:QM (xq, Hy) — R satisfies the Palais-Smale condition.

Proof. Let {y,} be a sequence in QM(xy, Hy) on which E is
bounded (say E(yn) < k < oo, n € Z) and for which ||grad Ey(y»)|lo
— 0 as n — oo. We want to show that {y,} has a convergent subse-
quence.

By Proposition 2.9, we can assume w.l.o.g. that
llgrad E(yn) + (grad Ha(vn), a)]| = 0 as n — oo.

Now by Proposition 2.7 we can assume that y, converges to a con-
tinuous loop 7 in the dy-topology.

From now on we work locally in a natural chart around y. Let N,
be an open neighborhood of the zero-section such that exp,: L?(N,) —
QM (x,) is a natural chart around y in QM(xg), where L?(N,) is
the L2-sections of y*TM belonging to N, and vanishing at the end
points, i.e., an open neighborhood of the zero section 0 in 7, QM (xp)
= L*(y*TM),.

Let X, = exp(y») so that there is X, such that || X, — Xeo|loo — O,
as n — oo. Using the local expression for the energy (see [14]) it
follows that ||X,|| is bounded. Furthermore, E is locally coercive
(see [14])

(dE(x) + (dH(X), a) - (dE(Y) + (dH(Y), a)))(X - Y)
2 MIX =Y - CllX = Ylloo

for sufficiently small ||X|| and ||Y|lo. We have used E (respec-
tively H) for Eoexp, (respectively H oexp, ) which should cause no
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confusion. Now

AlX; - Xj|| < (dE(X,) + (dH (X)), a)
- (dE(X;) + (dH(X;), a)))(Xi — X;j) + c[| X — Xjlloo ;

thus X,, is a Cauchy sequence and convergent. So {y,} is convergent.

REMARK. The above proof also works for the punctured horizontal
loop space QM (xy, e)NE;, where E} is the space of loops y with
E(y) > ¢ (for any positive number ¢ ).

3. Index theorem.

3.1. Index theorem on M . In this subsection we will prove an index
theorem for a quadratic functional defined via a 2nd order differential-
integral operator subject to a constraint. In particular, the second
variation of £ on QM(xg, Hy) has the form considered here (cf.
Appendix).

The quadratic form in question is Q%(x, x), where

0 (. x) = | Y, 1)+ Bk, x2) + (Cxy, x)} it

+ <b, /OT dt/ot[F(t)xl(t), F(S)xz(s)]ds>

which is defined on the space H® = {x:[0, 7] — R™, x continuous
and piecewise smooth, x(0) = x(t) =0, [; F(t)x(t)dt = 0} where
B, C are m x m matrices: B'=-B, C'=C; (, ) is the inner
product on R™. For t€[0, 7], F(t) isalinearmap R" — g, [, ]
is the Lie bracket of g, and ( , ) is the dual bracket between g and
g*,and b € g* is constant.

We always assume that F(¢): R™ — g is a submersion for ¢ €
[0, 7], which is essentially the fatness assumption (cf. Appendix).

We will also write Q%(x, x) as Q%(x) for simplicity.

Note we have the formula

(3.1)  Q(x1+x2) = Q(x1) + Q(x2)
+/0 (Lxy, X2)dt =Y xa(t:) A% (t;)

where L is a 2nd order linear differential-integral operator

(Lx)(t) = —2(8°x(1)/88%) + (B(1)0x(1)/01)

+O(B()x(1))/01 +2C()x (1) + 2F () ad o 0 oo
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and Ax(¢) is the jump of x at ¢
Ax(t) =x(t+0)—x(t-0)

and the summation in (3.1) is taken over the ¢ where X(¢) is discon-
tinuous.

Recall that the index of Q° is the maximal dimension of subspaces
in H® on which Q" is negative definite.

To compute the index we take a finite dimensional approximation
A" of H® in the following way:

First take a subdivision 0 =3 <t; <--- <ty =71. Let A" be the
vector space of such x satisfying

(1) x is continuous on [0, 7];

(2) x is smooth on (x;, x;41), i=0,1,..., N—-1;

(3) x(0) = x(1) = 0;

(4) Lx = F*c (c € g* is constant);

(5) Jo F(t)x(1)dt=0.

The construction of A" is as follows: Let ¢;,..., e, be an or-
thonormal basis in g* for an inner product ( , ),- on g*. Every x
in A" can be written as

(3.2) X=u +bul + - +byu"
where u; satisfies (1), (2) above, and

Lu, =0, u(t;)=x(t), i=1,...,N—-1;
and u* satisfies (1), (2) above, and

Luk = F*(ey), u*(t;)=0, i=0,1,...,N.

Also by, b,, ..., b, are constants satisfying
T
(3.3) / (uy +byu! + -+ byu™)dt = 0.
0
ProrosiTiON 3.1. Suppose that t;yy—t;=7t/N, i=1,..., N—-1.
Then if N is sufficiently big, u, is uniquely determined by x(t;),
i=1,...,N—=1; and u!, ..., u" are unique. Moreover, the n x n
matrix

<</or F(s)u'(s)ds, ej>g‘)

is non-singular.
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Proof. The first two statements are trivial, we need only to prove the
last statement. By a rescaling of each interval [¢;, £;;1], we see that
the function v(t) = uk(t1/N+t;), t € [0, 1], satisfies v(0) = v(1) =0
and

2
dd’ligt) = —(t/N)2F*(ex)(t;) + o(t/N)?;
hence
uk() = F*(@)(t)(t = )t = tis) + 0(t/N)?, 6 <1< 1o,
so

(</(:F(s)ui(s)ds, e,—>g‘)

2 T
_# </0 (F*(s)ei(s), F*(s)ej(s))g. ds) + 0(1:/N)2,

Since F*:g* — R™ is an immersion, the first term above is a non-
singular matrix; hence the proposition follows.

By the above result, we see that the map I'*: 47 — R(N-D)m
x = (x(t1), x(t2), ... , x(tn-1))
is an isomorphism.
PROPOSITION 3.2. Let the subdivision
O=fH<fh<---<ty=t1+e¢

be sufficiently small. Then the isomorphism I'**¢ depends smoothly on
¢ if € is small enough with t,, ..., ty_1 fixed.

Proof. We need to prove that the solution to
Lu=F*, u(0)=0, ulb)=a

is a continuous function of b for b # 0 sufficiently small (keeping
F, a fixed), and this is a well-known fact in the theory of O.D.E.

We will see that A7 is a “faithful” approximation of H?.

ProvrosITION 3.3. H?® splits as a direct sum:
H* = A"+ B"
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such that
(3.4) Q" (x1 +x2) = Q" (x1) + @°(x2),
for x; € A%, x, € B®, and if the subdivision is small enough, then
Q' (x)>0 forxeB*, x#0.
(Hence the index of Q° on H" is that of QF on A'.)

Proof. B® is the space of functions x € H* such that x(¢;) =0,
i=1,..., N.Givenany x € H*, there is a unique u € A" such that

u(t;) = x(t;), i=0,1,..., N.
Clearly x — u € B*. Thus the two subspaces A’ and B generate
H?, and only have the zero function in common.

Then (3.3) follows from (3.1), and we need only to prove the posi-
tivity of Q' on B*. Now

Q’(x)=/OT{(X,X)+(Bx,x)+(Cx,x)

+ <b, /0 "t /0 "F)x(0), F(x)x(s)]ds>}.

The last term in the above expression s
e
(b, [Far [TF(r)xa), F,(S)X(S)]ds> | |
> My [ defx(@) [ 1x(o)ds 2 ~po ([ x(01ar)
> M, /0T |x(2)|* dt.
So
Q'(x) > /0 (k. %)+ (Bx, %) + (Cx, x) — M|x|2} dt = P*().

Now we need only to prove that if 7 is sufficiently small, P*(x) >0,
for x € B*, and the equality holds only if x = 0. Using

[ixopdes ([Cisorar) 2,
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P(x) = /0 (%, %) + (B, x) + (Cx, x) — M|x|?} dt

> /0 (%, %) = 2(Bx, BX)/k) + k(x, )
+(Cx, x) — M|x|*}dt
> /0 (1 - QIBI/K)(, %) - (2k + [[C|| + M)(x, x)} dt

2 /01{(1 ~ (211BlI/K)/7* = 2k + IC|l + M)}(x, x) dt

where ||B|| = max||B(?)||, ||C|| = max||c(¢)||, and k is taken to be
k = 4||B||. Then when 7 is sufficiently small,

d =1/(27%) - 4||B|| - |C|| - M > 0,

T
Pi(x)2d [ (x,x)de 20,
0
and the equality only holds for x =0.

Now the computation of the index of Q° on H* reduces to that of
Q" on the finite-dimensional space 4’. Next we define the notion of
conjugate points as in Riemannian geometry.

DEerFINITION 3.1. We say that 7; is conjugate to O if there is a
smooth function x:[0, 7;] — R™ satisfying

(1) Lx = F*c (c € g* is constant);

(2) x(0) = x(11) = 0;

(3) fo' F(O)x(t)dt=0.

If 7; is conjugate to O, then its multiplicity is the maximal number
of linearly independent x satisfying (1), (2), (3).

Now we state the index theorem.

THEOREM 3.1. The index of Q° on HT is equal to the number of
conjugate points to 0 in [0, t), counted together with their multiplicity.

Proof. We will prove the theorem in four steps.

Step 1. Let u(t) be the index of QF on H®. Then for t sufficiently
small, u(t) =0.

The proof of this is similar to that of Proposition 3.3 and we will
not repeat.

Step 2. Let 7 < 7'; then u(t) < u(7).
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In fact, by Definition 3.1, there is a subspace of H*, V' of dimen-
sion u(t) such that Q7 is negative definite on V. Extend x € V' by
zero; then we can consider ¥V as a subspace of H® . So u(t') > u().

Step 3. If 7 is not conjugate to 0, then for & sufficiently small,
u(t + &) = u(r).

If 7 is conjugate to O with multiplicity k, then

u(t+e) < u(r) +k.

We take subdivison 0 =t < t; < --- < ty = 7. According to
Proposition 3.3, u(t) is the index of Q° on A%, which is isomorphic
to RN-Dm S0 we have a one-parameter family of quadratic forms
(which we still denote by Q7) on R¥-1)m depending smoothly on 7.
Then Q° is positive definite on a subspace of codimension u(7)+k in
RWN-Dm "and sois Q¥+ if ¢ is small enough. So u(t+¢) < u(t)+e.

Step 4. We want to prove that if 7 is conjugate to 0 with multiplicity
k,then u(t+¢) > u(t)+k.

Now there are linearly independent wy, ..., wy) € H® such that
Q7 is negative on them.
Assume w.l.o.g. that u;, ..., u. € H* (respectively v;,...,v; €

H*, ¢ +d = k) such that
Lu; = F*c;, i=1,...,c¢;

and #,(7), ..., #.(7) are linearly independent (respectively Lv; =
F*e;,v;(t) =0,i=1,...,d). Then there are x;,..., x. € H**¢,
such that the ¢ x ¢ matrix

((@:(7), x;(7))

is the identity matrix. Also there are y;, ..., y; € H**¢ such that the
d x d matrix .
(/ (F*ei,y)dt>
0
is the identity matrix, and y;(t) =0, i=1,...,d.
From this and (3.2) we immediately get
Q™ (u;, x;) = —dij, i=1,...,¢c;j=1,...,¢;
Q™ (vi, yj) = =4y, i=1,...,d, j=1,...,d;
Q™% (u;, yj) = Q**¢(vj, x;) =0, i=1,...,¢c, j=1,...,d.
Now Q7¢ is negative on Wy, ..., Wy, tui+vxy, ..., Luc+vx.,

%vl 2 -};vd + vy, for sufficiently small v. In fact, the
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compound matrix of Q®*¢ with respect to these vector fields is

(Q%(w;, wy)) vC
vD -I+v?B

where B, C, D are matrix independent of v. Obviously, if v

is sufficiently small, the above matrix is negative definite. Hence
ut+e)>u(t)+c+d=u(t)+k.

3.2. Index Theorem on F . We now come to the index theorem for
Problem 1.

Suppose that yp € QF(x;, x;) is a critical point of E on
QF (x;, x3). The Morse index of E at y, is the maximal dimension
of subspaces of T, QF(x;, x;) on which the quadratic differential
E.. is negative definite. We want to express the Morse index in terms
of the conjugate points as in Riemannian geometry.

DerINITION 3.2. We way that x, is conjugate to x; along g
if there is a smooth one-parameter family of horizontal paths y, €
QF (x{, x5) such that for each ¢, y. is a horizontal extremal of E
on QF(x{, x%), and the vector field on yp

0(7e)/0¢le=0

is not identically zero and vanishes at the end points x;, x,. The in-
dex of x, along y, is the maximal number of one-parameter families
of horizontal extremals y!, ..., y*, such that the vector fields along

Y0
A(yL)/0¢le=0 s .. ; B(Y")/DE|e=0

are linear independent and vanish at the end points x;, x;.

THEOREM 3.2. Suppose that the bundle is fat and y, is an extremal
of E on QF(xy, x3). Then the Morse index of E on QF (x;, X3) at
vo is the number of conjugate points to x, along vy, counted together
with their multiplicity (x, should not be counted).

Proof. Project yo down to a path y; on M. Then the Morse index
of E at 7y, is just that of the quadratic form defined via the 2nd order
differential-integral operator (cf. Appendix)

LX =D*X/dt* + RV, X)V — Q(t)(VsFu)(X, )
() - Q(t)Fu(DX/dt, )
* -1
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(where V' (t) = 7(¢)) defined on the subspace of vector fields along y,:

1
H= {X/ UF,(V, X)U~\dt = o}.
0

By Theorem 3.1, the index of the quadratic form is just the number
of conjugate points (in the sense of Definition 3.1) to y;(0) along y;,
counted together with their multiplicity. So we only need to prove
that yo(7) is conjugate to yo(0) with multiplicity m along yy (in the
sense of Definition 3.2) if and only if y;(7) = myo(t) is conjugate to
y1(0) with multiplicity m along 7myy (in the sense of Definition 3.1).

Obviously, if a family of horizontal extremals y. on F is such
that Xy = 0y/0¢le=0 # 0, then X = n.0y/d¢|,—¢ # 0 satisfies
LX = QUF,(V, U1, and if X, vanishes at the end points, then X
satisfies

1
/ UF,(V, X)U 'dt=0.
0
We need only to show that every X along p; satisfying LX-—

QUF,(V, )U~!, and if X, vanishes at the end points, then X sat-
isfies

1
/ UF(V, X)U~dt = 0.
0
We need only to show that every X along y; satisfying
LX = QUF,(V, )U™!

can be given in this way: there is a family of horizontal extremals .
such that X = n,.0y/0¢|.—0. To see this, define map e,: TxF — F by

(3.5) ex(v) = exp(—w(y)) expx(v)

where v = y+ z € T F, y is tangent to the fiber, z is horizontal,
exp,: IxF — F is the exponential map of the Kaluza-Klein metric
on F, and exp is the exponential map of G. We will write e for e,
for simplicity. Then yp can be written as ¢ — e(tvy) (Montgomery
[18]) for some v € T — xF . Moreover, for ¢y sufficiently small, e,
is regular at vgfg (this will be proved in §3.3). So there is a family of
v, depending smoothly on ¢, such that the differential of e at #yvg,

tO
e*(ve)=/0 UF,(V, YU Ydse(tyvy) + X;

where X, is horizontal satisfying n.X; = X(#). Now define a family
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of horizontal extremals y, by
Ve() = e(tvy).
Then 7.0y/0¢€|,—o = X . Hence the theorem is proved.

3.3. The existence of non-conjugate points. Fixing xo € F, we will
prove that almost every point on F is not conjugate to xp € F along
any horizontal extremals.

Let ex: TxF — F be the map defined by (3.5). It is known that
for v € T,F, y(t) = ex(tv) is an extremal of the energy E on
QF(x, x1), where x; = ex(v). Conversely, if the bundle is fat, then
every extremal y of E on QF(x, x;) can be written in the form
y(t) = ex(tv) for some v € T — xF (cf. [18], [20]).

PROPOSITION 3.4. Suppose that F — M is a fat bundle. Then x| =
ex(v) is conjugate to x (with x # x,) along y(t) = ex(tv) if and only
if the map e, is singular at v .

Proof. Suppose that e, is singular at vy € TxF. Then e,-(v;) =0
for some non-zero v; € T F .

Let s — v(s) be a path in 7,F such that v(0) = vy, and
dv(0)/ds|s=o = v;. Then the one-parameter family of paths defined
by

7s(2) = ex(tv(s))
is a variation through geodesics of the geodesic yo. Therefore the
vector field W given by ¢ — 9(ex(tv(s)))/0S|s=0 1is an extremal field
along yo. Obviously W (0) = 0. We also have

W(1) = ex(v(s))/95s=0 = ex+(v1) = 0.

Now, we need only to show that W is not identically zero. If
W = 0, then (we write v; = y + z, y is tangent to the fiber, z is
horizontal)

DW/ d t I t=0 = 2
is zero, and also
DX (m.W)[dt*|;—o = (¥, Fu(vp, -)) = 0.

Since the bundle is fat, either z =0, y =0, vy =y+2z =0, or
vo = 0 in which case x; = x. Either case is a contradiction.

Using Sard’s theorem, we get the following result, which has been
used in the proof of Theorem 3.2.
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CoroLLARY 3.1. Fixing xy € F, then for almost every point x; of
F, x| is not conjugate to xy along any extremals.

3.4. The existence of arbitrary nearby conjugate points. In [20] it is
proved that for x € F, there are cut points arbitrarily near x. In this
subsection we prove a slightly stronger result:

PROPOSITION 3.5. There are conjugate points arbitrarily near x .

Proof. Assume the contrary. Consider the sphere B, = {y:d(y, x)
= ¢} and the set ey !(B;) in T F, where d is the Carnot-Carathéo-
dory distance on F. Let H, = e;!(B;)N{v € Ty F, |n,v| = ¢} . Then
the map

ex.H, — B,
is an onto map. And it is everywhere regular, hence is a covering map.
But H, is a set in the cylinder S x R", and it is impossible for a
subset in the cylinder to cover the sphere S”*” , hence a contradiction.

4. Horizontal loop spaces.
4.1. An abstract model. Let [* be the Hilbert space

= {x=(a1,02a )y x| = (E|ai|2)l/2}

and P[? is projection. Suppose that we have a smooth map f:/? —
R", where f = fy+ f; satisfies

1) fo=R,... f,? is a quadratic map and a submersion ev-
erywhere except at x = 0 € /%, ie. for (by,..., b,) € R" — {0},
x#0
(4.1) bidfY(x) + - + bpdf2(x) # 0

(2) f1 consists of higher terms
(4.2) 1A < Mlx[;

(3) f is a submersion except at x = 0 € /2.
The set f~1(0) is smooth everywhere except at 0, and O is the
singularity. In this subsection we will resolve this singularity.
As in the finite dimensional case, we define the local charts for P/?
to be
¢ i l 2, Pl : ,

¢i(a1"-~>ai—1,ai+l’---)={a19"‘,ai-ls laai-i-la"'},
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and transition maps are

¢l odilar, vy @int, Qigrs.nn)

= (ai/aj, ..., ai-1/aj, 1/aj, aiy1/aj, ...) (aj #0).
Note that ®;' o ®; can be written as
¢;10¢i=ab
where b is a map b:/%2 — [2
blaj,az,...)=(a1, ..., iy, 1, aipy,...)
and a:I>’N{a; #0} = R
a(ay, oz, ...)=1/aj.

Since a and b are smooth, so is <I>jT1 o®;.
Let B:BI? — [2 be the real blow-up of /2 at 0. Recall that B/? is
the set in PI% x [2 defined by the quadratic relations:

B’ ={({a1, a2,...}, (B1, B2, ...)) € PP x |2,
eifij=ajfi, i,j=1,2,...}

and B is the restriction of the projection pr: Pl x [ — [ to BI2.

DEFINITION 4.1. Define the blow-up of f~1(0), By_, to be the clo-
sure of the set B~1(f~1(0)—{0}) in BI/?, and B/ to be the restriction
of B to Bf=0

BfZ Bf=0 — f_l(O)

THEOREM 4.1. (1) By_o is a smooth manifold,

(2) B/:B~1(f~1(0) - {0}) = f~1(0) — {0} is a diffeomorphism;

(3) (B)~1(0) is an embedding of a projective variety into B =0 aS
a submanifold of codimension one. This projective variety is defined by

Jo(x)=0.

Proof. (1) Let ({a1, a2,...}, (B1, B2, ...)) be the coordinates on
PI%2 x [2. Define a map 4 on (PI2N{a; # 0}) x [? by means of the
local chart ®; in (4.3):

A: (PPN {a; #0}) x I? - I x R",

A({laa25a39 }9 (ﬂl’ﬁ2: -))

=((52_02ﬂ13ﬂ3—a3ﬂ1a-”)9
(fb(l, az, a3, )+.f1(:Bl ) aZﬁl ’ a3ﬂl’ ”)/Blz))
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where /,, is the Banach space
lo={x=(c1,¢,...), |X| =max|c;| < o0}.

Obviously A4 is smooth and submersive, so 4-1(0) is a smooth
manifold. Note that

A0 N{(B1, B2, -...) #0} = B7(f71(0) = {0}) N {en # 0},

and A-1(0)n{(B1, B2, ...) =0} is a submanifold of codimension 1
in 4~1(0). Hence after taking the closure of B~1(f~1(0) — {0}), we

have
A“(O) = BroN{a1 # 0}.

So By is smooth.
(2) This follows from the fact that B: BI2 — B~1{0} — /2> — {0} is
a diffeomorphism.
(3) Obviously
(BN)7'(0)n{ay # 0}
={({1, a2,...},(0,0,...)) e PP x 2fy(1, a3, ...) = 0};
hence (B/)~1(0) is diffeomorphic to the projective variety:

fb(al,az,...)=0.

Intersecting f~!(0) with the e-sphere S; = {x € 2, |x| = ¢}, we
get
M, = f_l(o) N Se.
Then T, = (B/)™}(U,<; M.) is a tubular neighborhood of (B/)~!(0)
with boundary (B/)~!(M,). Note that for sufficiently small &, the
function
h:Bro— R,  h(y)=|B/y]?

has no critical points in T, other than (B/)~1(0), takes the minimal
value on (B/)~!(0), and is constant on (B/)~!(Mf;), so we get

ProOPOSITION 4.1. For sufficiently small ¢, m; is a double covering
of (B/)~1(0).

REMARK. The above arguments also show that (J,., M, is con-

tractible.
Next we consider g~1(0), where g is a smooth function

g:[0,1]"xP>R", g=g+a.
(1) g(¢t,0) =0 and g is submersive except at (¢, 0) € [0, 1] x /2.
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(2) For fixed ¢t € [0, 17", go(t, x), g (¢, x) satisfy (4.1), (4.2)
respectively.

g~ 1(0) is smooth except at [0, 1] x {0}, and we are going to blow
up g~ !(0) along [0, 11" x {0}.

Let B:[0, 1] x BI?> — [0, 1]™ x [? be the blow-up along [0, 1] x
{0}.

DEFINITION 4.2. Define the blow-up of g~1(0) along [0, 1] x {0},
Bg—o, to be the closure of (B)~!(g~1(0)-[0, 1]™x{0}) in [0, 1]™ x
PI?,and B¢ be the restriction of B to By

B&:B,_o — g~ (0).

PROPOSITION 4.2. (1) Bg—g is a smooth manifold,

(2) B#:Bg—o— (BS)7Y([0, 1]™ x {0}) — g!(0) — ([0, 11 x {0})
is a diffeomorphism;

(3) (B%)~Y([0, 1™ x {0}) is an embedding of {(t, x) € [0, 1]™ x
PI2, go(t, x) = 0} into Bg—g as a submanifold of codimension 1.

The proof is the same as that of Theorem 4.1.

4.2. Horizontal loop spaces. We first study the singularity of the
based horizontal loop space QF(xg, xp) using the results of §4.1.
Then we study the free horizontal loop space. From now on we assume
that F is a fat bundle.

Since the singularity is of local character, we choose local coordi-
nates on F and may identify F(xg, xp) with the subset R (0, e) in
R™(0), satisfying H(y) = e; here R (0) is the Hilbert space

{y:[O, 11— R™, y(0)=y(1)=0,

1 1/2
Il = (/O (|y|2+lﬂz)dt) <oo}.

In terms of the local coordinates, we can compute the Hessian of
the holonomy map at the constant loop 0.

ProrosITION 4.3. (d2H(0), (u,v)) = fol Fo(u, v)dt where F,y-
is the curvature at 0 € M .

There is a two-step nilpotent Lie algebra which is independent of the
local coordinates. This construction is well known to those working
in the subelliptic operators (cf. [20], [22]).
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DEFINITION 4.3. ng = V; + V, is the graded two step nilpotent Lie
algebra defined by

(x:y)EI/IXI/l—'FwO[xsy]elé’
(x’y)eVIXVZ—’Os
(x,y)€Vax ¥, —0.

Now we see that H can be written as
H(y) = t4Fuo(, 7)dt +b(y)
where b is a smooth map b: QR™(0) — g satisfying
b()| < Mlly|P.

Since the bundle F is fat, the quadratic function fol Fo(y, p)dt sat-
isfies (4.1). Note that /2 is isomorphic to QR™(0), applying Theorem
4.1 and Proposition 4.1, we get

THEOREM 4.2. There is a smooth map BY and a smooth manifold
By_., called the blow-up of QM(0, e),

BH:By_. — QM(0, e)

such that
(1) BH:By_.—(BH)~1{0} - QM (0, e)—{0} is a diffeomorphism;
(2) (BH)=Y(0) is an embedding of the projective variety Pr o de-
fined by

1
/0 Foo(y, 7)dt =0,

into By, as a submanifold of codimension 1.
(3) Let mg = QM (0, e) N{y:E(y) = €}. Then for ¢ sufficiently
small, M, is a double covering of (BH)~1(0).

REMARK. If Ny is Lie algebra isomorphic to nx , then Pp x
differs from Pr , by an affine transformation. In particular, this
shows that the blow-up is independent of the local coodinates.

Now we turn to the free horizontal loop space on F, denoted by
QuF . It is smooth except at constant loops. We want to resolve the
singularities.
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Let F C QyF be embedded as constant loops. We blow up QgF
along F as in Proposition 4.2. Then we get

PROPOSITION 4.4. There is a blow-up of QuF along F, denoted by

BQyuF,
BHZBQHF — QHF

such that

(1) By, BQyF are smooth;

(2) Bu:BQyF — B! (F) - QuF — F is a diffeomorphism;

(3) By'(F) is an embedded submanifold of codimension 1 in
BQyF .

To describe BI;I(F ), we look at the free loop space QF, and the
normal bundle of F in QF, denoted by ng. The fibers of Ny are
isomorphic to the vector space QR™*"(0). Let the multiplicative
group R — {0} act on QR™*"(0) = QR™(0) x QR"(0) by

(t9 (yl ’ yZ)) - (t?1 ’ t2y2) s
and P,QR™*"(0) be the quotient space. Let P,Ng be the corre-
sponding quotient bundle of Ny. Then B;,l (F) can be written as

t
{(Z, {r1, r2}) € PyNp, 72(2) =/0 Fop:(y1, 71)ds,

1
/0 Foz(71, 11)ds = O}-

REMARK. Take local coordinates on F . Then locally B,}l(F ) can
be written as

1
{(Zs Ha {y}) € U X GXPQRm(O)a / sz(?; y)dszo} H
0
which is isomorphic to

{(z, H,{y}) e U x Gx PH(S', R™),

1 1
/yds:(), / F(y,;>)ds=o}.
0 0

Taking the Fourier series, then the above space is isomorphic to

{(Z,H, {a1,a2,...}) €U xGx PI?,

o0
Z sz((akn+1 PR akn+n) > (akn+n+1 s eee s akn+2n)) = 0} .
k odd
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Then B! (F) is the total space of a fiber bundle over F if dim(G) =
1. Bi'(F) might still be the total space of a fiber bundle over F in
general, but we are not able to prove this.

Let M, be the set of those free horizontal loops y with E(y) =¢;
then using the same method as in Proposition 4.1, we arrive at

PROPOSITION 4.5. For ¢ sufficiently small, M, is a double covering
of B5'(F).

The S! action on QyF (rotate the loops) lifts to BQyF — By (F)
then extends smoothly to BQyF.

PROPOSITION 4.6. There is a smooth S'-action on BQuF with re-
spect to which the blow-up map By is equivariant.

Proof. Tt suffices to show that the action of S! on BQgF — B;!(F)
extends smoothly to B!(F).

We take local coordinates on F . Then locally BQyF is a smooth
submanifold of Gx (QR™/ ~)x QR™ . Here QR™/ ~ is the quotient
space of QR™ (the space of free H! loops on R™) by the equivalence
relation “~ ”: we say that y; ~ y, if and only if

71(8) = 71(0) = k(p2(s) — 72(0))

for a non-zero constant k. The S!-action on QR™ obviously respects
this equivalence relation and projects down to a smooth action on
QR™/ ~ and so for G x (QR™/ ~) x QR™ . Restrict the S!-action
on G x (QR™/ ~) x QR™ to BQyF , which is what we want.

5. Application to closed geodesics. In this section we will apply the
results obtained in previous sections to the study of closed geodesics.

By a closed geodesic we mean a critical point of £ on QM(x, €)
for some xy € M. Now we fix an xy € F. Since the space QM (xg, e)
has a singularity at the constant loop, we cannot apply Morse theory
directly to QM (xp, e). To overcome this difficulty, we will consider
either the “punctured” space QM;(xp, e) = QM(xy, e) N E;}, where
E;} is the space of loops y with E(y) > e, or the blow-up of the
horizontal loop spaces.

ProPosITION. For sufficiently small ¢ > 0, there is no non-trivial
closed geodesic y with E(y) <e.
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Proof. We will use the asymptotics of the exponential map ex(tv)
as t — 0 (cf. [20]). Let (x, z) denote local coordinates in F, v =
(Ul ’ UZ) € T'(xo,ZO)F =R™ x R", (ya Z) = ex('Ul » U2) . Then

o([v]?)
o(lv]*)

Uy
(%)

y
z

X0
Z0

I(I) A?v)

where A is a (matrix valued) homogeneous polynomial of degree 2.
It is proved in [20] that

det A(v) # 0.

If there is a sequence of v, # 0 such that ex(v,) = x = (o, 20),
and v, — 0 as n — oo, then there is a vy = (vy, v3) # 0 such that
v; =0, A(vy)v, = 0, which is in contradiction with det A(vg) # 0.

From now on we assume that ¢ is chosen so that there is no non-
trivial closed geodesic with energy less than €.

PROPOSITION. Suppose that E is a non-degenerate Morse function
on QM (xq, e), and the Morse indices of the closed geodesics are m; <
my < m3 <.... Then the Morse polynomial

M) =) 1™
satisfies M(t) > P(t) where

P(t) = dim H*(QM(x, e))t*.

Proof. We first apply Morse theory to QM;(xg, €). Then we have
M(1) 2 Py(t)
where
Py(1) =) (dim H*(QM (xo, €), QM(xo, €) — QM;(xo, €)))z*.

On the other hand, QM (xp, e) — QM,(xp, e) is contractible (cf. the
remark after Proposition 4.1), so P(t) = P.(t). :

REMARK. One can also use the blow-up of QyF and its S!-
equivariant homology to study the closed geodesics, as in [5].

The following lemma gives the number of connected components
of QM(xy, e).
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PROPOSITION. The number of connected components of QM (xg, e)
is that of the elements of n((F).

Proof. Let y; bealoopon F, y(0) = xo. We first want to deform
y1 to a horizontal loop y on F also satisfying y(0) = xp.

Choose a subdivision 0 =¢; < --- < ty = 1 such that the distance
(with respect to a Riemannian metric on F ) of each point y(¢) from
y(t;) is less than ¢ for ¢ € [t;, t;;1]. Connect each pair y(¢;), y(ti+1)
by one of the horizontal geodesics, say, ;:[t;, t;+-1] — F . Then by the
estimates in [20], each y;(¢) is within a distance Me!/2 from y(t,).
If ¢ is small enough, yhtutml and y; are in the same connected com-
ponent of the space of horizontal paths connecting x(t;) to x(¢;41).
Now define a horizontal loop y by

y(t) = (1), telt, tiyil;

then y is homotopic to y;.

Now we prove that if y;, y» € QF(xp, Xp) are homotopic, then
they are in the same connected component of QF (xg, Xo). Let y, be
a family of loops connecting y;, ¥,, and then choose a subdivision
0=s59<--- <S8y, =1 such that

)<e,

i+1

d()’s,. ’ Vs

where ¢ is a small positive number. Then for each i, 0<i < m, we
can choose a broken horizontal loop y; homotopic to y; such that

d(yi(2), vi(t)) < e.

We want to prove that y; and y; ; are in the same connected com-
ponent of QF (xp, Xo). In fact, if ¢ is sufficiently small, D(y}, 7},,) <
2¢, since QF(xp, Xg) is locally path connected by Theorem 4.2,
Vi» Viy; are in the same connected component of QF(xp, Xo).
Hence 7, = »0, 7, = 71 are in the same connected component of
QF (XO . XO) .

REMARK. Using the regularity result of Bar [29] for geodesics, we
can show that the above result remains true even if the horizontal
bundle H only satisfies Hormander’s condition.

As an application, consider the three-dimensional Heisenberg group
H; and let y C H; be a discrete subgroup with k free generators
such that H;/I" is compact. It is well known that there is a left in-
variant contact structure on Hj (cf. [15], [19]). Take a I'-invariant
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Riemannian metric on H3 and we can get the I'-invariant Carnot-
Carathéodory metric on H3/I'. By Proposition 4.9 then there are at
least k distinct closed geodesics on Hj3/T".

Appendix. The extremal fields. In this appendix we will derive the
second variation of E on QM (xy, Hp) . Since the extremals are given
by Wong’s equation ([18]), we need only to study the linearization of
Wong’s equation. We will continue to use the left-handed fiber bundle.

According to [18], Wong’s equation is

V)"j} = Q(t)Fw()) ) )

where Q(f) = U(t)Q(0)U~1(¢t), U(t) is the parallel translation along
the path ().
Now suppose we have a one-parameter family of solutions 7, ,

(1) V)’/Bj’s = Qe(t)Fw(j’e‘a )

where Q%(t) = U,(1)Q%(0)U; (), U, is the parallel translation along
the path y.. We want to find the equation that the vector field along
v, J(t) = 07(t)/0¢€|c=0 , has to satisfy. We have

D D
2) 55| Var= 3

Qa(t)Fco(j’e > )

e=0

e=0
As is well known, the left-hand side of the above is
(3) (82J/dt>) + R(V, )V

where V' (t) = (¢) and R is the Riemannian curvature on the base
manifold M. Now we compute the right-hand side of (2) (we will
omit ¢ = 0 for simplicity).

(Q°(OFu(V, ))/0e = (DQ°(1)/0e)Fu(V , -) _
+ QW) (DsFu)(V, ) + Q) Fu(J, )
and
00" (1)/0e = U™ @dY o 1 i1 4 QONU
+ U(1)(dQ(0))/de) U~ ()

here we have used the formula in §2.3 that

dU (1) /9 = /0 RV, T)U- (1) dt
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modulo the term which is independent of J . Then we see that the lin-
earization of Wong’s equation (and the Jacobi field for the variational
problem) is the 2nd order differential-integral operator

(D2J/d2)+ R(V , )V = Q()(VsFu)(V, ) — Q(t)Fu((DJ/dt), )

(1]
2]
(31
[4]
[5]
[6]
(7

(1
5]

[10]
[11
[12]
[13]

[14]
[15]

[16]
[17]

[18]
[19]

[20]
[21]

= U0ad} g g1 4 QOFalV YU-L(2) = 0.
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